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Chapter 1

Introduction and Basic
Theoretical Concepts

Time series analysis is an integral part of every empirical investigation which
aims at describing and modeling the evolution over time of a variable or a
set of variables in a statistically coherent way. The economics of time series
analysis is thus very much intermingled with macroeconomics and finance
which are concerned with the construction of dynamic models. In principle,
one can approach the subject from two complementary perspectives. The
first one focuses on descriptive statistics. It characterizes the empirical prop-
erties and regularities using basic statistical concepts like mean, variance,
and covariance. These properties can be directly measured and estimated
from the data using standard statistical tools. Thus, they summarize the ex-
ternal (observable) or outside characteristics of the time series. The second
perspective tries to capture the internal data generating mechanism. This
mechanism is usually unknown in economics as the models developed in eco-
nomic theory are mostly of a qualitative nature and are usually not specific
enough to single out a particular mechanism.1 Thus, one has to consider
some larger class of models. By far most widely used is the class of au-
toregressive moving-average (ARMA) models which rely on linear stochastic
difference equations with constant coefficients. Of course, one wants to know
how the two perspectives are related which leads to the important problem
of identifying a model from the data.

1 One prominent exception is the random-walk hypothesis of real private consumption
first derived and analyzed by Hall (1978). This hypothesis states that the current level of
private consumption should just depend on private consumption one period ago and on no
other variable, in particular not on disposable income. The random-walk property of asset
prices is another very much discussed hypothesis. See Campbell et al. (1997) for a general
exposition and Samuelson (1965) for a first rigorous derivation from market efficiency.

1
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The observed regularities summarized in the form of descriptive statistics
or as a specific model are, of course, of principal interest to economics. They
can be used to test particular theories or to uncover new features. One of
the main assumptions underlying time series analysis is that the regularities
observed in the sample period are not specific to that period, but can be
extrapolated into the future. This leads to the issue of forecasting which is
another major application of time series analysis.

Although time series analysis has its roots in the natural sciences and
in engineering, several techniques are specific to economics. I just want to
mention the analysis of univariate and multivariate integrated, respectively
cointegrated time series (see Chapters 7 and 16), the identification of vector
autoregressive (VAR) models (see Chapter 15), and the analysis of volatility
of financial market data in Chapter 8. Each of these topics alone would justify
the treatment of time series analysis in economics as a separate subfield.

1.1 Some examples

Before going into more formal analysis, it is useful to examine some pro-
totypical economic time series by plotting them against time. This simple
graphical inspection already reveals some of the issues encountered in this
book. One of the most popular time series is the real gross domestic prod-
uct. Figure 1.1 plots the data for the U.S. from 1947 first quarter to 2011
last quarter on logarithmic scale. Several observations are in order. First,
the data at hand cover just a part of the time series. There are data avail-
able before 1947 and there will be data available after 2011. As there is no
natural starting nor end point, we think of a time series as extending back
into the infinite past and into the infinite future. Second, the observations
are treated as the realizations of a random mechanism. This implies that we
observe only one realization. If we could turn back time and let run history
again, we would obtain a second realization. This is, of course, impossible,
at least in the macroeconomics context. Thus, typically, we are faced with
just one realization on which to base our analysis. However, sound statistical
analysis needs many realizations. This implies that we have to make some
assumption on the constancy of the random mechanism over time. This leads
to the concept of stationarity which will be introduced more rigorously in the
next section. Third, even a cursory look at the plot reveals that the mean
of real GDP is not constant, but is upward trending. As we will see, this
feature is typical of many economic time series.2 The investigation into the
nature of the trend and the statistical consequences thereof have been the

2See footnote 1 for some theories predicting non-stationary behavior.
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Figure 1.1: Real gross domestic product (GDP) of the U.S. (chained 2005
dollars; seasonally adjusted annual rate)

subject of intense research over the last couple of decades. Fourth, a simple
way to overcome this problem is to take first differences. As the data have
been logged, this amounts to taking growth rates.3 The corresponding plot
is given in Figure 1.2 which shows no trend anymore.

Another feature often encountered in economic time series is seasonality.
This issue arises, for example in the case of real GDP, because of a particular
regularity within a year: the first quarter being the quarter with the lowest
values, the second and fourth quarter those with the highest values, and the
third quarter being in between. These movements are due to climatical and
holiday seasonal variations within the year and are viewed to be of minor
economic importance. Moreover, these seasonal variations, because of there
size, hide the more important business cycle movements. It is therefore
customary to work with time series which have been adjusted for seasonality
before hand. Figure 1.3 shows the unadjusted and the adjusted real gross
domestic product for Switzerland. The adjustment has been achieved by
taking a moving-average. This makes the time series much smoother and
evens out the seasonal movements.

Other typical economic time series are interest rates plotted in Figure 1.4.
Over the period considered these two variables also seem to trend. However,
the nature of this trend must be different because of the theoretically binding
zero lower bound. Although the relative level of the two series changes over

3This is obtained by using the approximation ln(1 + ε) ≈ ε for small ε where ε equals
the growth rate of GDP.
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Figure 1.2: Quarterly growth rate of U.S. real gross domestic product (GDP)
(chained 2005 dollars)
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Figure 1.3: Comparison of unadjusted and seasonally adjusted Swiss real
gross domestic product (GDP)
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Figure 1.4: Short- and long-term Swiss interest rates (three-month LIBOR
and 10 year government bond)

time – at the beginning of the sample, short-term rates are higher than long-
terms ones – they move more or less together. This comovement is true in
particular true with respect to the medium- and long-term.

Other prominent time series are stock market indices. In Figure 1.5 the
Swiss Market Index (SMI) in plotted as an example. The first panel displays
the raw data on a logarithmic scale. One can clearly discern the different
crises: the internet bubble in 2001 and the most recent financial market crisis
in 2008. More interesting than the index itself is the return on the index
plotted in the second panel. Whereas the mean seems to stay relatively
constant over time, the volatility is not: in the periods of crisis volatility
is much higher. This clustering of volatility is a typical feature of financial
market data and will be analyzed in detail in Chapter 8.

Finally, Figure 1.6 plots the unemployment rate for Switzerland. This is
another widely discussed time series. However, the Swiss data have a par-
ticular feature in that the behavior of the series changes over time. Whereas
unemployment was practically nonexistent in Switzerland up to the end of
1990’s, several policy changes (introduction of unemployment insurance, lib-
eralization of immigration laws) led to drastic shifts. Although such dramatic
structural breaks are rare, one has to be always aware of such a possibility.
Reasons for breaks are policy changes and simply structural changes in the
economy at large.4

4Burren and Neusser (2012) investigate, for example, how systematic sectoral shifts
affect volatility of real GDP growth.
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Figure 1.5: Swiss Market Index (SMI):
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Figure 1.6: Unemployment rate in Switzerland

1.2 Formal definitions

The previous section attempted to give an intuitive approach of the subject.
The analysis to follow necessitates, however, more precise definitions and
concepts. At the heart of the exposition stands the concept of a stochastic
process. For this purpose we view the observation at some time t as the
realization of random variable Xt. In time series analysis we are, however,
in general not interested in a particular point in time, but rather in a whole
sequence. This leads to the following definition.

Definition 1.1. A stochastic process {Xt} is a family of random variables
indexed by t ∈ T and defined on some given probability space.

Thereby T denotes an ordered index set which is typically identified with
time. In the literature one can encounter the following index sets:

discrete time: T = {1, 2, . . .} = N

discrete time: T = {. . . ,−2,−1, 0, 1, 2, . . .} = Z

continuous time: T = [0,∞) = R+ or T = (−∞,∞) = R

Remark 1.1. Given that T is identified with time and thus has a direction, a
characteristic of time series analysis is the distinction between past, present,
and future.
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For technical reasons which will become clear later, we will work with
T = Z, the set of integers. This choice is consistent with use of time indices
in economics as there is, usually, no natural starting point nor a foreseeable
endpoint. Although models in continuous time are well established in the
theoretical finance literature, we will disregard them because observations
are always of a discrete nature and because models in continuous time would
need substantially higher mathematical requirements.

Remark 1.2. The random variables {Xt} take values in a so-called state
space. In the first part of this treatise, we take as the state space the space
of real numbers R and thus consider only univariate time series. In part II
we extend the state space to Rn and study multivariate times series. Theo-
retically, it is possible to consider other state spaces (for example, {0, 1}, the
integers, or the complex numbers), but his will not be pursued here.

Definition 1.2. The function t → xt which assigns to each point in time
t the realization of the random variable Xt, xt, is called a realization or a
trajectory of the stochastic process. We denote such a realization by {xt}.

We denominate by a time series the realization or trajectory (observations
or data), or the underlying stochastic process. Usually, there is no room
for misunderstandings. A trajectory therefore represents one observation of
the stochastic process. Whereas in standard statistics a sample consists of
several, typically, independent draws from the same distribution, a sample
in time series analysis is just one trajectory. Thus we are confronted with a
situation where there is in principle just one observation. We cannot turn
back the clock and get additional trajectories. The situation is even worse as
we typically observe only the realizations in a particular time window. For
example, we might have data on US GDP from the first quarter 1960 up to
the last quarter in 2011. But it is clear, the United States existed before
1960 and will continue to exist after 2011, so that there are in principle
observations before 1960 and after 2011. In order to make a meaningful
statistical analysis, it is therefore necessary to assume that the observed part
of the trajectory is typical for the time series as a whole. This idea is related
to the concept of stationarity which we will introduce more formally below.
In addition, we want to require that the observations cover in principle all
possible events. This leads to the concept of ergodicity . We avoid a formal
definition of ergodicity as this would require a sizeable amount of theoretical
probabilistic background material which goes beyond the scope this treatise.5

5In the theoretical probability theory ergodicity is an important concept which asks
the question under which conditions the time average of a property is equal to the cor-
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An important goal of time series analysis is to build a model given the
realization (data) at hand. This amounts to specify the joint distribution of
some set of Xt’s with corresponding realization {xt}.

Definition 1.3 (Model). A time series model or a model for the observations
(data) {xt} is a specification of the joint distribution of {Xt} for which {xt}
is a realization.

The Kolmogorov existence theorem ensures that the specification of all
finite dimensional distributions is sufficient to characterize the whole stochas-
tic process (see Billingsley (1986), Brockwell and Davis (1991), or Kallenberg
(2002)).

Most of the time it is too involved to specify the complete distribution
so that one relies on only the first two moments. These moments are then
given by the means EXt, the variances VXt, t ∈ Z, and the covariances
cov(Xt, Xs) = E(Xt − EXt)(Xs − EXs) = E(XtXs)− EXt EXs, respectively
the correlations corr(Xt, Xs) = cov(Xt, Xs)/(

√
VXt

√
VXs), t, s ∈ Z. If the

random variables are jointly normally distributed then the specification of
the first two moments is sufficient to characterize the whole distribution.

Examples of stochastic processes

• {Xt} is a sequence of independently distributed random variables with
values in {−1, 1} such that P[Xt = 1] = P[Xt = −1] = 1/2. Xt

represents, for example, the payoff after tossing a coin: if head occurs
one gets a Euro whereas if tail occurs one has to pay a Euro.

• The simple random walk {St} is defined by

St = St−1 +Xt =
t∑
i=1

Xi with t ≥ 0 and S0 = 0,

where {Xt} is the process from the example just above. In this case St is
the proceeds after t rounds of coin tossing. More generally, {Xt} could
be any sequence of identically and independently distributed random
variables. Figure 1.7 shows a realization of {Xt} for t = 1, 2, . . . , 100
and the corresponding random walk {St}. For more on random walks
see Section 1.4.4 and, in particular, Chapter 7.

responding ensemble average, i.e. the average over the entire state space. In particular,
ergodicity ensures that the arithmetic averages over time converge to their theoretical
counterparts. In chapter 4 we allude to this principle in the estimation of the mean and
the autocovariance function of a time series.
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Figure 1.7: Realization of a Random Walk

• The simple branching process is defined through the recursion

Xt+1 =
Xt∑
j=1

Zt,j with starting value: X0 = x0.

In this example Xt represents the size of a population where each mem-
ber lives just one period and reproduces itself with some probability.
Zt,j thereby denotes the number of offsprings of the j-th member of
the population in period t. In the simplest case {Zt,j} is nonnegative
integer valued and identically and independently distributed. A real-
ization with X0 = 100 and with probabilities of one third each that
the member has no, one, or two offsprings is shown as an example in
Figure 1.8.

1.3 Stationarity

An important insight in time series analysis is that the realizations in dif-
ferent periods are related with each other. The value of GDP in some year
obviously depends on the values from previous years. This temporal depen-
dence can be represented either by an explicit model or, in a descriptive way,
by covariances, respectively correlations. Because the realization of Xt in
some year t may depend, in principle, on all past realizations Xt−1, Xt−2, . . . ,
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Figure 1.8: Realization of a Branching process

we do not have to specify just a finite number of covariances, but infinitely
many covariances. This leads to the concept of the covariance function. The
covariance function is not only a tool for summarizing the statistical prop-
erties of a time series, but is also instrumental in the derivation of forecasts
(Chapter 3), in the estimation of ARMA models, the most important class
of models (Chapter 5), and in the Wold representation (Section 3.2 in Chap-
ter 3). It is therefore of utmost importance to get a thorough understanding
of the meaning and properties of the covariance function.

Definition 1.4 (Autocovariance function). Let {Xt} be a stochastic process
with VXt <∞ for all t ∈ Z then the function which assigns to any two time
periods t and s, t, s ∈ Z, the covariance between Xt and Xs is called the
autocovariance function of {Xt}. The autocovariance function is denoted by
γX(t, s). Formally this function is given by

γX(t, s) = cov(Xt, Xs) = E [(Xt − EXt)(Xs − EXs)] = EXtXs − EXtEXs.

Remark 1.3. The acronym auto emphasizes that the covariance is computed
with respect to the same variable taken at different points in time. Alterna-
tively, one may use the term covariance function for short.

Definition 1.5 (Stationarity). A stochastic process {Xt} is called stationary
if and only if for all integers r, s and t the following properties hold:

(i) EXt = µ constant;
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(ii) VXt <∞;

(iii) γX(t, s) = γX(t+ r, s+ r).

Remark 1.4. Processes with these properties are often called weakly station-
ary, wide-sense stationary, covariance stationary, or second order stationary.
As we will not deal with other forms of stationarity, we just speak of station-
ary processes, for short.

Remark 1.5. For t = s, we have γX(t, s) = γX(t, t) = VXt. Thus, if {Xt} is
stationary γX(t, t) = VXt = constant which is nothing but the unconditional
variance of Xt.

Remark 1.6. If {Xt} is stationary, by setting r = −s the autocovariance
function becomes:

γX(t, s) = γX(t− s, 0).

Thus the covariance γX(t, s) does not depend on the points in time t and
s, but only on the number of periods t and s are apart from each other,
i.e. from t − s. For stationary processes it is therefore possible to view the
autocovariance function as a function of just one argument. We denote the
autocovariance function in this case by γX(h), h ∈ Z. Because the covariance
is symmetric in t and s, i.e. γX(t, s) = γX(s, t), we have

γX(h) = γX(−h) for all integers h.

It is thus sufficient to look at the autocovariance function for positive integers
only, i.e. for h = 0, 1, 2, . . .. In this case we refer to h as the order of the
autocovariance. For h = 0, we get the unconditional variance of Xt, i.e.
γX(0) = VXt.

In practice it is more convenient to look at the autocorrelation coeffi-
cients instead of the autocovariances. The autocorrelation function (ACF)
for stationary processes is defined as:

ρX(h) =
γX(h)

γX(0)
= corr(Xt+h, Xt) for all integers h

where h is referred to as the order. Note that this definition is equivalent to
the ordinary correlation coefficients ρ(h) = cov(Xt,Xt−h)

√
VXt
√

VXt−h
because stationarity

implies that VXt = VXt−h so that
√
VXt

√
VXt−h = VXt = γX(0).

Most of the time it is sufficient to concentrate on the first two moments.
However, there are situations where it is necessary to look at the whole
distribution. This leads to the concept of strict stationarity.
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Definition 1.6 (Strict stationarity). A stochastic process is called strictly
stationary if the joint distributions of (Xt1 , . . . , Xtn) and (Xt1+h, . . . , Xtn+h)
are the same for all h ∈ Z and all (t1, . . . , tn) ∈ T n, n = 1, 2, . . .

Definition 1.7 (Strict stationarity). A stochastic process is called strictly
stationary if for all integers h and n ≥ 1 (X1, . . . , Xn) and (X1+h, . . . , Xn+h)
have the same distribution.

Remark 1.7. Both definitions are equivalent.

Remark 1.8. If {Xt} is strictly stationary then Xt has the same distribution
for all t (n=1). For n = 2 we have that Xt+h and Xt have a joint distribution
which is independent of t. This implies that the covariance depends only on
h. Thus, every strictly stationary process with VXt <∞ is also stationary.6

The converse is, however, not true as shown by the following example::

Xt ∼

{
exponentially distributed with mean 1 (i.e. f(x) = e−x), t uneven;

N(1, 1), t even;

whereby the Xt’s are independently distributed. In this example we have:

• EXt = 1

• γX(0) = 1 and γX(h) = 0 for h 6= 0

Thus {Xt} is stationary, but not strictly stationary, because the distribution
changes depending on whether t is even or uneven.

Definition 1.8 (Gaussian process). A stochastic process {Xt} is called a
Gaussian process if all finite dimensional distributions of {Xt} are multi-
variate normally distributed.

Remark 1.9. A Gaussian process is strictly stationary. For all n, h, t1, . . . , tn,
(Xt1 , . . . , Xtn) and (Xt1+h, . . . , Xtn+h) have the same mean and the same co-
variance matrix.

At this point we will not delve into the relation between stationarity,
strict stationarity and Gaussian processes, rather some of these issues will
be further discussed in Chapter 8.

6An example of a process which is strictly stationary, but not stationary, is given by
the IGARCH process (see Section 8.1.4). This process is strictly stationary with infinite
variance.
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1.4 Construction of stochastic processes

One important idea in time series analysis is to build up more complicated
process from simple ones. The simplest building block is a process with
no autocorrelation called a white noise process which is introduced below.
Taking moving-averages from this process or using it in a recursion gives rise
to more sophisticated process with more elaborated autocovariance functions.

1.4.1 White noise

The simplest building block is a process with no autocorrelation called a
white noise process.

Definition 1.9 (White noise). {Zt} is called a white noise process if {Zt}
satisfies:

• EZt = 0

• γZ(h) =

{
σ2 h = 0;

0 h 6= 0.

We denote this by Zt ∼WN(0, σ2).

The white noise process is therefore stationary and temporally uncorre-
lated, i.e. the ACF is always equal to zero, except for h = 0 where it is equal
to one. As the ACF possesses no structure it is impossible to draw inferences
from past observations to its future development, at least in a least square
setting with linear forecasting functions (see Chapter 3). Therefore one can
say that a white noise process has no memory.

If {Zt} is not only temporally uncorrelated, but also independently and
identically distributed we write Zt ∼ IID(0, σ2). If in addition Zt is normally
distributed, we write Zt ∼ IIN(0, σ2). An IID(0, σ2) process is always a
white noise process. The converse is, however, not true as will be shown in
Chapter 8.

1.4.2 Construction of stochastic processes: some ex-
amples

We will now illustrate how complex stationary processes can be constructed
by manipulating of a white noise process. In Table 1.1 we report in column
2 the first 6 realizations of a white noise process {Zt}. Figure 1.4.2 plots

the first 100 observations. We can now construct a new process {X(MA)
t }
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by taking moving-averages over adjacent periods. More specifically, we take
Xt = Zt + 0.9Zt−1, t = 2, 3, . . .. Thus, the realization of {X(MA)

t } in period 2

is {x(MA)
2 } = −0.6387 = −0.8718 + 0.9× 0.2590.7 The realization in period 3

is {x(MA)
3 } = −1.5726 = −0.7879 + 0.9×−0.6387, and so on. The resulting

realizations of {X(MA)
t } for t = 2, . . . , 6 are reported in the third column

of Table 1.1 and the plot is shown in Figure 1.4.2. On can see that the
averaging makes the series more smooth. In section 1.4.3 we will provide a
more detailed analysis of this moving-average process.

Another construction device is a recursion X
(AR)
t = φX

(AR)
t−1 + Zt, t =

2, 3, . . ., with starting value X
(AR)
1 = Z1. Such a process is called autore-

gressive because it refers to its own past. Taking φ = 0.9, the realization
of {X(AR)

t } in period 2 is {x(AR)
2 } = −0.6387 = 0.9 × 0.2590 − 0.8718, in

period 3 {x(AR)
3 } = −1.3627 = 0.9×−0.6387− 0.7879, and so on. Again the

resulting realizations of {X(AR)
t } for t = 2, . . . , 6 are reported in the fourth

column of Table 1.1 and the plot is shown in Figure 1.4.2. On can see how
the series becomes more persistent. In section 2.2.2 we will provide a more
detailed analysis of this autoregressive process.

Finally, we construct a new process by taking cumulative sums: X
(RW )
t =∑t

τ=1 Zτ . This process can also be obtained from the recursion above by

taking φ = 1 so that X
(RW )
t = X

(RW )
t−1 +Zt. It is called a random walk. Thus,

the realization of {X(RW )
t } for period 2 is {x(RW )

2 } = −0.6128 = 0.2590 −
0.8718, for period 3 {x(RW )

3 } = −1.4007 = −0.6128 − 0.7879, and so on.

Again the resulting realizations of {X(RW)
t } for t = 2, . . . , 6 are reported in

the last column of Table 1.1 and the plot is shown in Figure 1.4.2. On can
see how the series moves away from its mean of zero more persistently than
all the other three process considered. In section 1.4.4 we will provide a more
detailed analysis of this so-called random walk process and show that it is
not stationary.

1.4.3 Moving average process of order one

The white noise process can be used as a building block to construct more
complex processes with a more involved autocorrelation structure. The sim-
plest procedure is to take moving averages over consecutive periods.8 This
leads to the moving-average processes:. The moving-average process of order

7The following calculations are subject to rounding to four digits.
8This procedure is an example of a filter. Section 6.4 provides a general introduction

to filters.
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time white moving- auto- random
noise average regressive walk

1 0.2590 0.2590 0.2590 0.2590
2 -0.8718 -0.6387 -0.6387 -0.6128
3 -0.7879 -1.5726 -1.3627 -1.4007
4 -0.3443 -1.0535 -1.5708 -1.7451
5 0.6476 0.3377 -0.7661 -1.0974
6 2.0541 2.6370 1.3646 0.9567
...

...
...

...
...

Table 1.1: Construction of stochastic processes
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Figure 1.9: Processes constructed from a given white noise process
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one, MA(1) process, is defined as

Xt = Zt + θZt−1 with Zt ∼WN(0, σ2).

Clearly, EXt = EZt + θEZt−1 = 0. The mean is therefore constant and equal
to zero.

The autocovariance function can be generated as follows:

γX(t+ h, t) = cov(Xt+h, Xt)

= cov(Zt+h + θZt+h−1, Zt + θZt−1)

= EZt+hZt + θEZt+hZt−1 + θEZt+h−1Zt + θ2EZt+h−1Zt−1.

Recalling that {Zt} is white noise so that EZ2
t = σ2 and EZtZt+h = 0 for

h 6= 0. We therefore get the following autocovariance function of {Xt}:

γX(h) =


(1 + θ2)σ2 h = 0;

θσ2 h = ±1;

0 otherwise.

(1.1)

Thus {Xt} is stationary irrespective of the value of θ. The autocorrelation
function is:

ρX(h) =


1 h = 0;
θ

1+θ2
h = ±1;

0 otherwise.

Note that 0 ≤ |ρX(1)| ≤ 1
2
. As the correlation between Xt and Xs is zero

when t and s are more than one period apart, we call a moving-average pro-
cess a process with finite memory or a process with finite-range dependence.

Remark 1.10. To motivate the name moving-average, we can define the
MA(1) process more generally as

Xt = θ0Zt + θ1Zt−1 with Zt ∼WN(0, σ2) and θ0 6= 0.

Thus Xt is a weighted average of Zt and Zt−1. If θ0 = θ1 = 1/2, Xt would be
arithmetic mean of Zt and Zt−1. This process is, however, equivalent to the
process

Xt = Z̃t + θ̃Z̃t−1 with Z̃t ∼WN(0, σ̃2)

where θ̃ = θ1/θ0 and σ̃2 = θ2
0σ

2. Both processes would generate the same first
two moments and are therefore observationally indistinguishable from each
other. Thus, we can set θ0 = 1 without loss of generality.
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1.4.4 Random walk

Let Zt ∼WN(0, σ2) be a white noise process then the new process

Xt = Z1 + Z2 + . . .+ Zt =
t∑

j=1

Zj, t > 0, (1.2)

is called a random walk. Note that, in contrast to {Zt}, {Xt} is only de-
fined for t > 0. The random walk may alternatively be defined through the
recursion

Xt = Xt−1 + Zt, t > 0 and X0 = 0.

If in each time period a constant δ is added such that

Xt = δ +Xt−1 + Zt,

the process {Xt} is called a random walk with drift.
Although the random walk has a constant mean of zero, it is a nonsta-

tionary process.

Proposition 1.1. The random walk {Xt} as defined in equation (1.2) is
nonstationary.

Proof. The variance of Xt+1 − X1 equals V(Xt+1 − X1) = V
(∑t+1

j=2 Zj

)
=∑t+1

j=2 VZj = tσ2.
Assume for the moment that {Xt} is stationary then the triangular in-

equality implies for t > 0:

0 <
√
tσ2 = std(Xt+1 −X1) ≤ std(Xt+1) + std(X1) = 2 std(X1)

where “std” denotes the standard deviation. As the left hand side of the
inequality converges to infinity for t going to infinity, also the right hand side
must go to infinity. This means that the variance of X1 must be infinite.
This, however, contradicts the assumption of stationarity. Thus {Xt} cannot
be stationary.

The random walk represents by far the most widely used nonstationary
process. It has proven to be an important ingredient in many economic time
series. Typical nonstationary time series which are or are driven by random
walks are stock market prices, exchange rates, or the gross domestic product
(GDP). Usually it is necessary to apply some transformation (filter) first to
achieve stationarity. In the example above, one has to replace {Xt} by its
first difference {∆Xt} = {Xt − Xt−1} = {Zt} which is stationary by con-
struction. Time series which become stationary after differencing are called
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integrated processes and are the subject of a more in depth analysis in Chap-
ter 7. Besides ordinary differencing other transformations are encountered:
seasonal differencing, inclusion of a time trend, seasonal dummies, moving
averages, etc.

1.4.5 Changing mean

Finally, here is another simple example of a nonstationary process.

Xt =

{
Yt, t < tc;
Yt + c, t ≥ tc und c 6= 0

where tc is some specific point in time. {Xt} is clearly not stationary because
the mean is not constant. In econometrics we refer to such a situation as
a structural change which can be accommodated by introducing a so-called
dummy variable.

1.5 Properties of the autocovariance function

The autocovariance function represents the directly accessible external prop-
erties of the time series. It is therefore important to understand its properties
and how it is related to its inner structure. We will deepen the connec-
tion between the autocovariance function and a particular class of models in
Chapter 2. The estimation of the autocovariance function will be treated in
Chapter 4. For the moment we will just give its properties and analyze the
case of the MA(1) model as a prototypical example.

Theorem 1.1. The autocovariance function of a stationary process {Xt} is
characterized by the following properties:

(i) γX(0) ≥ 0;

(ii) 0 ≤ |γX(h)| ≤ γX(0);

(iii) γX(h) = γX(−h);

(iv)
∑n

i,j=1 aiγX(ti − tj)aj ≥ 0 for all n and all vectors (a1, . . . , an)′ and
(t1, . . . , tn). This property is called non-negative definiteness.

Proof. The first property is obvious as the variance is always nonnegative.
The second property follows from the Cauchy-Bunyakovskii-Schwarz inequal-
ity(see Theorem C.1) applied to Xt and Xt+h which yields 0 ≤ |γX(h)| ≤
γX(0). The third property follows immediately from the definition of the
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covariance. Define a = (a1, . . . , an)′ and X = (Xt1 , . . . , Xtn)′ then the
last property follows from the fact that the variance is always nonnegative:
0 ≤ V (a′X) = a′V(X)a =

∑n
i,j=1 aiγX(ti − tj)aj.

Similar properties hold for the correlation function ρX , except that we
have ρX(0) = 1.

Theorem 1.2. The autocorrelation function of a stationary stochastic pro-
cess {Xt} is characterized by the following properties:

(i) ρX(0) = 1;

(ii) 0 ≤ |ρX(h)| ≤ 1;

(iii) ρX(h) = ρX(−h);

(iv)
∑n

i,j=1 aiρX(ti − tj)aj ≥ 0 for all n and all vectors (a1, . . . , an)′ and
(t1, . . . , tn).

Proof. The proof follows immediately from the properties of the autocovari-
ance function.

It can be shown that for any given function with the above properties
there exists a stationary process (Gaussian process) which has this function
as its autocovariance function, respectively autocorrelation function.

1.5.1 Autocovariance function of a MA(1) process

The autocovariance function describes the external observable characteristics
of a time series which can be estimated from the data. Usually, we want to
understand the internal mechanism which generates the data at hand. For
this we need a model. Hence it is important to understand the relation
between the autocovariance function and a certain class of models. In this
section, by analyzing the MA(1) model, we will show that this relationship
is not one-to-one. Thus we are confronted with a fundamental identification
problem.

In order to make the point, consider the following given autocovariance
function:

γ(h) =


γ0, h = 0;
γ1, h = ±1;
0, |h| > 1.

The problem now consists of determining the parameters of the MA(1) model,
θ and σ2 from the values of the autocovariance function. For this purpose we
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equate γ0 = (1 + θ2)σ2 and γ1 = θσ2 (see equation (1.1)). This leads to an
equation system in the two unknowns θ und σ2. This system can be simplified
by dividing the second equation by the first one to obtain: γ1/γ0 = θ/(1+θ2).
Because γ1/γ0 = ρ(1) = ρ1 one gets a quadratic equation in θ:

ρ1θ
2 − θ + ρ1 = 0.

The two solutions of this equation are

θ =
1

2ρ1

(
1±

√
1− 4ρ2

1

)
.

The solutions are real if and only if the discriminant 1−4ρ2
1 is positive. This

is the case if and only if ρ2
1 ≤ 1/4, respectively |ρ1| ≤ 1/2. Note that one

root is the inverse of the other. The identification problem thus takes the
following form:

|ρ1| < 1/2: there exists two observationally equivalent MA(1) processes.

ρ1 = ±1/2: there exists exactly one MA(1) process with θ = ±1.

|ρ1| > 1/2: there exists no MA(1) process with this autocovariance function.

The relation between the first order autocorrelation coefficient, ρ1 = ρ(1),
and the parameter θ of the MA(1) process is represented in Figure 1.10. As
can be seen, there exists for each ρ(1) with |ρ(1)| < 1

2
two solutions. The

two solutions are inverses of each other. Hence one solution is absolutely
smaller than one whereas the other is bigger than one. In Section 2.3 we will
argue in favor of the solution smaller than one. For ρ(1) = ±1/2 there exists
exactly one solution, namely θ = ±1. For |ρ(1)| > 1/2 there is no solution.
For |ρ1| > 1/2, ρ(h) actually does not represent a genuine autocorrelation
function as the fourth condition in Theorem 1.1, respectively Theorem 1.2 is
violated. Taking ρ1 = 1

2
and setting a = (1,−1, 1,−1, . . . , 1,−1)′ one gets:

n∑
i,j=1

aiρ(i− j)aj = n− 2(n− 1)ρ1 < 0, if n >
2ρ1

2ρ1 − 1
.

For ρ1 = −1
2

one sets a = (1, 1, . . . , 1)′. Hence the fourth property is violated.
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1.6 Exercises

Exercise 1.6.1. Let the process {Xt} be generated by a two-sided moving-
average process

Xt = 0.5Zt+1 + 0.5Zt−1 with Zt ∼WN(0, σ2).

Determine the autocovariance and the autocorrelation function of {Xt}.

Exercise 1.6.2. Let {Xt} be the MA(1) process

Xt = Zt + θZt−2 with Zt ∼WN(0, σ2).

(i) Determine the autocovariance and the autocorrelation function of {Xt}
for θ = 0.9.

(ii) Determine the variance of the mean (X1 +X2 +X3 +X4)/4.

(iii) How do the previous results change if θ = −0.9?

Exercise 1.6.3. Consider the autocovariance function

γ(h) =


4, h = 0;
−2, h = ±1;

0, otherwise.

Determine the parameters θ and σ2, if they exist, of the first order moving-
average process Xt = Zt + θZt−1 with Zt ∼ WN(0, σ2) such that autocovari-
ance function above is the autocovariance function corresponding to {Xt}.

Exercise 1.6.4. Let the stochastic process {Xt} be defined as{
Zt, if t is even;

(Z2
t−1 − 1)/

√
2, if t is uneven,

where {Zt} is identically and independently distributed as Zt ∼ N(0, 1). Show
that {Xt} ∼WN(0, 1), but not IID(0, 1).

Exercise 1.6.5. Which of the following processes is stationary?

(i) Xt = Zt + θZt−1

(ii) Xt = ZtZt−1

(iii) Xt = a+ θZ0

(iv) Xt = Z0 sin(at)

In all cases we assume that {Zt} is identically and independently distributed
with Zt ∼ N(0, σ2). θ and a are arbitrary parameters.
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Chapter 2

Autoregressive
Moving-Average Models

A basic idea in time series analysis is to construct more complex processes
from simple ones. In the previous chapter we showed how the averaging of a
white noise process leads to a process with first order autocorrelation. In this
chapter we generalize this idea and consider processes which are solutions
of linear stochastic difference equations. These so-called ARMA processes
constitute the most widely used class of models for stationary processes.

Definition 2.1 (ARMA Models). A stochastic process {Xt} with t ∈ Z

is called an autoregressive moving-average process (ARMA process) of order
(p, q), denoted by ARMA(p, q) process if the process is stationary and satisfies
a linear stochastic difference equation of the form

Xt − φ1Xt−1 − . . .− φpXt−p = Zt + θ1Zt−1 + . . .+ θqZt−q (2.1)

with Zt ∼ WN(0, σ2) and φpθq 6= 0. {Xt} is called an ARMA(p, q) process
with mean µ if {Xt − µ} is an ARMA(p, q) process.

The importance of ARMA processes is due to the fact that every sta-
tionary process can be approximated arbitrarily well by an ARMA process.
In particular, it can be shown that for any given autocovariance function γ
with the property limh→∞ γ(h) = 0 and any positive integer k there exists
an autoregressive moving-average process (ARMA process) {Xt} such that
γX(h) = γ(h), h = 0, 1, . . . , k.

For an ARMA process with mean µ one often adds a constant c to the
right hand side of the difference equation:

Xt − φ1Xt−1 − . . .− φpXt−p = c+ Zt + θ1Zt−1 + . . .+ θqZt−q.

25
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The mean of Xt is then: µ = c
1−φ1−...−φp . The mean is therefore only well-

defined if φ1 + . . . + φp 6= 1. The case φ1 + . . . + φp = 1 can, however, be
excluded because there exists no stationary solution in this case (see Re-
mark 2.2) and thus no ARMA process.

2.1 The lag operator

In times series analysis it customary to rewrite the above difference equation
more compactly in terms of the lag operator L. This is, however, not only
a compact notation, but will open the way to analyze the inner structure of
ARMA processes. The lag or back-shift operator L moves the time index one
period back:

L{Xt} = {Xt−1}.

For ease of notation we write: LXt = Xt−1. The lag operator is a linear
operator with the following calculation rules:

(i) L applied to the process {Xt = c} where c is an arbitrary constant
gives:

Lc = c.

(ii) Applying L n times:

L . . .L︸ ︷︷ ︸
n times

Xt = LnXt = Xt−n.

(iii) The inverse of the lag operator is the lead or forward operator. This
operator shifts the time index one period into the future.1 We can write
L−1:

L−1Xt = Xt+1.

(iv) As L−1LXt = Xt we have that

L0 = 1.

(v) For any integers m and n we have:

LmLnXt = Lm+nXt = Xt−m−n.

1One technical advantage of using the double-infinite index set Z is that the lag oper-
ators form a group.
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(vi) For any real numbers a and b, any integers m and n, and arbitrary
stochastic processes {Xt} and {Yt} we have:

(aLm + bLn) (Xt + Yt) = aXt−m + bXt−n + aYt−m + bYt−n.

In this way it is possible to define lag polynomials : A(L) = a0 +a1L +a2L2 +
. . . + apL

p where a0, a1, . . . , ap are any real numbers. For these polynomials
the usual calculation rules apply. Let, for example, A(L) = 1 − 0.5L and
B(L) = 1 + 4L2 then C(L) = A(L)B(L) = 1− 0.5L + 4L2 − 2L3.

The case of the stochastic difference equation we get an autoregressive
and a moving-average polynomial as follows:

Φ(L) = 1− φ1L− . . .− φpLp,
Θ(L) = 1 + θ1L + . . .+ θqL

q.

The stochastic difference equation defining the ARMA process can then be
written compactly as

Φ(L)Xt = Θ(L)Zt.

Thus, the use of lag polynomials provides a compact notation for ARMA
processes. Moreover and most importantly, Φ(z) and Θ(z), viewed as poly-
nomials of the complex number z, also reveal much of their inherent structural
properties as will become clear in Section 2.3.

2.2 Some important special cases

Before we deal with the general theory of ARMA processes, we will analyze
some important special cases first:

q = 0: autoregressive process of order p, AR(p) process

p = 0: moving-average process of order q, MA(q) process

2.2.1 The Moving-average process of order q (MA(q)
process)

The MA(q) process is defined by the following stochastic difference equation:

Xt = Θ(L)Zt = θ0Zt + θ1Zt−1 + . . .+ θqZt−q with θ0 = 1 and θq 6= 0

and Zt ∼WN(0, σ2). Obviously,

EXt = EZt + θ1EZt−1 + . . .+ θqEZt−q = 0,
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because Zt ∼ WN(0, σ2). As can be easily verified using the properties of
{Zt}, the autocovariance function of the MA(q) processes are:

γX(h) = cov(Xt+h, Xt) =

{
σ2
∑q−|h|

i=0 θiθi+|h|, |h| ≤ q;
0, |h| > q.

This implies the following autocorrelation function:

ρX(h) = corr(Xt+h, Xt) =

{
1∑q
i=0 θ

2
i

∑q−|h|
i=0 θiθi+|h|, |h| ≤ q;

0, |h| > q.

Every MA(q) process is therefore stationary irrespective of its parameters
θ0, θ1, . . . , θq. Because the correlation between Xt and Xs is equal to zero if
the two time points t and s are more than q periods apart, such processes
are sometimes called processes with short memory or processes with short
range dependence.

Figure 2.1 displays an MA(1) process and its autocorrelation function.

2.2.2 The first order autoregressive process (AR(1)
process)

The AR(p) process requires a more thorough analysis as will already be-
come clear from the AR(1) process. This process is defined by the following
stochastic difference equation:

Xt = φXt−1 + Zt, Zt ∼WN(0, σ2) and φ 6= 0

The above stochastic difference equation has in general several solutions.
Given a sequence {Zt} and an arbitrary distribution for X0, it determines
all random variables Xt, t ∈ Z \ {0}, by applying the above recursion. The
solutions are, however, not necessarily stationary. But, according to the
Definition 2.1, only stationary processes qualify for ARMA processes. As we
will demonstrate, depending on the value of φ, there may exist no or just one
solution.

Consider first the case of |φ| < 1. Inserting into the difference equation
several times leads to:

Xt = φXt−1 + Zt = φ2Xt−2 + φZt−1 + Zt

= . . .

= Zt + φZt−1 + φ2Zt−2 + . . .+ φkZt−k + φk+1Xt−k−1.
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Figure 2.1: Realization and estimated ACF of a MA(1) process: Xt = Zt −
0.8Zt−1 with Zt ∼ IID N(0, 1)
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If {Xt} is a stationary solution, VXt−k−1 remains constant independently of
k. Thus

V

(
Xt −

k∑
j=0

φjZt−j

)
= φ2k+2VXt−k−1 → 0 for k →∞.

This shows that
∑k

j=0 φ
jZt−j converges in the mean square sense, and thus

also in probability, to Xt for k →∞ (see Theorem C.8 in Appendix C). This
suggests to take

Xt = Zt + φZt−1 + φ2Zt−2 + . . . =
∞∑
j=0

φjZt−j (2.2)

as the solution to the stochastic difference equation. As
∑∞

j=0 |φj| =
1

1−φ <∞
this solution is well-defined according to Theorem 6.4 and has the following
properties:

EXt =
∞∑
j=0

φjEZt−j = 0,

γX(h) = cov(Xt+h, Xt) = lim
k→∞

E

(
k∑
j=0

φjZt+h−j

)(
k∑
j=0

φjZt−j

)

= σ2φ|h|
∞∑
j=0

φ2j =
φ|h|

1− φ2
σ2, h ∈ Z,

ρX(h) = φ|h|.

Thus the solution Xt =
∑∞

j=0 φ
jZt−j is stationary and fulfills the difference

equation as can be easily verified. It is also the only stationary solution which
is compatible with the difference equation. Assume that there is second
solution {X̃t} with these properties. Inserting into the difference equation
yields again

V

(
X̃t −

k∑
j=0

φjZt−j

)
= φ2k+2VX̃t−k−1.

This variance converges to zero for k going to infinity because |φ| < 1 and
because {X̃t} is stationary. The two processes {X̃t} and {Xt} with Xt =∑∞

j=0 φ
jZt−j are therefore identical in the mean square sense and thus with

probability one. Figure 2.2 shows a realization of such a process and its
estimated autocorrelation function.
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In the case |φ| > 1 the solution (2.2) does not converge. It is, however,
possible to iterate the difference equation forward to obtain:

Xt = φ−1Xt+1 − φ−1Zt+1

= φ−k−1Xt+k+1 − φ−1Zt+1 − φ−2Zt+2 − . . .− φ−k−1Zt+k+1.

This suggests to take

Xt = −
∞∑
j=1

φ−jZt+j

as the solution. Going through similar arguments as before it is possible
to show that this is indeed the only stationary solution. This solution is,
however, viewed to be inadequate because Xt depends on contemporaneous
and future shocks Zt+j, j = 0, 1, . . .. Note, however, that there exists an
AR(1) process with |φ| < 1 which is observationally equivalent, in the sense
that it generates the same autocorrelation function, but with new shock or
forcing {Z̃t} (see next section).

In the case |φ| = 1 there exists no stationary solution (see Section 1.4.4)
and therefore, according to our definition, no ARMA process. Processes with
this property are called random walk, unit root processes or integrated pro-
cesses. They play an important role in economics and are treated separately
in Chapter 7.

2.3 Causality and invertibility

If we view {Xt} as the state variable and {Zt} as an impulse or shock, we
can ask whether it is possible to represent today’s state Xt as the outcome of
current and past shocks Zt, Zt−1, Zt−2, . . . In this case we can view Xt as being
caused by past shocks and call this a causal representation. Thus, shocks to
current Zt will not only influence current Xt, but will propagate to affect also
future Xt’s. This notion of causality rest on the assumption that the past can
cause the future but that the future cannot cause the past. See section 15.1
for an elaboration of the concept of causality and its generalization to the
multivariate context.

In the case that {Xt} is a moving-average process of order q, Xt is given
as a weighted sum of current and past shocks Zt, Zt−1, . . . , Zt−q. Thus, the
moving-average representation is already the causal representation. In the
case of an AR(1) process, we have seen that this is not always feasible. For
|φ| < 1, the solution (2.2) represents Xt as a weighted sum of current and
past shocks and is thus the corresponding causal representation. For |φ| > 1,
no such representation is possible. The following Definition 2.2 makes the
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notion of a causal representation precise and Theorem 2.1 gives a general
condition for its existence.

Definition 2.2 (Causality). An ARMA(p, q) process {Xt} with Φ(L)Xt =
Θ(L)Zt is called causal with respect to {Zt} if there exists a sequence {ψj}
with the property

∑∞
j=0 |ψj| <∞ such that

Xt = Zt + ψ1Zt−1 + ψ2Zt−2 + . . . =
∞∑
j=0

ψjZt−j with ψ0 = 1.

The above equation is referred to as the causal representation of {Xt} with
respect to {Zt}.

The coefficients {ψj} are of great importance because they determine
how an impulse or a shock in period t propagates to affect current and future
Xt+j, j = 0, 1, 2 . . . In particular, consider an impulse et0 at time t0, i.e. a
time series which is equal to zero except for the time t0 where it takes on
the values et0 . Then, {ψt−t0et0} traces out the time history of this impulse.
For this reason, the function ψj with j = t − t0, t = t0, t0 + 1, t0 + 2, . . . , is
called the impulse response function. If et0 = 1, it is called a unit impulse.
Alternatively, et0 is sometimes taken to be equal to σ, the standard deviation
of Zt. It is customary to plot ψj as a function of j, j = 0, 1, 2 . . .

Note that the notion of causality is not an attribute of {Xt}, but is defined
relative to another process {Zt}. It is therefore possible that a stationary
process is causal with respect to one process, but not with respect to another
process. In order to make this point more concrete, consider again the AR(1)
process defined by the equation Xt = φXt−1 + Zt with |φ| > 1. As we have
seen, the only stationary solution is given by Xt = −

∑∞
j=1 φ

−jZt+j which is
clearly not causal with respect {Zt}. Consider now the process

Z̃t = Xt −
1

φ
Xt−1 = φ−2Zt + (φ−2 − 1)

∞∑
j=1

φ−jZt+j.

This new process is white noise with variance σ̃2 = (1 − φ−2 + φ−4)σ2.2

Because {Xt} fulfills the difference equation

Xt =
1

φ
Xt−1 + Z̃t,

{Xt} is causal with respect to {Z̃t}. This remark shows that there is no loss
of generality involved if we concentrate on causal ARMA processes.

2The reader is invited to verify this.
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Theorem 2.1. Let {Xt} be an ARMA(p, q) process with Φ(L)Xt = Θ(L)Zt
and assume that the polynomials Φ(z) and Θ(z) have no common root. {Xt}
is causal with respect to {Zt} if and only if Φ(z) 6= 0 for |z| ≤ 1, i.e. all
roots of the equation Φ(z) = 0 are outside the unit circle. The coefficients
{ψj} are then uniquely defined by identity :

Ψ(z) =
∞∑
j=0

ψjz
j =

Θ(z)

Φ(z)
.

Proof. Given that Φ(z) is a finite order polynomial with Φ(z) 6= 0 for |z| ≤ 1,
there exits ε > 0 such that Φ(z) 6= 0 for |z| ≤ 1 + ε. This implies that 1/Φ(z)
is an analytic function on the circle with radius 1 + ε and therefore possesses
a power series expansion:

1

Φ(z)
=
∞∑
j=0

ξjz
j = Ξ(z), for |z| < 1 + ε.

This implies that ξj(1 + ε/2)j goes to zero for j to infinity. Thus there exists
a positive and finite constant C such that

|ξj| < C(1 + ε/2)−j, for all j = 0, 1, 2, . . .

This in turn implies that
∑∞

j=0 |ξj| < ∞ and that Ξ(z)Φ(z) = 1 for |z| ≤ 1.
Applying Ξ(L) on both sides of Φ(L)Xt = Θ(L)Zt, gives:

Xt = Ξ(L)Φ(L)Xt = Ξ(L)Θ(L)Zt.

Theorem 6.4 implies that the right hand side is well-defined. Thus Ψ(L) =
Ξ(L)Θ(L) is the sought polynomial. Its coefficients are determined by the
relation Ψ(z) = Θ(z)/Φ(z).

Assume now that there exists a causal representation Xt =
∑∞

j=0 ψjZt−j
with

∑∞
j=0 |ψj| <∞. Therefore

Θ(L)Zt = Φ(L)Xt = Φ(L)Ψ(L)Zt.

Take η(z) = Φ(z)Ψ(z) =
∑∞

j=0 ηjz
j, |z| ≤ 1. Multiplying the above equation

by Zt−k and taking expectations shows that ηk = θk, k = 0, 1, 2, . . . , q, and
that ηk = 0 for k > q. Thus we get Θ(z) = η(z) = Φ(z)Ψ(z) for |z| ≤ 1. As
Θ(z) and Φ(z) have no common roots and because |Ψ(z)| < ∞ for |z| ≤ 1,
Φ(z) cannot be equal to zero for |z| ≤ 1.

Remark 2.1. If the AR and the MA polynomial have common roots, there
are two possibilities:
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• No common roots lies on the unit circle. In this situation there exists
a unique stationary solution which can be obtained by canceling the
common factors of the polynomials.

• If at least one common root lies on the unit circle then more than one
stationary solution may exist (see the last example below).

Some examples

We concretize the above Theorem and Remark by investigating some exam-
ples starting from the ARMA model Φ(L)Xt = Θ(L)Zt with Zt ∼WN(0, σ2).

Φ(L) = 1− 0.05L− 0.6L2 and Θ(L) = 1: The roots of the polynomial Φ(z)
are z1 = −4/3 and z2 = 5/4. Because both roots are absolutely greater
than one, there exists a causal representation with respect to {Zt}.

Φ(L) = 1 + 2L + 5/4L2 and Θ(L) = 1: The roots are conjugate complex and
equal to z1 = −4/5 + 2/5ı and z2 = −4/5− 2/5ı. The modulus or ab-
solute value of z1 and z2 equals |z1| = |z2| =

√
20/25. This number is

smaller than one. Therefore there exists a stationary solution, but this
solution is not causal with respect to {Zt}.

Φ(L) = 1− 0.05L− 0.6L2 and Θ(L) = 1 + 0.75L: Φ(z) and Θ(z) have the
common root z = −4/3 6= 1. Thus one can cancel both Φ(L) and Θ(L)
by 1 + 3

4
L to obtain the polynomials Φ̃(L) = 1 − 0.8L and Θ̃(L) = 1.

Because the root of Φ̃(z) equals 5/4 which is greater than one, there
exists a unique stationary and causal representation with respect to
{Zt}.

Φ(L) = 1 + 1.2L− 1.6L2 and Θ(L) = 1 + 2L: The roots of Φ(z) are z1 =
5/4 and z2 = −0.5. Thus one root is outside the unit circle whereas one
is inside. This would suggest that there is no causal solution. However,
the root −0.5 6= 1 is shared by Φ(z) and Θ(z) and can therefore be
canceled to obtain Φ̃(L) = 1 − 0.8L and Θ̃(L) = 1. Because the root
of Φ̃(z) equals 5/4 > 1, there exists a unique stationary and causal
solution with respect to {Zt}.

Φ(L) = 1 + L and Θ(L) = 1 + L: Φ(z) and Θ(z) have the common root −1
which lies on the unit circle. As before one might cancel both poly-
nomials by 1 + L to obtain the trivial stationary and causal solution
{Xt} = {Zt}. This is, however, not the only solution. Additional so-
lutions are given by {Yt} = {Zt + A(−1)t} where A is an arbitrary
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random variable with mean zero and finite variance σ2
A which is inde-

pendent from both {Xt} and {Zt}. The process {Yt} has a mean of
zero and an autocovariance function γY (h) which is equal to

γY (h) =

{
σ2 + σ2

A, h = 0;

(−1)hσ2
A, h = ±1,±2, . . .

Thus this new process is therefore stationary and fulfills the difference
equation.

Remark 2.2. If the AR and the MA polynomial in the stochastic difference
equation Φ(L)Xt = Θ(L)Zt have no common root, but Φ(z) = 0 for some z on
the unit circle, there exists no stationary solution. In this sense the stochastic
difference equation does no longer define an ARMA model. Models with this
property are said to have a unit root and are treated in Chapter 7. If Φ(z)
has no root on the unit circle, there exists a unique stationary solution.

As explained in the previous Theorem, the coefficients {ψj} of the causal
representation are uniquely determined by the relation Ψ(z)Φ(z) = Θ(z). If
{Xt} is a MA process, Φ(z) = 1 and the coefficients {ψj} just correspond to
the coefficients of the MA polynomial, i.e. ψj = θj for 0 ≤ j ≤ q and ψj = 0
for j > q. Thus in this case no additional computations are necessary. In
general this is not the case. In principle there are two ways to find the
coefficients {ψj}. The first one uses polynomial division or partial fractions,
the second one uses the method of undetermined coefficients. This book
relies on the second method because it is more intuitive and presents some
additional insides. For this purpose let us write out the defining relation
Ψ(z)Φ(z) = Θ(z):(
ψ0 + ψ1z + ψ2z

2 + . . .
) (

1− φ1z − φ2z
2 − . . . φpzp

)
= 1+θ1z+θ2z

2+. . .+θqz
q

Multiplying out the left hand side one gets:

ψ0 − ψ0φ1z − ψ0φ2z
2 − ψ0φ3z

3 − · · · − ψ0φpz
p

ψ1z − ψ1φ1z
2 − ψ1φ2z

3 − · · · − ψ1φpz
p+1

+ ψ2 z2 − ψ2φ1z
3 − · · · − ψ2φpz

p+2

. . .

= 1 + θ1z + θ2z
2 + θ3z

3 + · · ·+ θqz
q
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Equating the coefficients of the powers of z, zj, j = 0, 1, 2, . . . , one obtains
the following equations:

z0 : ψ0 = 1,

z1 : ψ1 = θ1 + φ1ψ0 = θ1 + φ1,

z2 : ψ2 = θ2 + φ2ψ0 + φ1ψ1 = θ2 + φ2 + φ1θ1 + φ2
1,

. . .

As can be seen, it is possible to solve recursively for the unknown coefficients
{ψj}. This is convenient when it comes to numerical computations, but in
some cases one wants an analytical solution. Such a solution can be obtained
by observing that, for j ≥ max{p, q+ 1}, the recursion leads to the following
difference equation of order p:

ψj =

p∑
k=1

φkψj−k = φ1ψj−1 + φ2ψj−2 + . . .+ φpψj−p, j ≥ max{p, q + 1}.

This is a linear homogeneous difference equation with constant coefficients.
The solution of such an equation is of the form (see equation (B.1) in Ap-
pendix B):

ψj = c1z
−j
1 + . . .+ cpz

−j
p , j ≥ max{p, q + 1} − p, (2.3)

where z1, . . . , zp denote the roots of Φ(z) = 1− φ1z − . . .− φpzp = 0.3 Note
that the roots are exactly those which have been computed to assess the ex-
istence of a causal representation. The coefficients c1, . . . , cp can be obtained
using the p boundary conditions obtained from ψj =

∑
0<k≤j φkψj−k = θj,

max{p, q + 1} − p ≤ j < max{p, q + 1}. Finally, the values for ψj, 0 ≤
j < max{p, q + 1} − p, must be computed from the first max{p, q + 1} − p
iterations (see the example in Section 2.4).

As mentioned previously, the coefficients {ψj} are of great importance
as they quantify the effect of a shock to Zt−j on Xt, respectively of Zt on
Xt+j. In macroeconomics they are sometimes called dynamic multipliers of
a transitory or temporary shock. Because the underlying ARMA process is
stationary and causal, the infinite sum

∑∞
j=0 |ψj| converges. This implies

that the effect ψj converges to zero as j → ∞. Thus the effect of a shock
dies out eventually:4

∂Xt+j

∂Zt
= ψj → 0 for j →∞.

3In the case of multiple roots one has to modify the formula according to equation (B.2).
4The use of the partial derivative sign actually represents an abuse of notation. It

is inspired by an alternative definition of the impulse responses: ψj =
∂P̃tXt+j

∂xt
where
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As can be seen from equation (2.3), the coefficients {ψj} even converge to
zero exponentially fast to zero because each term ciz

−j
i , i = 1, . . . , p, goes

to zero exponentially fast as the roots zi are greater than one in absolute
value. Viewing {ψj} as a function of j one gets the so-called impulse response
function which is usually displayed graphically.

The effect of a permanent shock in period t on Xt+j is defined as the cumu-
lative effect of all the transitory shocks. Thus the effect of a permanent shock
to Xt+j is given by

∑j
i=0 ψi. Because

∑j
i=0 ψi ≤

∑j
i=0 |ψi| ≤

∑∞
i=0 |ψi| <∞,

the cumulative effect remains finite.
In time series analysis we view the observations as realizations of {Xt}

and treat the realizations of {Zt} as unobserved. It is therefore of interest
to know whether it is possible to recover the unobserved shocks from the
observations on {Xt}. This idea leads to the concept of invertibility.

Definition 2.3 (Invertibility). An ARMA(p,q) process for {Xt} with Φ(L)Xt =
Θ(L)Zt is called invertible with respect to {Zt} if and only if there exists a
sequence {πj} with the property

∑∞
j=0 |πj| <∞ such that

Zt =
∞∑
j=0

πjXt−j.

Note that like causality, invertibility is not an attribute of {Xt}, but is
defined only relative to another process {Zt}. In the literature, one often
refers to invertibility as the strict miniphase property.5

Theorem 2.2. Let {Xt} be an ARMA(p,q) process with Φ(L)Xt = Θ(L)Zt
such that polynomials Φ(z) and Θ(z) have no common roots. Then {Xt}
is invertible with respect to {Zt} if and only if Θ(z) 6= 0 for |z| ≤ 1. The
coefficients {πj} are then uniquely determined through the relation:

Π(z) =
∞∑
j=0

πjz
j =

Φ(z)

Θ(z)
.

Proof. The proof follows from Theorem 2.1 with Xt and Zt interchanged.

P̃t denotes the optimal (in the mean squared error sense) linear predictor of Xt+j given
a realization back to infinite remote past {xt, xt−1, xt−2, . . . } (see Section 3.1.3). Thus,
ψj represents the sensitivity of the forecast of Xt+j with respect to the observation xt.
The equivalence of alternative definitions in the linear and especially nonlinear context is
discussed in Potter (2000).

5Without the qualification strict, the miniphase property allows for roots of Θ(z) on
the unit circle. The terminology is, however, not uniform in the literature.
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The discussion in Section 1.3 showed that there are in general two MA(1)
processes compatible with the same autocorrelation function ρ(h) given by
ρ(0) = 1, ρ(1) = ρ with |ρ| ≤ 1

2
, and ρ(h) = 0 for h ≥ 2. However, only one

of these solutions is invertible because the two solutions for θ are inverses of
each other. As it is important to be able to recover Zt from current and past
Xt, one prefers the invertible solution.

Remark 2.3. If {Xt} is a stationary solution to the stochastic difference
equation Φ(L)Xt = Θ(L)Zt with Zt ∼WN(0, σ2) and if in addition Φ(z)Θ(z) 6=
0 for |z| ≤ 1 then

Xt =
∞∑
j=0

ψjZt−j,

Zt =
∞∑
j=0

πjXt−j,

where the coefficients {ψj} and {πj} are determined for |z| ≤ 1 by Ψ(z) =
Θ(z)

Φ(z)
and Π(z) =

Φ(z)

Θ(z)
, respectively. In this case {Xt} is causal and invert-

ible with respect to {Zt}.

Remark 2.4. If {Xt} is an ARMA process with Φ(L)Xt = Θ(L)Zt such that
Φ(z) 6= 0 for |z| = 1 then there exists polynomials Φ̃(z) and Θ̃(z) and a white
noise process {Z̃t} such that {Xt} fulfills the stochastic difference equation
Φ̃(L)Xt = Θ̃(L)Z̃t and is causal with respect to {Z̃t}. If in addition Θ(z) 6= 0
for |z| = 1 then Θ̃(L) can be chosen such that {Xt} is also invertible with
respect to {Z̃t} (see the discussion of the AR(1) process after the definition
of causality and Brockwell and Davis (1991, p. 88)).

2.4 Computation of the autocovariance func-

tion of an ARMA process

Whereas the autocovariance function summarizes the external and directly
observable properties of a time series, the coefficients of the ARMA process
give information of its internal structure. Although there exists for each
ARMA model a corresponding autocovariance function, the converse is not
true as we have seen in Section 1.3 where we showed that two MA(1) pro-
cesses are compatible with the same autocovariance function. This brings
up a fundamental identification problem. In order to shed some light on the
relation between autocovariance function and ARMA models it is necessary
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to be able to compute the autocovariance function for a given ARMA model.
In the following, we will discuss three such procedures. Each procedure
relies on the assumption that the ARMA process Φ(L)Xt = Θ(L)Zt with
Zt ∼WN(0, σ2) is causal with respect to {Zt}. Thus there exists a represen-
tation of Xt as a weighted sum of current and past Zt’s: Xt =

∑∞
j=0 ψjZt−j

with
∑∞

j=0 |ψj| <∞.

2.4.1 First procedure

Starting from the causal representation of {Xt}, it is easy to calculate its
autocovariance function given that {Zt} is white noise. The exact formula is
proved in Theorem (6.4).

γ(h) = σ2

∞∑
j=0

ψjψj+|h|,

where

Ψ(z) =
∞∑
j=0

ψjz
j =

Θ(z)

Φ(z)
for |z| ≤ 1.

The first step consists in determining the coefficients ψj by the method of
undetermined coefficients. This leads to the following system of equations:

ψj −
∑

0<k≤j

φkψj−k = θj, 0 ≤ j < max{p, q + 1},

ψj −
∑

0<k≤p

φkψj−k = 0, j ≥ max{p, q + 1}.

This equation system can be solved recursively (see Section 2.3):

ψ0 = θ0 = 1,

ψ1 = θ1 + ψ0φ1 = θ1 + φ1,

ψ2 = θ2 + ψ0φ2 + ψ1φ1 = θ2 + φ2 + φ1θ1 + φ2
1,

. . .

Alternatively one may view the second part of the equation system as a linear
homogeneous difference equation with constant coefficients (see Section 2.3).
Its solution is given by equation (2.3). The first part of the equation sys-
tem delivers the necessary initial conditions to determine the coefficients
c1, c2, . . . , cp. Finally one can insert the ψ’s in the above formula for the
autocovariance function.
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A numerical example

Consider the ARMA(2,1) process with Φ(L) = 1− 1.3L + 0.4L2 and Θ(L) =
1+0.4L. Writing out the defining equation for Ψ(z), Ψ(z)Φ(z) = Θ(z), gives:

1 + ψ1z + ψ2z
2 + ψ3z

3 + . . .

− 1.3z − 1.3ψ1z
2 − 1.3ψ2z

3 − . . .
+ 0.4z2 + 0.4ψ1z

3 + . . .

. . . = 1 + 0.4z.

Equating the coefficients of the powers of z leads to the following equation
system:

z0 : ψ0 = 1,

z : ψ1 − 1.3 = 0.4,

z2 : ψ2 − 1.3ψ1 + 0.4 = 0,

z3 : ψ3 − 1.3ψ2 + 0.4ψ1 = 0,

. . .

ψj − 1.3ψj−1 + 0.4ψj−2 = 0, for j ≥ 2.

The last equation represents a linear difference equation of order two. Its
solution is given by

ψj = c1z
−j
1 + c2z

−j
2 , j ≥ max{p, q + 1} − p = 0,

whereby z1 and z2 are the two distinct roots of the characteristic polynomial
Φ(z) = 1 − 1.3z + 0.4z2 = 0 (see equation (2.3)) and where the coefficients
c1 and c2 are determined from the initial conditions. The two roots are
1.3±

√
1.69−4×0.4
2×0.4

= 5/4 = 1.25 and 2. The general solution to the homogeneous

equation therefore is ψj = c10.8j + c20.5j. The constants c1 and c2 are
determined by the equations:

j = 0 : ψ0 = 1 = c10.80 + c20.50 = c1 + c2

j = 1 : ψ1 = 1.7 = c10.81 + c20.51 = 0.8c1 + 0.5c2.

Solving this equation system in the two unknowns c1 and c2 gives: c1 = 4
and c2 = −3. Thus the solution to the difference equation is given by:

ψj = 4(0.8)j − 3(0.5)j.
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Figure 2.3: Autocorrelation function of the ARMA(2,1) process: (1− 1.3L +
0.4L2)Xt = (1 + 0.4L)Zt

Inserting this solution for ψj into the above formula for γ(h) one obtains
after using the formula for the geometric sum:

γ(h) = σ2

∞∑
j=0

(
4× 0.8j − 3× 0.5j

) (
4× 0.8j+h − 3× 0.5j+h

)
= σ2

∞∑
j=0

(16× 0.82j+h − 12× 0.5j × 0.8j+h

− 12× 0.8j × 0.5j+h + 9× 0.52j+h)

= 16σ2 0.8h

1− 0.64
− 12σ2 0.8h

1− 0.4
− 12σ2 0.5h

1− 0.4
+ 9σ2 0.5h

1− 0.25

=
220

9
σ2(0.8)h − 8σ2(0.5)h.

Dividing γ(h) by γ(0), one gets the autocorrrelation function:

ρ(h) =
γ(h)

γ(0)
=

55

37
× 0.8j − 18

37
× 0.5j

which is represented in Figure 2.3.
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2.4.2 Second procedure

Instead of determining the ψj coefficients first, it is possible to compute
the autocovariance function directly from the ARMA model. To see this
multiply the ARMA equation successively by Xt−h, h = 0, 1, . . . and apply
the expectations operator:

EXtXt−h − φ1EXt−1Xt−h − · · · − φpEXt−pXt−h

= EZtXt−h + θ1EZt−1Xt−h + · · ·+ θqEZt−qXt−h.

This leads to an equation system for the autocovariances γ(h), h = 0, 1, 2, . . . :

γ(h)− φ1γ(h− 1)− . . .− φpγ(h− p) = σ2
∑
h≤j≤q

θjψj−h, h <max{p, q + 1}

γ(h)− φ1γ(h− 1)− . . .− φpγ(h− p) = 0, h ≥max{p, q + 1}.

The second part of the equation system consists again of a linear homo-
geneous difference equation in γ(h) whereas the first part can be used to
determine the initial conditions. Note that the initial conditions depend
ψ1, . . . , ψq which have to be determined before hand. The general solution
of the difference equation is:

γ(h) = c1z
−h
1 + . . .+ cpz

−h
p (2.4)

where z1, . . . , zp are the distinct roots of the polynomial Φ(z) = 1 − φ1z −
. . . − φpz

p = 0.6 The constants c1, . . . , cp can be computed from the first
p initial conditions after the ψ1, . . . ψq have been calculated like in the first
procedure. The form of the solution shows that the autocovariance and hence
the autocorrelation function converges to zero exponentially fast.

A numerical example

We consider the same example as before. The second part of the above
equation system delivers a difference equation for γ(h): γ(h) = φ1γ(h− 1) +
φ2γ(h− 2) = 1.3γ(h− 1)− 0.4γ(h− 2), h ≥ 2. The general solution of this
difference equation is (see Appendix B):

γ(h) = c1(0.8)h + c2(0.5)h, h ≥ 2

where 0.8 and 0.5 are the inverses of the roots computed from the same
polynomial Φ(z) = 1− 1.3z − 0.4z2 = 0.

6In case of multiple roots the formula has to be adapted accordingly. See equation (B.2)
in the Appendix.
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The first part of the system delivers the initial conditions which determine
the constants c1 and c2:

γ(0)− 1.3γ(−1) + 0.4γ(−2) = σ2(1 + 0.4× 1.7)

γ(1)− 1.3γ(0) + 0.4γ(−1) = σ20.4

where the numbers on the right hand side are taken from the first procedure.
Inserting the general solution in this equation system and bearing in mind
that γ(h) = γ(−h) leads to:

0.216c1 + 0.450c2 = 1.68σ2

−0.180c1 − 0.600c2 = 0.40σ2

Solving this equation system in the unknowns c1 and c2 one gets finally gets:
c1 = (220/9)σ2 and c2 = −8σ2.

2.4.3 Third procedure

Whereas the first two procedures produce an analytical solution which relies
on the solution of a linear difference equation, the third procedure is more
suited for numerical computation using a computer. It rests on the same
equation system as in the second procedure. The first step determines the
values γ(0), γ(1), . . . , γ(p) from the first part of the equation system. The
following γ(h), h > p are then computed recursively using the second part
of the equation system.

A numerical example

Using again the same example as before, the first of the equation delivers
γ(2), γ(1) and γ(0) from the equation system:

γ(0)− 1.3γ(−1) + 0.4γ(−2) = σ2(1 + 0.4× 1.7)

γ(1)− 1.3γ(0) + 0.4γ(−1) = σ20.4

γ(2)− 1.3γ(1) + 0.4γ(0) = 0

Bearing in mind that γ(h) = γ(−h), this system has three equations in
three unknowns γ(0), γ(1) and γ(2). The solution is: γ(0) = (148/9)σ2,
γ(1) = (140/9)σ2, γ(2) = (614/45)σ2. This corresponds, of course, to the
same numerical values as before. The subsequent values for γ(h), h > 2 are
then determined recursively from the difference equationγ(h) = 1.3γ(h−1)−
0.4γ(h− 2).
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2.5 Exercises

Exercise 2.5.1. Consider the AR(1) process Xt = 0.8Xt−1+Zt with Z∼WN(0, σ2).
Compute the variance of (X1 +X2 +X3 +X4)/4.

Exercise 2.5.2. Check whether the following stochastic difference equations
possess a stationary solution. If yes, is the solution causal and/or invertible
with respect to Zt ∼WN(0, σ2)?

(i) Xt = Zt + 2Zt−1

(ii) Xt = 1.3Xt−1 + Zt

(iii) Xt = 1.3Xt−1 − 0.4Xt−2 + Zt

(iv) Xt = 1.3Xt−1 − 0.4Xt−2 + Zt − 0.3Zt−1

(v) Xt = 0.2Xt−1 + 0.8Xt−2 + Zt

(vi) Xt = 0.2Xt−1 + 0.8Xt−2 + Zt − 1.5Zt−1 + 0.5Zt−2

Exercise 2.5.3. Compute the causal representation with respect Zt ∼WN(0, σ2)
of the following ARMA processes:

(i) Xt = 1.3Xt−1 − 0.4Xt−2 + Zt

(ii) Xt = 1.3Xt−1 − 0.4Xt−2 + Zt − 0.2Zt−1

(iii) Xt = φXt−1 + Zt + θZt−1 with |φ| < 1

Exercise 2.5.4. Compute the autocovariance function of the following ARMA
processes:

(i) Xt = 0.5Xt−1 + 0.36Xt−2 + Zt

(ii) Xt = 0.5Xt−1 + 0.36Xt−2 + Zt + 0.5Zt−1

Thereby Zt ∼WN(0, σ2).
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Chapter 3

Forecasting Stationary
Processes

An important goal of time series analysis is forecasting. In the following
we will consider the problem of forecasting XT+h, h > 0, given {XT , . . . , X1}
where {Xt} is a stationary stochastic process with known mean µ and known
autocovariance function γ(h). In practical applications µ and γ are unknown
so that we must replace these entities by their estimates. These estimates can
be obtained directly from the data as explained in Section 4.2 or indirectly
by first estimating an appropriate ARMA model (see Chapter 5) and then
inferring the corresponding autocovariance function using one of the methods
explained in Section 2.4. Thus the forecasting problem is inherently linked
to the problem of identifying an appropriate ARMA model from the data
(see Deistler and Neusser, 2012).

3.1 The theory of linear least-squares fore-

casts

We restrict our discussion to linear forecast functions, also called linear pre-
dictors , PTXT+h. Given observation from period 1 up to period T , these
predictors have the form:

PTXT+h = a0 + a1XT + . . .+ aTX1 = a0 +
T∑
i=1

aiXT+1−i

with unknown coefficients a0, a1, a2, . . . , aT . In principle, we should index
these coefficients by T because they may change with every new observations.

47
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See the example of the MA(1) process in Section 3.1.2. In order not to
overload the notation, we will omit this additional index.

In the Hilbert space of random variables with finite second moments the
optimal forecast in the mean squared error sense is given by the conditional
expectation E (XT+h|c,X1, X2, . . . , XT ). However, having practical applica-
tions in mind, we restrict ourself to linear predictors for the following rea-
sons:1

(i) Linear predictors are easy to compute.

(ii) The coefficients of the optimal (in the sense of means squared errors)
linear forecasting function depend only on the first two moments of the
time series, i.e. on EXt and γ(j), j = 0, 1, . . . , h+ T − 1.

(iii) In the case of Gaussian processes the conditional expectation coincides
with the linear predictor.

(iv) The optimal predictor is linear when the process is a causal and in-
vertible ARMA process even when Zt follows an arbitrary distribution
with finite variance (see Rosenblatt, 2000, chapter 5)).

(v) Practical experience has shown that even non-linear processes can be
predicted accurately by linear predictors.

The coefficients a0, . . . , aT of the forecasting function are determined such
that the mean squared errors are minimized. The use of mean squared errors
as a criterion leads to a compact representation and solution of the forecasting
problem. It implies that over- and underestimation are treated equally. Thus
we have to solve the following minimization problem:

S = S(a0, . . . , aT ) = E (XT+h − PTXT+h)
2

= E(XT+h − a0 − a1XT − . . .− aTX1)2 −→ min
a0,a1,...,aT

As S is a quadratic equation the coefficients, aj, j = 0, 1, . . . , T , are uniquely
determined by the so-called normal equation. These are obtained from the
first order conditions of the minimization problem, i.e. from ∂S

∂aj
= 0, j =

1Elliott and Timmermann (2008) provide a general overview of forecasting procedures
and their evaluations.
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0, 1, . . . , T :

∂S

∂a0

= E

(
XT+h − a0 −

T∑
i=1

aiXT+1−i

)
= 0, (3.1)

∂S

∂aj
= E

[(
XT+h − a0 −

T∑
i=1

aiXT+1−i

)
XT+1−j

]
= 0, j = 1, . . . , T.

(3.2)

The first equation can be rewritten as a0 = µ −
∑T

i=1 aiµ so that the
forecasting function becomes:

PTXT+h = µ+
T∑
i=1

ai (XT+1−i − µ) .

The unconditional mean of the forecast error, E (XT+h − PTXT+h), is there-
fore equal to zero. This means that there is no bias, neither upward nor
downward, in the forecasts. The forecasts correspond on average to the
“true” value.

Inserting in the second normal equation the expression for PTXT+h from
above, we get:

E [(XT+h − PTXT+h)XT+1−j] = 0, j = 1, 2, . . . , T.

The forecast error is therefore uncorrelated with the available information
represented by past observations. Thus the forecast errors XT+h − PTXT+h

are orthogonal to XT , XT−1, . . . , X1. Geometrically speaking, the best lin-
ear forecast is obtained by finding the point in the linear subspace spanned
by {XT , XT−1, . . . , X1} which is closest to XT+h. This point is found by
projecting XT+h on this linear subspace.2

The normal equations (3.1) can be rewritten in matrix notation as follows:

a0 = µ

(
1−

T∑
i=1

ai

)
(3.3)


γ(0) γ(1) . . . γ(T − 1)
γ(1) γ(0) . . . γ(T − 2)

...
...

. . .
...

γ(T − 1) γ(T − 2) . . . γ(0)



a1

a2
...
aT

 =


γ(h)

γ(h+ 1)
...

γ(h+ T − 1)

 . (3.4)

2Note the similarity of the forecast errors with the least-square residuals of a linear
regression.
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Denoting by ι, αT and γT (h) the vectors (1, 1, . . . , 1)′, (a1, . . . , aT )′ and
(γ(h), . . . , γ(h+ T − 1))′ and by ΓT = [γ(i− j)]i,j=1,...,T the symmetric T ×T
covariance matrix of (X1, . . . , XT )′ the normal equations can be written com-
pactly as:

a0 = µ (1− ι′αT ) (3.5)

ΓTαT = γT (h). (3.6)

Dividing the second equation by γ(0), one obtains an equation in terms
autocorrelations instead of autocovariances:

RTαT = ρT (h), (3.7)

where RT = ΓT/γ(0) and ρT (h) = (ρ(h), . . . , ρ(h+ T − 1))′. The coefficients
of the forecasting function αT are then obtained by inverting ΓT , respectively
RT :

αT =

a1
...
aT

 = Γ−1
T γT (h) = R−1

T ρT (h).

A sufficient condition which ensures the invertibility of ΓT , respectively RT ,
is given by assuming γ(0) > 0 and limh→∞ γ(h) = 0.3 The last condition
is automatically satisfied for ARMA processes because γ(h) converges even
exponentially fast to zero (see Section 2.4).

The mean squared error or variance of the forecast error for the forecast-
ing horizon h, vT (h), is given by:

vT (h) = E (XT+h − PTXT+h)
2

= γ(0)− 2
T∑
i=1

aiγ(h+ i− 1) +
T∑
i=1

T∑
j=1

aiγ(i− j)aj

= γ(0)− 2α′TγT (h) + α′TΓTαT

= γ(0)− α′TγT (h),

because ΓTαT = γT (h). Bracketing out γ(0), one can write the mean squared
forecast error as:

vT (h) = γ(0) (1− α′TρT (h)) . (3.8)

Because the coefficients of the forecast function have to be recomputed
with the arrival of each new observation, it is necessary to have a fast and re-
liable algorithm at hand. These numerical problems have been solved by the
development of appropriate computer algorithms, like the Durbin-Levinson
algorithm or the innovation algorithm (see Brockwell and Davis, 1991, Chap-
ter 5).

3See Brockwell and Davis (1991, p. 167)
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3.1.1 Forecasting with an AR(p) process

Consider first the case of an AR(1) process:

Xt = φXt−1 + Zt with |φ| < 1 and Zt ∼WN(0, σ2).

The equation system (3.7) becomes:
1 φ φ2 . . . φT−1

φ 1 φ . . . φT−2

φ2 φ 1 . . . φT−3

...
...

...
. . .

...
φT−1 φT−2 φT−3 . . . 1




a1

a2

a3
...
aT

 =


φh

φh+1

φh+2

...
φh+T−1

 .

The guess-and-verify method immediately leads to the solution:

αT = (a1, a2, a3, . . . , aT )′ =
(
φh, 0, 0, . . . , 0

)′
.

We therefore get the following predictor:

PTXT+h = φhXT

The forecast therefore just depends on the last observation. All previous
observations can be disregarded, they cannot improve the forecast further. To
put it otherwise, all the useful information aboutXt+1 in the entire realization
previous to Xt+1 is contained in Xt.

The variance of the prediction error is given by

vT (h) =
1− φ2h

1− φ2
σ2

For h = 1, the formula simplifies to σ2 and for h → ∞, vT (h) → 1
1−φ2σ

2.

Note also that the variance of the forecast error vT (h) increases with h.
The general case of an AR(p) process, p > 1, can be treated in the

same way. The autocovariances follow a p-th order difference equation (see
Section 2.4):

γ(j) = φ1γ(j − 1) + φ2γ(j − 2) + . . .+ φpγ(j − p).

Applying again the guess-and-verify method for the case h = 1 and assuming
that T > p, the solution is given by αT = (φ1, φ2, . . . , φp, 0, . . . , 0)′. Thus the
one-step ahead predictor is

PTXT+1 = φ1XT + φ2XT−1 + . . .+ φpXT+1−p, T > p. (3.9)
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The one-step ahead forecast of an AR(p) process therefore depends only on
the last p observations.

The above predictor can also be obtained in a different way. View for this
purpose PT as an operator with the following meaning: Take the linear least-
squares forecast with respect to the information {XT , . . . , X1}. Apply this
operator to the defining stochastic difference equation of the AR(p) process
forwarded one period:

PTXT+1 = PT (φ1XT ) + PT (φ2XT−1) + . . .+ PT (φpXT+1−p) + PT (ZT+1) .

In period T the observations ofXT , XT−1, . . . , X1 are known so that PTXT−j =
XT−j, j = 0, 1, . . . , T − 1. Because {Zt} is a white noise process and be-
cause {Xt} is causal function with respect to {Zt}, ZT+1 is uncorrelated with
XT , . . . , X1. This reasoning leads to the same predictor as in equation (3.9).

The forecasting functions for h > 1 can be obtained recursively by suc-
cessively applying the forecast operator. Take, for example, the case h = 2:

PTXT+2 = PT (φ1XT+1) + PT (φ2XT ) + . . .+ PT (φpXT+2−p) + PT (ZT+2)

= φ1 (φ1XT + φ2XT−1 + . . .+ φpXT+1−p)

+ φ2XT + . . .+ φpXT+2−p

=
(
φ2

1 + φ2

)
XT + (φ1φ2 + φ3)XT−1 + . . .+ (φ1φp−1 + φp)XT+2−p

+ φ1φpXT+1−p.

In this way forecasting functions for h > 2 can be obtained.

Note that in the case of AR(p) processes the coefficient of the forecast
function remain constant as long as T > p. Thus with each new observation
it is not necessary to recompute the equation system and solve it again. This
will be different in the case of MA processes. In practice, the parameters of
the AR model are usually unknown and have therefore be replaced by some
estimate. Section 14.2 investigates how this substitution affects the results.

3.1.2 Forecasting with MA(q) processes

The forecasting problem becomes more complicated in the case of MA(q)
processes. In order to get a better understanding we analyze the case of a
MA(1) process:

Xt = Zt + θZt−1 with |θ| < 1 and Zt ∼WN(0, σ2).
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Taking a forecast horizon of one period, i.e. h = 1, the equation system (3.7)
in the case of a MA(1) process becomes:


1 θ

1+θ2
0 . . . 0

θ
1+θ2

1 θ
1+θ2

. . . 0

0 θ
1+θ2

1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1




a1

a2

a3
...
aT

 =


θ

1+θ2

0
0
...
0

 . (3.10)

Despite the fact that the equation system has a simple structure, the forecast-
ing function will depend in general on all past observations of XT−j, j ≥ 0.
We illustrate this point by a numerical example which will allow us to get a
deeper understanding.

Suppose that we know the parameters of the MA(1) process to be θ =
−0.9 and σ2 = 1. We start the forecasting exercise in period T = 0 and
assume that, at this point in time, we have no observation at hand. The
best forecast is therefore just the unconditional mean which in this exam-
ple is zero. Thus, P0X1 = 0. The variance of the forecast error then is
V(X1 − P0X1) = v0(1) = σ2 + θ2σ2 = 1.81. This result is summarized in the
first row of table 3.1. In period 1, the realization of X1 is observed. This
information can be used and the forecasting function becomes P1X2 = a1X1.
The coefficient a1 is found by solving the equation system (3.10) for T = 1.
This gives a1 = θ/(1 + θ2) = −0.4972. The corresponding variance of
the forecast error according to equation (3.8) is V(X2 − P1X2) = v1(1) =
γ(0)(1− α′1ρ1(1)) = 1.81(1− 0.4972× 0.4972) = 1.3625. This value is lower
compared to the previous forecast because additional information, the ob-
servation of the realization of X1, is taken into account. Row 2 in table 3.1
summarizes these results.

In period 2, not only X1, but also X2 is observed which allows us to base
our forecast on both observations: P2X3 = a1X2 + a2X1. The coefficients
can be found by solving the equation system (3.10) for T = 2. This amounts
to solving the simultaneous equation system

(
1 θ

1+θ2
θ

1+θ2
1

)(
a1

a2

)
=

(
θ

1+θ2

0

)
.

Inserting θ = −0.9, the solution is α2 = (a1, a2)′ = (−0.6606,−0.3285)′. The
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corresponding variance of the forecast error becomes

V(X3 − P2X3) = v2(1) = γ(0)(1− α′2ρ2(1))

= γ(0)

(
1−

(
a1 a2

)( θ
1+θ2

0

))
= 1.81

(
1−

(
−0.6606 −0.3285

)(−0.4972
0

))
= 1.2155.

These results are summarized in row 3 of table 3.1.

In period 3, the realizations of X1, X2 and X3 are so that the forecast
function becomes P3X4 = a1X3 + a2X2 + a3X1. The coefficients can again
be found by solving the equation system (3.10) for T = 3: 1 θ

1+θ2
0

θ
1+θ2

1 θ
1+θ2

0 θ
1+θ2

1

a1

a2

a3

 =

 θ
1+θ2

0
0

 .

Inserting θ = −0.9, the solution is α2 = (a1, a2, a3)′ = (−0.7404,−0.4891,−0.2432)′.
The corresponding variance of the forecast error becomes

V(X4 − P3X4) = v3(1) = γ(0)(1− α′3ρ3(1))

= γ(0)

1−
(
a1 a2 a3

) θ
1+θ2

0
0


= 1.81

1−
(
−0.7404 −0.4891 −0.2432

)−0.4972
0
0


= 1.1436.

These results are summarized in row 4 of table 3.1. We can, of course,
continue in this way and derive successively the forecast functions for T =
4, 5, . . ..

From this exercise we can make several observations.

• In contrast to the AR process, every new information is used. The
forecast PTXT+1 depends on all available information, in particular on
XT , XT−1, . . . , X1.

• The coefficients of the forecast function are not constant. They change
as more and more information comes in.
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Table 3.1: Forecast function for a MA(1) process with θ = −0.9 and σ2 = 1

time
forecasting function
αT = (a1, a2, . . . , aT )′

forecast error
variance

T = 0 : v0(1) = 1.8100
T = 1 : α1 = (−0.4972)′ v1(1) = 1.3625
T = 2 : α2 = (−0.6606,−0.3285)′ v2(1) = 1.2155
T = 3 : α3 = (−0.7404,−0.4891,−0.2432)′ v3(1) = 1.1436
T = 4 : α4 = (−0.7870,−0.5827,−0.3849,−0.1914)′ v4(1) = 1.1017
. . . . . . . . .
T =∞ : α∞ = (−0.9000,−0.8100,−0.7290, . . .)′ v∞(1) = 1

• The importance of the new information can be “measured” by the last
coefficient of αT . These coefficients are termed partial autocorrelations
(see Definition 3.2) and are of particular relevance as will be explained
in Chapter 3.5. In our example they are -0.4972, -0.3285, -0.2432, and
-0.1914.

• As more information becomes available, the variance of the forecast
error (mean squared error) declines monotonically. It will converge to
σ2 = 1. The reason for this result can be explained as follows. Applying
the forecasting operator to the defining MA(1) stochastic difference
equation forwarded by one period gives: PTXT+1 = PTZT+1 +θPTZT =
θPTZT with forecast error XT+1−PTXT+1 = ZT+1. As more and more
observation become available, it becomes better and better possible to
recover the “true” value of the unobserved ZT from the observations
XT , XT−1, . . . , X1. As the process is invertible, in the limit it is possible
to recover the value of ZT exactly (almost surely). The only uncertainty
remaining is with respect to ZT+1 which has a mean of zero and a
variance of σ2 = 1.

3.1.3 Forecasting from the Infinite Past

The forecasting function based on the infinitely remote past is of particular
theoretical interest. Thereby we look at the problem of finding the optimal
linear forecast of XT+1 given XT , XT−1, . . . , X1, X0, X−1, . . . taking the mean
squared error again as the criterion function. The corresponding forecasting
function (predictor) will be denoted by P̃TXT+h, h > 0.

Noting that the MA(1) process with |θ| < 1 is invertible, we have

Zt = Xt − θXt−1 + θ2Xt−2 − . . .
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We can therefore write Xt+1 as

Xt+1 = Zt+1 + θ
(
Xt − θXt−1 + θ2Xt−2 − . . .

)︸ ︷︷ ︸
Zt

The predictor of XT+1 from the infinite past, P̃T , is then given by:

P̃TXT+1 = θ
(
XT − θXT−1 + θ2XT−2 − . . .

)
where the mean squared forecasting error is

v∞(1) = E
(
XT+1 − P̃TXT+1

)2

= σ2.

Applying this result to our example gives:

P̃TXT+1 = −0.9XT − 0.81XT−1 − 0.729θ2XT−2 − . . .

with v∞(1) = 1. See last row in table 3.1.

Example of an ARMA(1,1) process

Consider now the case of a causal and invertible ARMA(1,1) process {Xt}:

Xt = φXt−1 + Zt + θZt−1,

where |φ| < 1, |θ| < 1 and Zt ∼ WN(0, σ2). Because {Xt} is causal and
invertible with respect to {Zt},

XT+1 = ZT+1 + (φ+ θ)
∞∑
j=0

φjZT−j,

ZT+1 = XT+1 − (φ+ θ)
∞∑
j=0

(−θ)jXT−j.

Applying the forecast operator P̃T to the second equation and noting that
P̃TZT+1 = 0, one obtains the following one-step ahead predictor

P̃TXT+1 = (φ+ θ)
∞∑
j=0

(−θ)jXT−j.

Applying the forecast operator to the first equation, we obtain

P̃TXT+1 = (φ+ θ)
∞∑
j=0

(φ)jZT−j.

This implies that one-step ahead prediction error is equal toXT+1−P̃TXT+1 =
ZT+1 and that the mean squared forecasting error of the one-step ahead pre-
dictor given the infinite past is equal to EZ2

T+1 = σ2.
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3.2 The Wold Decomposition

The Wold Decomposition theorem is essential for the theoretical understand-
ing of stationary stochastic processes. It shows that any stationary process
can essentially be represented as a linear combination of current and past
forecast errors. Before we can state the theorem precisely, we have to intro-
duce the following definition.

Definition 3.1. A stochastic process {Xt} is called deterministic if and only
if it can be forecasted exactly from the infinite past. More precisely, if and
only if

σ2 = E
(
Xt+1 − P̃tXt+1

)2

= 0 for all t ∈ Z

where P̃tXt+1 denotes the best linear forecast of Xt+1 given its infinite past,
i.e. given {Xt, Xt−1, . . .}.

The most important class of deterministic processes are the harmonic
processes . These processes are characterized by finite or infinite sums of
sine and cosine functions with stochastic amplitude.4 A simple example of a
harmonic process is given by

Xt = A cos(ωt) +B sin(ωt) with ω ∈ (0, π).

Thereby, A and B denote two uncorrelated random variables with mean
zero and finite variance. One can check that Xt satisfies the deterministic
difference equation

Xt = (2 cosω)Xt−1 −Xt−2.

Thus, Xt can be forecasted exactly from its past. In this example the last
two observations are sufficient. We are now in a position to state the Wold
Decomposition Theorem.

Theorem 3.1 (Wold Decomposition). Every stationary stochastic process
{Xt} with mean zero and finite positive variance can be represented as

Xt =
∞∑
j=0

ψjZt−j + Vt = Ψ(L)Zt + Vt, (3.11)

where

(i) Zt = Xt − P̃t−1Xt = P̃tZt;
4More about harmonic processes can be found in Section 6.2.
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(ii) Zt ∼WN(0, σ2) where σ2 = E
(
Xt+1 − P̃tXt+1

)2

> 0;

(iii) ψ0 = 1 and
∑∞

j=0 ψ
2
j <∞;

(iv) {Vt} is deterministic;

(v) E(ZtVs) = 0 for all t, s ∈ Z.

The sequences {ψj}, {Zt}, and {Vt} are uniquely determined by (3.11).

Proof. The proof, although insightful, requires some knowledge about Hilbert
spaces which is beyond the scope of this book. A rigorous proof can be found
in Brockwell and Davis (1991, Section 5.7).
It is nevertheless instructive to give an intuition of the proof. Following the
MA(1) example from the previous section, we start in period 0 and assume
that no information is available. Thus, the best forecast P0X1 is zero so that
trivially

X1 = X1 − P0X1 = Z1.

Starting with X1 = Z1, X2, X3, . . . can then be constructed recursively:

X2 = X2 − P1X2 + P1X2 = Z2 + a
(1)
1 X1 = Z2 + a

(1)
1 Z1

X3 = X3 − P2X3 + P2X3 = Z3 + a
(2)
1 X2 + a

(2)
2 X1

= Z3 + a
(2)
1 Z2 +

(
a

(2)
1 a

(1)
1 + a

(2)
2

)
Z1

X4 = X4 − P3X4 + P3X4 = Z4 + a
(3)
1 X3 + a

(3)
2 X2 + a

(3)
3 X1

= Z4 + a
(3)
1 Z3 +

(
a

(3)
1 a

(2)
1 + a

(3)
2

)
Z2

+
(
a

(3)
1 a

(2)
1 a

(1)
1 + a

(3)
1 a

(2)
2 + a

(3)
2 a

(1)
1 + a

(3)
3

)
Z1

. . .

where a
(t−1)
j , j = 1, . . . , t− 1, denote the coefficients of the forecast function

for Xt based on Xt−1, . . . , X1. This shows how Xt unfolds into the sum of
forecast errors. The stationarity of {Xt} ensures that the coefficients of Zj
converge, as t goes to infinity, to ψj which are independent of t.

Every stationary stochastic process is thus representable as the sum of a
moving-average of infinite order and a purely deterministic process.5 The

5The Wold Decomposition corresponds to the decomposition of the spectral distribu-
tion function of F into the sum of FZ and FV (see Section 6.2). Thereby the spectral

distribution function FZ has spectral density fZ(λ) = σ2

2π |Ψ(e−ıλ)|2.
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weights of the infinite moving average are thereby normalized such that
ψ0 = 1. In addition, the coefficients ψi are square summable. This prop-
erty is less strong than absolute summability which is required for a causal
representation (see Definition 2.2). The process {Zt} is a white noise pro-
cess with positive variance σ2 > 0. The Zt’s are called innovations as they
represent the one-period ahead forecast errors based on the infinite past, i.e
Zt = Xt− P̃t−1Xt. Zt is the additional information revealed from the t-th ob-
servation. Thus, the Wold Decomposition Theorem serves as a justification
for the use of causal ARMA models.

The second part of Property (i) further means that the innovation process
{Zt} is fundamental with respect to {Xt}, i.e. that Zt lies in the linear space

spanned by {Xt, Xt−1, Xt−2, . . .} or that Zt = P̃tZt. This implies that Ψ(L)
must be invertible and that Zt can be perfectly (almost surely) recovered
from the observations of Xt, Xt−1, . . . Finally, property (v) says that the two
components {Zt} and {Vt} are uncorrelated with each other at all leads and
lags. Thus, in essence, the Wold Decomposition Theorem states that every
stationary stochastic process can be uniquely decomposed into a weighted
sum of current and past forecast errors plus a deterministic process.

Although the Wold Decomposition is very appealing from a theoretical
perspective, it is not directly implementable in practice because it requires
the estimation of infinitely many parameters (ψ1, ψ2, . . .). This is impossible
with only a finite amount of observations. It is therefore necessary to place
some assumptions on (ψ1, ψ2, . . .). One possibility is to assume that {Xt} is a
causal ARMA process and to recover the ψj’s from the causal representation.
This amounts to say that Ψ(L) is a rational polynomial which means that

Ψ(L) =
Θ(L)

Φ(L)
=

1 + θ1L + θ2L2 + . . .+ θqL
q

1− φ1L− φ2L2 − . . .− φpLp
.

This necessitates the estimation of only p+q parameters. Another possibility
is to place restrictions on the smoothnes of the spectrum (see Chapter 6).

The Wold Decomposition Theorem has several implications which are
presented in the following remarks.

Remark 3.1. In the case of ARMA processes, the purely deterministic part
can be disregarded so that the process is represented only as a weighted sum of
current and past innovations. Processes with this property are called purely
non-deterministic or regular.

Remark 3.2. The process {Zt} is white noise, but not necessarily Gaus-
sian. In particular, {Zt} need not be independently and identically dis-
tributed (IID). Thus, E(Zt+1|Xt, Xt−1, . . .) need not be equal to zero although
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P̃tZt+1 = 0. The reason is that P̃tZt+1 is only the best linear forecast func-
tion, whereas E(Zt+1|Xt, Xt−1, . . .) is the best forecast function among all lin-
ear and non-linear functions. Examples of processes which are white noise,
but not IID, are GARCH processes discussed in Chapter 8.

Remark 3.3. The innovations {Zt} may not correspond to the “true” shocks
of the underlying economic system. In this case, the shocks to the economic
system cannot be recovered from the Wold Decomposition. Thus, they are not
fundamental with respect to {Xt}. Suppose, as a simple example, that {Xt}
is generated by a noninvertible MA(1):

Xt = Ut + θUt−1, Ut ∼WN(0, σ2) and |θ| > 1.

This generates an impulse response function with respect to the true shocks of
the system equal to (1, θ, 0, . . .). The above mechanism can, however, not be
the Wold Decomposition because the noninvertibility implies that Ut cannot be
recovered from the observation of {Xt}. As shown in the introduction, there
is an observationally equivalent MA(1) process, i.e. a process which generates
the same ACF. Based on the computation in section 1.5, this MA(1) process
is

Xt = Zt + θ̃Zt−1, Zt ∼WN(0, σ̃2),

with θ̃ = θ−1 and σ̃2 = 1+θ2

1+θ−2σ
2. This is already the Wold Decomposition. The

impulse response function for this process is (1, θ−1, 0, . . .) which is different
from the original system. As |θ̃| = |θ−1| < 1, the innovations {Zt} can be
recovered from the observations as Zt =

∑∞
j=0(−θ̃)jXt−j, but they do not

correspond to the shocks of the system {Ut}. Hansen and Sargent (1991),
Quah (1990), and Lippi and Reichlin (1993) among others provide a deeper
discussion and present additional more interesting economic examples.

3.3 Exponential smoothing

Besides the method of least-squares forecasting exponential smoothing can
often be seen as a valid alternative. This method views Xt as a function of
time:

Xt = f(t; β) + εt,

whereby f(t; β) typically represents a polynomial in t with coefficients β.
The above equation is similar to a regression model with error term εt. This
error term is usually specified as a white noise process {εt} ∼WN(0, σ2).

Consider first the simplest case where Xt just moves randomly around a
a fixed mean β. This corresponds to the case where f(t; β) is a polynomial
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of degree zero:
Xt = β + εt.

If β is known then PTXT+h, the forecast of XT+h given the observations
XT , . . . , X1, clearly is β. If, however, β is unknown, we can substitute β by
XT , the average of the observations:

P̂TXT+h = β̂ = XT =
1

T

T∑
t=1

Xt,

where “ˆ” means that the model parameter β has been replaced by its es-
timate. The one-period ahead forecast function can then be rewritten as
follows:

P̂TXT+1 =
T − 1

T
P̂T−1XT +

1

T
XT

= P̂T−1XT +
1

T

(
XT − P̂T−1XT

)
.

The first equation represents the forecast for T +1 as a linear combination of
the forecast for T and of the last additional information, i.e. the last obser-
vation. The weight given to the last observation is equal to 1/T because we
assumed that the mean remains constant and because the contribution of one
observation to the mean is 1/T . The second equation represents the forecast
for T +1 as the forecast for T plus a correction term which is proportional to
the last forecast error. One advantage of this second representation is that
the computation of the new forecast, i.e. the forecast for T + 1, only depends
on the forecast for T and additional observation. In this way the storage
requirements are minimized.

In many applications, the mean does not remain constant, but is a slowly
moving function of time. In this case it is no longer meaningful to give each
observation the same weight. Instead, it seems plausible to weigh the more
recent observation higher than the older ones. A simple idea is to let the
weights decline exponentially which leads to the following forecast function:

PTXT+1 =
1− ω
1− ωT

T−1∑
t=0

ωtXT−t with |ω| < 1.

ω thereby acts like a discount factor which controls the rate at which agents
forget information. 1−ω is often called the smoothing parameter. The value
of ω should depend on the speed at which the mean changes. In case when
the mean changes only slowly, ω should be large so that all observations are
almost equally weighted; in case when the mean changes quickly, ω should
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be small so that only the most recent observations are taken into account.
The normalizing constant 1−ω

1−ωT ensures that the weights sum up to one. For

large T the term ωT can be disregarded so that one obtains the following
forecasting function based on simple exponential smoothing :

PTXT+1 = (1− ω)
[
XT + ωXT−1 + ω2XT−2 + . . .

]
= (1− ω)XT + ω PT−1XT

= PT−1XT + (1− ω) (XT − PT−1XT ) .

In the economics literature this forecasting method is called adaptive ex-
pectation. Similar to the model with constant mean, the new forecast is a
weighted average between the old forecast and the last (newest) observation,
respectively between the previous forecast and a term proportional to the
last forecast error.

One important advantage of adaptive forecasting methods is that they
can be computed recursively. Starting with value S0, the following values
can be computed as follows:

P0X1 = S0

P1X2 = ωP0X1 + (1− ω)X1

P2X3 = ωP1X2 + (1− ω)X2

. . .

PTXT+1 = ωPT−1XT + (1− ω)XT .

Thereby S0 has to be determined. Because

PTXT+1 = (1− ω)
[
XT + ωXT−1 + . . .+ ωT−1, X1

]
+ ωTS0,

the effect of the starting value declines exponentially with time. In practice,
we can take S0 = X1 or S0 = XT . The discount factor ω is usually set a priori
to be a number between 0.7 and 0.95. It is, however, possible to determine ω
optimally by choosing a value which minimizes the mean squared one-period
forecast error:

T∑
t=1

(Xt − Pt−1Xt)
2 −→ min

|ω|<1
.

From a theoretical perspective one can ask the question for which class
of models exponential smoothing represents the optimal procedure. Muth
(1960) showed that this class of models is given by

∆Xt = Xt −Xt−1 = Zt − ωZt−1.
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Note that the process generated by the above equation is no longer stationary.
This has to be expected as the exponential smoothing assumes a non-constant
mean. Despite the fact that this class seems rather restrictive at first, practice
has shown that it delivers reasonable forecasts, especially in situations when
it becomes costly to specify a particular model.6 Additional results and
more general exponential smoothing methods can be found in Abraham and
Ledolter (1983) and Mertens and Rässler (2005).

6This happens, for example, when many, perhaps thousands of time series have to be
forecasted in a real time situation.
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3.4 Exercises

Exercise 3.4.1. Compute the linear least-squares forecasting function PTXT+h,
T > 2, and the mean squared error vT (h), h = 1, 2, 3, if {Xt} is given by the
AR(2) process

Xt = 1.3Xt−1 − 0.4Xt−2 + Zt with Zt ∼WN(0, 2).

To which values do PTXT+h and vT (h) converge for h going to infinity?

Exercise 3.4.2. Compute the linear least-squares forecasting function PT (XT+1)

and the mean squared error vT (1), T = 0, 1, 2, 3, if {Xt} is given by the
MA(1) process

Xt = Zt + 0.8Zt−1 with Zt ∼WN(0, 2).

To which values do PTXT+h and vT (h) converge for h going to infinity?

Exercise 3.4.3. Suppose that you observe {Xt} for the two periods t = 1
and t = 3, but not for t = 2.

(i) Compute the linear least-squares forecast for X2 if

Xt = φXt−1 + Zt with |φ| < 1 and Zt ∼WN(0, 4)

Compute the mean squared error for this forecast.

(ii) Assume now that {Xt} is the MA(1) process

Xt = Zt + θZt−1 with Zt ∼WN(0, 4).

Compute the mean squared error for the forecast of X2.
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3.5 The Partial Autocorrelation Function

Consider again the problem of forecasting XT+1 from observations XT , XT−1,
. . . , X2, X1. Denoting, as before, the best linear predictor by PTXT+1 =
a1XT + a2XT−1 + aT−1X2 + aTX1, we can express XT+1 as

XT+1 = PTXT+1 + ZT+1 = a1XT + a2XT−1 + aT−1X2 + aTX1 + ZT+1

where ZT+1 denotes the forecast error which is uncorrelated with XT , . . . , X1.
We can now ask the question whether X1 contributes to the forecast of XT+1

controlling for XT , XT−2, . . . , X2 or, equivalently, whether aT is equal to zero.
Thus, aT can be viewed as a measure of the importance of the additional
information provided by X1. It is referred to as the partial autocorrelation.
In the case of an AR(p) process, the whole information useful for forecasting
XT+1, T > p, is incorporated in the last p observations so that aT = 0. In
the case of the MA process, the observations on XT , . . . , X1 can be used to
retrieve the unobserved ZT , ZT−1 . . . , Zt−q+1. As Zt is an infinite weighted
sum of past Xt’s, every new observation contributes to the recovering of the
Zt’s. Thus, the partial autocorrelation aT is not zero. Taking T successively
equal to 0, 1, 2, etc. we get the partial autocorrelation function (PACF).

We can, however, interpret the above equation as a regression equa-
tion. From the Frisch-Lovell-Waugh Theorem (See Davidson and MacK-
innon, 1993), we can obtain aT by a two-stage procedure. Project (regress)
in a first stage XT+1 on XT , . . . , X2 and take the residual. Similarly, project
(regress) X1 on XT , . . . , X2 and take the residual. The coefficient aT is then
obtained by projecting (regressing) the first residual on the second. Station-
arity implies that this is nothing but the correlation coefficient between the
two residuals.

3.5.1 Definition

The above intuition suggests two equivalent definitions of the partial auto-
correlation function (PACF).

Definition 3.2. The partial autocorrelation function (PACF) α(h), h =
0, 1, 2, . . ., of a stationary process is defined as follows:

α(0) = 1

α(h) = ah,

where ah denotes the last element of the vector αh = Γ−1
h γh(1) = R−1

h ρh(1)
(see Section 3.1 and equation (3.7)).
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Definition 3.3. The partial autocorrelation function (PACF) α(h), h =
0, 1, 2, . . ., of a stationary process is defined as follows:

α(0) = 1

α(1) = corr (X2, X1) = ρ(1)

α(h) = corr [Xh+1 − P (Xh+1|1, X2, . . . , Xh) , X1 − P (X1|1, X2, . . . , Xh)] ,

where P (Xh+1|1, X2, . . . , Xh) and P (X1|1, X2, . . . , Xh) denote the best, in the
sense mean squared forecast errors, linear forecasts of Xh+1, respectively X1

given {1, X2, . . . , Xh}.

Remark 3.4. If {Xt} has a mean of zero, then the constant in the projection
operator can be omitted.

The first definition implies that the partial autocorrelations are deter-
mined from the coefficients of the forecasting function which are themselves
functions of the autocorrelation coefficients. It is therefore possible to ex-
press the partial autocorrelations as a function of the autocorrelations. More
specifically, the partial autocorrelation functions can be computed recursively
from the autocorrelation function according to Durbin-Levinson algorithm
(Durbin, 1960):

α(0) = 1

α(1) = a11 = ρ(1)

α(2) = a22 =
ρ(2)− ρ(1)2

1− ρ(1)2

. . .

α(h) = ahh =
ρ(h)−

∑h−1
j=1 ah−1,jρh−j

1−
∑h−1

j=1 ah−1,jρj
,

where ah,j = ah−1,j − ahhah−1,h−j for j = 1, 2, . . . , h− 1.

Autoregressive processes

The idea of the PACF can be well illustrated in the case of an AR(1) process

Xt = φXt−1 + Zt with 0 < |φ| < 1 and Zt ∼WN(0, σ2).

As shown in Chapter 2, Xt and Xt−2 are correlated with each other despite
the fact that there is no direct relationship between the two. The correlation
is obtained “indirectly” because Xt is correlated with Xt−1 which is itself
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correlated with Xt−2. Because both correlation are equal to φ, the correlation
between Xt and Xt−2 is equal to ρ(2) = φ2. The ACF therefore accounts for
all correlation, including the indirect ones. The partial autocorrelation on
the other hand only accounts for the direct relationships. In the case of the
AR(1) process, there is only an indirect relation between Xt and Xt−h for
h ≥ 2, thus the PACF is zero.

Based on the results in Section 3.1 for the AR(1) process, the definition 3.2
of the PACF implies:

α1 = φ ⇒ α(1) = ρ(1) = φ,

α2 = (φ, 0)′ ⇒ α(2) = 0,

α3 = (φ, 0, 0)′ ⇒ α(3) = 0.

The partial autocorrelation function of an AR(1) process is therefore equal
to zero for h ≥ 2.

This logic can be easily generalized. The PACF of a causal AR(p) process
is equal to zero for h > p, i.e. α(h) = 0 for h > p. This property characterizes
an AR(p) process as shown in the next section.

Moving average processes

Consider now the case of an invertible MA process. For this process we have:

Zt =
∞∑
j=0

πjXt−j ⇒ Xt = −
∞∑
j=1

πjXt−j + Zt.

Xt is therefore “directly” correlated with each Xt−h, h = 1, 2, . . .. Conse-
quently, the PACF is never exactly equal to zero, but converges exponentially
to zero. This convergence can be monotonic or oscillating.

Take the MA(1) process as an illustration:

Xt = Zt + θZt−1 with |θ| < 1 and Zt ∼WN(0, σ2).

The computations in Section 3.1 showed that

α1 =
θ

1 + θ2
⇒ α(1) = ρ(1) =

θ

1 + θ2
,

α2 =

(
θ(1 + θ2)

1 + θ2 + θ4
,

−θ2

1 + θ2 + θ4

)′
⇒ α(2) =

−θ2

1 + θ2 + θ4
.

Thus we get for the MA(1) process:

α(h) = − (−θ)h

1 + θ2 + . . .+ θ2h
= −(−θ)h(1− θ2)

1− θ2(h+1)
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Table 3.2: Properties of the ACF and the PACF

processes ACF PACF

AR(p) declines exponentially
(monotonically or oscillating)

to zero

α(h) = 0 for h > p

MA(q) ρ(h) = 0 for h > q declines exponentially
(monotonically or oscillating)

to zero

3.5.2 Interpretation of ACF and PACF

The ACF and the PACF are two important tools in determining the nature
of the underlying mechanism of a stochastic process. In particular, they
can be used to determine the orders of the underlying AR, respectively MA
processes. The analysis of ACF and PACF to identify appropriate models is
know as the Box-Jenkins methodology (Box and Jenkins, 1976). Table 3.2
summarizes the properties of both tools for the case of a causal AR and an
invertible MA process.

If {Xt} is a causal and invertible ARMA(p,q) process, we have the fol-
lowing properties. As shown in Section 2.4, the ACF is characterized for
h > max{p, q + 1} by the homogeneous difference equation ρ(h) = φ1ρ(h −
1) + . . . + φpρ(h − p). Causality implies that the roots of the characteristic
equation are all inside the unit circle. The autocorrelation coefficients there-
fore decline exponentially to zero. Whether this convergence is monotonic
or oscillating depends on the signs of the roots. The PACF starts to decline
to zero for h > p. Thereby the coefficients of the PACF exhibit the same
behavior as the autocorrelation coefficients of θ−1(L)Xt.
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3.6 Exercises

Exercise 3.6.1. Assign the ACF and the PACF from Figure 3.1 to the fol-
lowing processes:

Xt = Zt,

Xt = 0.9Xt−1 + Zt,

Xt = Zt + 0.8Zt−1,

Xt = 0.9Xt−1 + Zt + 0.8Zt−1

with Zt ∼WN(0, σ2).
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Figure 3.1: Autocorrelation and partial autocorrelation functions



Chapter 4

Estimation of the Mean and
the Autocorrelation Function

In the previous chapters we have seen in which way the mean µ, and, more
importantly, the autocovariance function, γ(h), h = 0,±1,±2, . . ., of a sta-
tionary stochastic process {Xt} characterize its dynamic properties, at least
if we restrict ourself to the first two moments. In particular, we have inves-
tigated how the autocovariance function is related to the coefficients of the
corresponding ARMA process. Thus the estimation of the ACF is not only
interesting for its own sake, but also for the specification and identification
of appropriate ARMA models. It is therefore of outmost importance to have
reliable (consistent) estimators for these entities. Moreover, we want to test
specific features for a given time series. This means that we have to develop
corresponding testing theory. As the small sample distributions are hard to
get, we rely for this purpose on asymptotic theory.1

In this section we will assume that the process is stationary and observed
for the time periods t = 1, 2, . . . , T . We will refer to T as the sample size.
As mentioned previously, the standard sampling theory is not appropriate
in the times series context because the Xt’s are not independent draws from
some underlying distribution, but are systematically related to each other.

4.1 Estimation of the mean

The arithmetic average constitutes a “natural” estimator of the mean µ of
the stochastic process. The arithmetic mean XT is defined as usual by

XT =
1

T
(X1 +X2 + . . .+XT ) .

1Recently, bootstrap methods have also been introduced in the time series context.

71



72 CHAPTER 4. ESTIMATION OF MEAN AND ACF

It is immediately clear that arithmetic average is an unbiased estimator of
the mean:

EXT =
1

T
(EX1 + EX2 + . . .+ EXT ) = µ.

Of greater interest are the asymptotic properties of the variance of the
arithmetic mean VXT which are summarized in the following theorem:

Theorem 4.1 (Convergence of arithmetic average). If {Xt} is a station-
ary stochastic process with mean µ and ACF γ(h) then the variance of the
arithmetic mean VXT has the following asymptotic properties:

VXT = E
(
XT − µ

)2 → 0, if γ(T )→ 0;

TVXT = TE
(
XT − µ

)2 →
∞∑

h=−∞

γ(h), if
∞∑

h=−∞

|γ(h)| <∞,

for T going to infinity.

Proof. Immediate algebra establishes:

0 ≤ TVXT =
1

T

T∑
i,j=1

cov(Xi, Xj) =
∑
|h|<T

(
1− |h|

T

)
γ(h)

≤
∑
|h|<T

|γ(h)| = 2
T∑
h=1

|γ(h)|+ γ(0).

The assumption γ(h) → 0 for h → ∞ implies that for any given ε > 0, we
can find T0 such that |γ(h)| < ε/2 for h ≥ T0. If T > T0 and T > 2T0 γ(0)/ε
then

0 ≤ 1

T

T∑
h=1

|γ(h)| = 1

T

T0−1∑
h=1

|γ(h)|+ 1

T

T∑
h=T0

|γ(h)|

≤ T0 γ(0)

T
+

1

T
(T − T0)ε/2 ≤ T0 γ(0)

T
+ ε/2 ≤ T0 γ(0)ε

2T0 γ(0)
+
ε

2
= ε.

Therefore VXT converges to zero for T → ∞ which establishes the first
property. Moreover, we have

lim
T→∞

TVXT = lim
T→∞

∑
|h|<T

(
1− |h|

T

)
γ(h) =

∞∑
h=−∞

γ(h) <∞.

The infinite sum
∑∞

h=−∞ γ(h) converges because it converges absolutely by
assumption.
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This Theorem establishes that the arithmetic average is not only an un-
biased estimator of the mean, but also a consistent one. In particular, the
arithmetic average converges in the mean-square sense, and therefore also in
probability, to the true mean (see appendix C). This result can be interpreted
as a reflection of the concept of ergodicity (see Section 1.2). The assump-
tions are relatively mild and are fulfilled for the ARMA processes because for
these processes γ(h) converges exponentially fast to zero (see Section 2.4.2,
in particular equation (2.4)). Under little more restrictive assumptions it is
even possible to show that the arithmetic mean is asymptotically normally
distributed.

Theorem 4.2 (Asymptotic distribution of sample mean). For any stationary
process {Xt} given by

Xt = µ+
∞∑

j=−∞

ψjZt−j, Zt ∼ IID(0, σ2),

such that
∑∞

j=−∞ |ψj| < ∞ and
∑∞

j=−∞ ψj 6= 0, the arithmetic average XT

is asymptotically normal:

√
T (XT − µ)

d−−−−→ N

(
0,

∞∑
h=−∞

γ(h)

)

= N

0, σ2

(
∞∑

j=−∞

ψj

)2
 = N(0, σ2Ψ(1)2)

where γ is the autocovariance function of {Xt}.
Proof. The standard proof uses the Basic Approximation Theorem C.14 and
the Central Limit Theorem for m-dependent processes C.13. To this end we
define the approximate process

X
(m)
t = µ+

m∑
j=−m

ψjZt−j.

Clearly, {X(m)
t } is a 2m-dependent process with Vm =

∑m
h=−m γ(h) = σ2(

∑m
j=−m ψj)

2.
This last assertion can be verified by noting that

V =
∞∑

h=−∞

γ(h) = σ2

∞∑
h=−∞

∞∑
j=−∞

ψjψj+h

= σ2

∞∑
j=−∞

ψj

∞∑
h=−∞

ψj+h = σ2

(
∞∑

j=−∞

ψj

)2

.
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Note that the assumption
∑∞

j=−∞ |ψj| < ∞ guarantees the convergence of
the infinite sums. Applying this result to the special case ψj = 0 for |j| > m,
we obtain Vm.

The arithmetic average of the approximating process is

X
(m)

T =
1

T

T∑
t=1

X
(m)
t .

The CLT for m-dependent processes C.13 then implies that for T →∞
√
T
(
X

(m)

T − µ
)

d−−−−→ X(m) = N(0, Vm).

As m→∞, σ2(
∑m

j=−m ψj)
2 converges to σ2(

∑∞
j=−∞ ψj)

2 and thus

X(m) d−−−−→ X = N(0, V ) = N

0, σ2

(
∞∑

j=−∞

ψj

)2
 .

This assertion can be established by noting that the characteristic functions
of X(m) approaches the characteristic function of X so that by Theorem C.11

X(m) d−−−−→ X.
Finally, we show that the approximation error becomes negligible as T

goes to infinity:

√
T
(
XT − µ

)
−
√
T
(
X

(m)

T − µ
)

= T
−1/2

T∑
t=1

(Xt −X(m)
t ) = T

−1/2

T∑
t=1

e
(m)
t

where the error e
(m)
t is

e
(m)
t =

∑
|j|>m

ψjZt−j.

Clearly, {e(m)
t } is a stationary process with autocovariance function γe such

that
∑∞

h=−∞ γe(h) = σ2
(∑

|j|>m ψj

)2

< ∞. We can therefore invoke Theo-

rem 4.1 to show that

V
(√

T
(
XT − µ

)
−
√
T
(
X

(m)

T − µ
))

= TV

(
1

T

T∑
t=1

e
(m)
t

)

converges to σ2
(∑

|j|>m ψj

)2

as T → ∞. This term converges to zero as

m→∞. The approximation error
√
T
(
XT − µ

)
−
√
T
(
X

(m)

T − µ
)

therefore
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converges in mean square to zero and thus, using Chebyschev’s inequality
(see Theorem C.3 or C.7), also in probability. We have therefore established
the third condition of Theorem C.14 as well. Thus, we can conclude that√
T
(
XT − µ

) d−−−−→ X.

Under a more restrictive summability condition which holds, however,
within the context of causal ARMA processes, we can provide a less technical
proof. This proof follows an idea of Phillips and Solo (1992) and is based on
the Beveridge-Nelson decomposition (see Appendix D).2

Theorem 4.3. For any stationary process

Xt = µ+
∞∑
j=0

ψjZt−j

with the properties Zt ∼ IID(0, σ2) and
∑∞

j=0 j
2|ψj|2 < ∞, the arithmetic

average XT is asymptotically normal:

√
T (XT − µ)

d−−−−→ N

(
0,

∞∑
h=−∞

γ(h)

)

= N

0, σ2

(
∞∑
j=0

ψj

)2
 = N(0, σ2Ψ(1)2).

Proof. The application of the Beveridge-Nelson decomposition (see Theo-
rem D.1 in Appendix D) leads to

XT − µ =
1

T

T∑
t=1

Ψ(L)Zt =
1

T

T∑
t=1

(Ψ(1)− (L− 1))Ψ̃(L))Zt

= Ψ(1)

(
1

T

T∑
t=1

Zt

)
+

1

T
Ψ̃(L)(Z0 − ZT )

√
T (XT − µ) = Ψ(1)

(
√
T

∑T
t=1 Zt
T

)
+

1√
T

Ψ̃(L)Z0 −
1√
T

Ψ̃(L)ZT .

The assumption Zt ∼ IID(0, σ2) allows to apply the Central Limit Theo-

rem C.12 of Appendix C to the first term. Thus,
√
T

∑T
t=1 Zt
T

is asymp-
totical normal with mean zero and variance σ2. Theorem D.1 also implies

2The Beveridge-Nelson decomposition is an indispensable tool for the understanding
of integrated and cointegrated processes analyzed in Chapters 7 and 16.
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|Ψ(1)| < ∞. Therefore, the term Ψ(1)
√
T

∑T
t=1 Zt
T

is asymptotically normal
with mean zero and variance σ2Ψ(1)2.

The variances of the second and third term are equal to σ2

T

∑T
j=0 ψ̃

2
j . The

summability condition then implies according to Theorem D.1 that
∑T

j=0 ψ̃
2
j

converges for T →∞. Thus, the variances of the last two terms converge to
zero implying that these terms converge also to zero in probability (see The-
orem C.7) and thus also in distribution. We can then invoke Theorem C.10
to establish the Theorem. Finally, the equality of

∑∞
h=−∞ γ(h) and σ2Ψ(1)2

can be obtained from direct computations or by the application of Theo-
rem 6.4.

Remark 4.1. Theorem 4.2 holds for any causal ARMA process as the ψj’s
converge exponentially fast to zero (see the discussion following equation (2.3)).

Remark 4.2. If {Xt} is a Gaussian process, then for any given fixed T , XT

is distributed as

√
T
(
XT − µ

)
∼ N

0,
∑
|h|<T

(
1− |h|

T

)
γ(h)

 .

According to Theorem 4.2, the asymptotic variance of the average de-
pends on the sum of all covariances γ(h). This entity, denoted by J , is called
the long-run variance of {Xt}:

J =
∞∑

h=−∞

γ(h) = γ(0)

(
1 + 2

∞∑
h=1

ρ(h)

)
. (4.1)

Note that the the long-run variance equals 2π times the spectral density
f(λ) evaluated at λ = 0 (see the Definition 6.1 of the spectral density in
Section 6.1).

As the long-run variance takes into account the serial properties of the
time series, it is also called heteroskedastic and autocorrelation consistent
variance (HAC variance). If {Xt} has some nontrivial autocorrelation (i.e.
ρ(h) 6= 0 for h 6= 0), the long-run variance J is different from γ(0). This
implies among other things that the construction of the t-statistic for testing
the simple hypothesis H0: µ = µ0 should use J instead of γ(0).

In case that {Xt} is a causal ARMA process with Φ(L)Xt = Θ(L)Zt,
Zt ∼WN(0, σ2), the long-run variance is given by

J =

(
Θ(1)

Φ(1)

)2

σ2 = Ψ(1)2σ2.
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If {Xt} is a AR(1) process with Xt = φXt−1 + Zt, Zt ∼ WN(0, σ2) and
|φ| < 1, γ(0) = σ2

1−φ2 and ρ(h) = φ|h|. Thus the long-run variance is given

by J = σ2

(1−φ)2
= γ(0)× 1+φ

1−φ . From this example it is clear that the long-run

variance can be smaller or larger than γ(0), depending on the sign of φ: for
negative values of φ, γ(0) overestimates the long-run variance; for positive
values, it underestimates J . The estimation of the long-run variance is dealt
with in Section 4.4.

4.2 Estimation of the autocovariance and the

autocorrelation function

With some slight, asymptotically unimportant modifications, we can use the
standard estimators for the autocovariances, γ(h), and the autocorrelations,
ρ(h), of a stationary stochastic process:

γ̂(h) =
1

T

T−h∑
t=1

(
Xt −XT

) (
Xt+h −XT

)
, (4.2)

ρ̂(h) =
γ̂(h)

γ̂(0)
. (4.3)

These estimators are biased because the sums are normalized (divided) by
T rather than T − h. The normalization with T − h delivers an unbiased
estimate only if XT is replaced by µ which, however is typically unknown in
practice. The second modification concerns the use of the complete sample
for the estimation of µ.3 The main advantage of using the above estimators
is that the implied estimator for the covariance matrix, Γ̂T , respectively the
autocorrelation matrix, R̂T , of (X1, . . . , XT )′,

Γ̂T =


γ̂(0) γ̂(1) . . . γ̂(T − 1)
γ̂(1) γ̂(0) . . . γ̂(T − 2)

...
...

. . .
...

γ̂(T − 1) γ̂(T − 2) . . . γ̂(0)



R̂T =
Γ̂T
γ̂(0)

3The standard statistical formulas would suggest estimate the mean appearing in first
multiplicand from X1, . . . , Xt−h, and the mean appearing in the second multiplicand from
Xh+1, . . . , XT .
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always delivers, independently of the realized observations, non-negative def-
inite and for γ̂(0) > 0 non-singular matrices. The resulting estimated autoco-
variance function will then satisfy the characterization given in Theorem 1.1,
in particular property (iv).

According to Box and Jenkins (1976, p. 33), one can expect reasonable
estimates for γ(h) and ρ(h) if the sample size is larger than 50 and if the
order of the autocorrelation coefficient is smaller than T/4.

The theorem below establishes that these estimators lead under rather
mild conditions to consistent and asymptotically normally distributed esti-
mators.

Theorem 4.4. Let {Xt} be the stationary process

Xt = µ+
∞∑

j=−∞

ψjZt−j

with Zt ∼ IID(0, σ2),
∑∞

j=−∞ |ψj| < ∞ and
∑∞

j=−∞ j|ψj|2 < ∞. Then we
have for h = 1, 2, . . .ρ̂(1)

...
ρ̂(h)

 d−−−−→ N


ρ(1)

...
ρ(h)

 ,
W

T


where the elements of W = (wij)i,j∈{1,...,h} are given Bartlett’s formula

wij =
∞∑
k=1

[ρ(k + i) + ρ(k − i)− 2ρ(i)ρ(k)][ρ(k + j) + ρ(k − j)− 2ρ(j)ρ(k)].

Proof. Brockwell and Davis (1991, section 7.3)

Brockwell and Davis (1991) offer a second version of the above theorem
where

∑∞
j=−∞ j|ψj|2 < ∞ is replaced by the assumption of finite fourth

moments, i.e. by assuming EZ4
t < ∞. As we rely mainly on ARMA pro-

cesses, we do not pursue this distinction further because this class of process
automatically fulfills the above assumptions as soon as {Zt} is identically
and independently distributed (IID). A proof which relies on the Beveridge-
Nelson polynomial decomposition (see Theorem D.1 in Appendix D) can be
gathered from Phillips and Solo (1992).
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Figure 4.1: Estimated autocorrelation function of a WN(0,1) process with
95 percent confidence interval for sample size T = 100

Example: {Xt} ∼ IID(0, σ2)

The most important application of the above theorem, is related to the case
of a white noise process for which ρ(h) is equal to zero for |h| > 0. The above
theorem then implies that

wij =

{
1, for i = j;
0, otherwise.

The estimated autocorrelation coefficients converge to the true autocorrela-
tion coefficient, in this case zero. The asymptotic distribution of

√
T ρ̂(h)

converges to the standard normal distribution. This implies that for large T
we can approximate the distribution of ρ̂(h) by a normal distribution with
mean zero and variance 1/T . This allows the construction of a 95 percent
confidence interval for the case that the true process is white noise. This
confidence interval is therefore given by ±1.96T−

1
2 . It can be used to verify

if the observed process is indeed white noise.

Figure 4.1 plots the empirical autocorrelation function of a WN(0,1) pro-
cess with a sample size of T = 100. The implied 95 percent confidence is
therefore equal to ±0.196. As each estimated autocorrelation coefficient falls
within the confidence interval so that we can conclude that the observed
times series may indeed represent a white noise process.
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Instead of examining each correlation coefficient separately, we can test
the joint hypothesis that all correlation coefficients up to order N are equal
to zero, i.e. ρ(1) = ρ(2) = . . . = ρ(N) = 0, N = 1, 2, . . .. As each

√
T ρ̂(h) has

an asymptotic standard normal distribution and uncorrelated with
√
T ρ̂(k),

h 6= k, the sum of the squared estimated autocorrelation coefficients is χ2

distributed with N degrees of freedom. This test statistic is called Box-Pierce
statistic:

Q = T
N∑
h=1

ρ̂ 2(h) ∼ χ2
N .

A refinement of this test statistic is given by the Ljung-Box statistic:

Q′ = T (T + 2)
N∑
h=1

ρ̂ 2(h)

T − h
∼ χ2

N . (4.4)

This test statistic is also asymptotically χ2 distributed with the same degree
of freedom N . This statistic accounts for the fact that the estimates for high
orders h are based on a smaller number of observations and are thus less
precise and more noisy. The two test statistics are used in the usual way.
The null hypothesis that all correlation coefficients are jointly equal to zero
is rejected if Q, respectively Q′ is larger than the critical value corresponding
the χ2

N distribution. The number of summands N is usually taken to be
rather large, for a sample size of 150 in the range between 15 and 20. The
two test are also referred to as Portemanteau tests .

Example: MA(q) process: Xt = Zt + θ1Zt−1 + . . . + θqZt−q with Zt ∼
IID(0, σ2)

In this case the covariance matrix is determined as

wii = 1 + 2ρ(1)2 + . . .+ 2ρ(q)2 for i > q.

For i, j > q, wij is equal to zero. The 95 percent confidence interval for
the MA(1) process Xt = Zt − 0.8Zt−1 is therefore given for a sample size of

T = 200 by ±1.96T−
1
2 [1 + 2ρ(1)2]

1
2 = ±0.1684.

Figure 4.2 shows the estimated autocorrelation function of the above
MA(1) process together with 95 percent confidence interval based on a white
noise process and a MA(1) process with θ = −0.8. As the first order au-
tocorrelation coefficient is clearly outside the confidence interval whereas all
other autocorrelation coefficients are inside it, the figure demonstrate that
the observations are evidently the realization of MA(1) process.
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Figure 4.2: Estimated autocorrelation function of a MA(1) process with θ =
−0.8 with corresponding 95 percent confidence interval for T = 200

Example: AR(1) process Xt − φXt−1 = Zt with Zt ∼ IID(0, σ2)

In this case the covariance matrix is determined as

wii =
i∑

k=1

φ2i
(
φk − φ−k

)2
+

∞∑
k=i+1

φ2k
(
φi − φ−i

)2

=
(1− φ2i) (1 + φ2)

1− φ2
− 2iφ2i

≈ 1 + φ2

1− φ2
for large i.

The formula for wij with i 6= j are not shown. In any case, this formula is
of relatively little importance because the partial autocorrelations are better
suited for the identification of AR processes (see Section 3.5 and 4.3).

Figure 4.3 shows an estimated autocorrelation function of an AR(1) pro-
cess. The autocorrelation coefficients decline exponentially which is a char-
acteristic for an AR(1) process.4 Furthermore the coefficients are outside the
confidence interval up to order 8 for white noise processes.

4As a reminder: the theoretical autocorrelation coefficients are ρ(h) = φ|h|.
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Figure 4.3: Estimated autocorrelation function of an AR(1) process with
φ = 0.8 and corresponding 95 percent confidence interval for T = 100

4.3 Estimation of the partial autocorrelation

function

According to its definition (see definition 3.2), the partial autocorrelation of
order h, α(h), is equal to ah, the last element of the vector αh = Γ−1

h γh(1) =

R−1
h ρh(1). Thus αh and consequently ah can be estimated by α̂h = Γ̂−1

h γ̂h(1) =

R̂−1
h ρ̂h(1). As ρ(h) can be consistently estimated and is asymptotically nor-

mally distributed (see Section 4.2), the continuous mapping theorem (see
Appendix C) ensures that the above estimator for α(h) is also consistent and
asymptotically normal. In particular we have for an AR(p) process (Brock-
well and Davis, 1991)

√
T α̂(h)

d−−−−→ N(0, 1) for T →∞ and h > p.

This result allows to construct, as in the case of the autocorrelation coef-
ficients, confidence intervals for the partial autocorrelations coefficients. The
95 percent confidence interval is given by ±1.96√

T
. The AR(p) process is char-

acterized by the fact that the partial autocorrelation coefficients are zero for
h > p. α̂(h) should therefore be inside the confidence interval for h > p
and outside for h ≤ p. Figure 4.4 confirms this for an AR(1) process with
φ = 0.8.
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Figure 4.4: Estimated PACF for an AR(1) process with φ = 0.8 and corre-
sponding 95 percent confidence interval for T = 200

Figure 4.5 shows the estimated PACF for an MA(1) process with θ =
0.8. In conformity with the theory, the partial autocorrelation coefficients
converge to zero. They do so in an oscillating manner because θ is positive
(see formula in Section 3.5)

4.4 Estimation of the long-run variance

For many applications5 it is necessary to estimate the long-run variance J
which is defined according to equation (4.1) as follows6

J =
∞∑

h=−∞

γ(h) = γ(0) + 2
∞∑
h=1

γ(h) = γ(0)

(
1 + 2

∞∑
h=1

ρ(h)

)
. (4.5)

This can, in principle, be done in two different ways. The first one con-
sists in the estimation of an ARMA model which is then used to derive the
implied covariances as explained in Section 2.4 which are then inserted into

5For example, when testing the null hypothesis H0: µ = µ0 in the case of serially
correlated observations (see Section 4.1); for the Phillips-Perron unit-root test explained
in Section 7.3.2.

6See Theorem 4.2 and the comments following it.
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Figure 4.5: Estimated PACF for a MA(1) process with θ = 0.8 and corre-
sponding 95 percent confidence interval for T = 200

equation (4.5). The second method is a nonparametric one. It has the advan-
tage that it is not necessary to identify and estimate an appropriate ARMA
model, a step which can be cumbersome in practice. Additional and more
advanced material on this topic can be found in Andrews (1991), Andrews
and Monahan (1992), or among others in Haan and Levin (1997).7

If the sample size is T , only T − 1 covariances can be estimated. Thus, a
first naive estimator of J is given by ĴT defined as

ĴT =
T−1∑

h=−T+1

γ̂(h) = γ̂(0) + 2
T−1∑
h=1

γ̂(h) = γ̂(0)

(
1 + 2

T−1∑
h=1

ρ̂(h)

)
,

where γ̂(h) and ρ̂(h) are the estimators for γ(h) and ρ(h), respectively, given
in Section 4.2. As the estimators of the higher order autocovariances are
based on smaller samples, their estimates can be quite erratic. A remedy for
this problem is to use only a certain number `T of autocovariances and/or
to use a weighted sum instead of an unweighted one. This idea leads to the

7Note the connection between the long-run variance and the spectral density at fre-
quency zero: J = 2πf(0) where f is the spectral density function (see Section 6.3).
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Table 4.1: Some popular kernel functions

name k(x) =

Boxcar (“truncated”) 1

Bartlett 1− |x|

Daniell
sin(π x)

π x

Tukey-Hanning (1 + cos(πx))/2

Quadratic Spectral
25

12π2x2

(
sin(6πx/5)

6πx/5
− cos(6πx/5)

)
The function are, with the exception of the quadratic spectral function, only defined for
|x| ≤ 1. Outside this interval they are set to zero.

following class estimators:

ĴT = ĴT (`T ) =
T

T − r

T−1∑
h=−T+1

k

(
h

`T

)
γ̂(h),

where k is a weighting or kernel function.8 The kernel functions are required
to have the following properties:

(i) k : R → [−1, 1] is, with the exception of a finite number of points a
continuous function. In particular, k is continuous at x = 0.

(ii) k is quadratically integrable, i.e.
∫
R
k(x)2dx <∞;

(iii) k(0) = 1;

(iv) k(x) = k(−x) for all x ∈ R.

The basic idea of the kernel function is to give relatively little weight to
the higher order autocovariances and relatively more weight to the smaller
order ones. As k(0) equals one, the variance γ̂(0) receives weight one by
construction. The continuity assumption implies that also the covariances of
smaller order, i.e. for h small, receive a weight close to one. The Table 4.1
lists some of the most popular kernel functions used in practice:

8Kernel functions are also relevant for spectral estimators. See in particular Section 6.3.
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Figure 4.6: Common kernel functions

Figure 4.6 shows a plot of these functions. The first three functions are
nonzero only for |x| < 1. This implies that only the orders h for which
|h| ≤ `T are taken into account. `T is called the lag truncation parameter
or the bandwidth. The quadratic spectral kernel function is an example of
a kernel function which takes all covariances into account. Note that some
weights are negative in this case as shown in Figure 4.6.9

The estimator for the long-run variance is subject to the correction term
T
T−r . This factor depends on the number of parameters estimated in a first
step and is only relevant when the sample size is relatively small. In the case
of the estimation of the mean r would be equal to one and the correction
term is negligible. If on the other hand Xt, t = 1, . . . , T , are the residuals
from multivariate regression, r designates the number of regressors. In many
applications the correction term is omitted.

The lag truncation parameter or bandwidth, `T , depends on the number of
observations. It is intuitive that the number of autocovariances accounted for
in the computation of the long-run variance should increase with the sample
size, i.e. we should have `T → ∞ for T → ∞.10 The relevant issue is, at

9Phillips (2004) has proposed a nonparametric regression-based method which does not
require a kernel function.

10This is true even when the underlying process is known to be a MA(q) process. Even
in this case it is advantageous to include also the autocovariances for h > q. The reason
is twofold. First, only when `T → ∞ for T → ∞, do we get a consistent estimator, i.e.
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which rate the lag truncation parameter should go to infinity. The literature
made several suggestions.11 In the following we concentrate on the Bartlett
and the quadratic spectral kernel because these function always deliver a
positive long-run variance in small samples. Andrews (1991) proposes the
following formula to determine the optimal bandwidth:

Bartlett : `T = 1.1447 [αBartlett T ]
1
3

Quadratic Spectral : `T = 1.3221 [αQuadraticSpectral T ]
1
5 ,

whereby αBartlett and αQuadraticSpectral are data dependent constants which
have to be determined in a first step from the data (see (Andrews, 1991,
832–839), (Andrews and Monahan, 1992, 958) and (Haan and Levin, 1997)).
If the underlying process is approximated by an AR(1) model, we get:

αBartlett =
4ρ̂2

(1− ρ̂2)(1 + ρ̂2)

αQuadraticSpectral =
4ρ̂2

(1− ρ̂)4
,

where ρ̂ is the first order empirical autocorrelation coefficient.
In order to avoid the cumbersome determination of the α’s Newey and

West (1994) suggest the following rules of thumb:

Bartlett : `T = βBartlett

[
T

100

]2
9

Quadratic Spectral : `T = βQuadraticSpectral

[
T

100

] 2
25

.

It has been shown that values of 4 for βBartlett as well as for βQuadraticSpectral

lead to acceptable results. A comparison of these formulas with the ones
provided by Andrews shows that the latter imply larger values for `T when
the sample sizes gets larger. Both approaches lead to consistent estimates,
i.e. ĴT (`T )− JT

p−−−−→ 0 for T →∞.
In practice, a combination of both parametric and nonparametric meth-

ods proved to deliver the best results. This combined method consists of five
steps:

ĴT → JT , respectively J . Second, the restriction to γ̂(h), |h| ≤ q, does not necessarily lead
to positive value for the estimated long-run variance ĴT , even when the Bartlett kernel is
used. See Ogaki (1992) for details.

11See Haan and Levin (1997) for an overview.
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(i) The first step is called prewhitening and consists in the estimation of a
simple ARMA model for the process {Xt} to remove the most obvious
serial correlations. The idea, which goes back to Press and Tukey
(1956) (see also Priestley (1981)), is to get a process for the residuals
Ẑt which is close to a white noise process. Usually, an AR(1) model is
sufficient.12

(ii) Choose a kernel function and, if the method of Andrews has been
chosen, the corresponding data dependent constants, i.e. αBartlett or
αQuadraticSpectral for the Bartlett, respectively the quadratic spectral ker-
nel function.

(iii) Compute the lag truncation parameter for the residuals using the the
above formulas.

(iv) Estimate the long-run variance for the residuals Ẑt.

(v) Compute the long-run variance for the original time series {Xt}.

If in the first step an AR(1) model, Xt = φXt−1 +Zt, was used, the last step
is given by:

ĴXT (`T ) =
ĴZT (`T )

(1− φ̂)2
,

where ĴZT (`T ) and ĴXT (`T ) denote the estimated long-run variances of {Xt}
and {Ẑt}. In the general case, of an arbitrary ARMA model, Φ(L)Xt =
Θ(L)Zt, we get:

ĴXT (`T ) =

(
Θ(1)

Φ(1)

)2

ĴZT (`T ).

4.4.1 An example

Suppose we want to test whether the yearly growth rate of Switzerland’s real
GDP in the last 25 years was higher than one percent. For this purpose
we compute the percentage change against the corresponding quarter of the
last year over the period 1982:1 to 2006:1 (97 observations in total), i.e. we
compute Xt = (1 − L4) log(BIPt). The arithmetic average of these growth
rates is 1.4960 with a variance of 3.0608 . We test the null hypothesis that the

12If in this step an AR(1) model is used and if a first order correlation φ̂ larger in absolute

terms than 0.97 is obtained, Andrews and Monahan (1992, 457) suggest to replace φ̂ by
-0.97, respectively 0.97. Instead of using a arbitrary fixed value, it turns out that a data
driven value is superior. Sul et al. (2005) suggest to replace 0.97 by 1 − 1/

√
T and -0.97

by −1 + 1/
√
T .
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Figure 4.7: Estimated autocorrelation function for Switzerland’s real GDP
growtrh (percentage change against corresponding last year’s quarter)

growth rate is smaller than one against the alternative that it is greater than
one. The corresponding value of the t-statistic is (1.4960−1)/

√
3.0608/97 =

2.7922. Taking a 5 percent significance level, the critical value for this one-
sided test is 1.661. Thus the null hypothesis is clearly rejected.

The above computation is, however, not valid because the serial corre-
lation of the time series was not taken into account. Indeed the estimated
autocorrelation function shown in Figure 4.7 clearly shows that the growth
rate is indeed subject to high and statistically significant autocorrelations.

Taking the Bartlett function as the kernel function, the rule of thumb
formula for the lag truncation parameter suggest `T = 4. The weights in the
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computation of the long-run variance are therefore

k(h/`T ) =



1, h = 0;

3/4, h = ±1;

2/4, h = ±2;

1/4, h = ±3;

0, |h| ≥ 4.

The corresponding estimate for the long-run variance is therefore given by:

ĴT = 3.0608

(
1 + 2

3

4
0.8287 + 2

2

4
0.6019 + 2

1

4
0.3727

)
= 9.2783.

Using the long-run variance instead of the simple variance leads to a quite
different value of the t-statistic: (1.4960 − 1)/

√
9.2783/97 = 1.6037. The

null hypothesis is thus not rejected at the five percent significance level when
the serial correlation of the process is taken into account.
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4.5 Exercises

Exercise 4.5.1. You regress 100 realizations of a stationary stochastic pro-
cess {Xt} against a constant c. The least-squares estimate of c equals ĉ = 004
with an estimated standard deviation of σ̂c = 0.15. In addition, you have es-
timated the autocorrelation function up to order h = 5 and obtained the
following values:

ρ̂(1) = −0.43, ρ̂(2) = 0.13, ρ̂(3) = −0.12, ρ̂(4) = 0.18, ρ̂(5) = −0.23.

(i) How do you interpret the estimated parameter value of 0.4?

(ii) Examine the autocorrelation function. Do you think that {Xt} is white
noise?

(iii) Why is the estimated standard deviation σ̂c = 0.15 incorrect?

(iv) Estimate the long-run variance using the Bartlett kernel.

(v) Test the null hypothesis that {Xt} is a mean-zero process.
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Chapter 5

Estimation of ARMA Models

The specification and estimation of an ARMA(p,q) model for a given re-
alization involves several intermingled steps. First one must determine the
orders p and q. Given the orders one can then estimate the parameters φj, θj
and σ2. Finally, the model has to pass several robustness checks in order to
be accepted as a valid model. These checks may involve tests of parameter
constancy, forecasting performance or tests for the inclusion of additional
exogenous variables. This is usually an iterative process in which several
models are examined. It is rarely the case that one model imposes itself. All
too often, one is confronted in the modeling process with several trade-offs,
like simple versus complex models or data fit versus forecasting performance.
Finding the right balance among the different dimensions therefore requires
some judgement based on experience.

We start the discussion by assuming that the orders of the ARMA process
is known and the problem just consists in the estimation of the corresponding
parameters from a realization of length T . For simplicity, we assume that the
data are mean adjusted. We will introduce three estimation methods. The
first one is a method of moments procedure where the theoretical moments
are equated to the empirical ones. This procedure is known under the name
of Yule-Walker estimator. The second procedure interprets the stochastic
difference as a regression model and estimates the parameters by ordinary
least-squares (OLS). These two methods work well if the underlying model
is just an AR model and thus involves no MA terms. If the model comprises
MA terms, a maximum likelihood (ML) approach must be pursued.

93
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5.1 The Yule-Walker estimator

We assume that the stochastic process is governed by a causal purely autore-
gressive model of order p and mean zero:

Φ(L)Xt = Zt with Zt ∼WN(0, σ2).

Causality with respect to {Zt} implies that there exists a sequence {ψj}
with

∑∞
j=0 |ψj| < ∞ such that Xt = Ψ(L)Zt. Multiplying the above differ-

ence equation by Xt−j, j = 0, 1, . . . , p and taking expectations leads to the
following equation system for the parameters Φ = (φ1, . . . , φp)

′ and σ2:

γ(0)− φ1γ(1)− . . .− φpγ(p) = σ2

γ(1)− φ1γ(0)− . . .− φpγ(p− 1) = 0

. . .

γ(p)− φ1γ(p− 1)− . . .− φpγ(0) = 0

This equation system is known as the Yule-Walker equations. It can be
written compactly in matrix algebra as:

γ(0)− Φ′γp(1) = σ2,
γ(0) γ(1) . . . γ(p− 1)
γ(1) γ(0) . . . γ(p− 2)

...
...

. . .
...

γ(p− 1) γ(p− 2) . . . γ(0)



φ1

φ2
...
φp

 =


γ(1)
γ(2)

...
γ(p)

 ,

respectively

γ(0)− Φ′γp(1) = σ2,

ΓpΦ = γp(1).

The Yule-Walker estimator is obtained by replacing the theoretical mo-
ments by the empirical ones and solving the resulting equation system for
the unknown parameters:

Φ̂ = Γ̂−1
p γ̂p(1) = R̂−1

p ρ̂p(1)

σ̂2 = γ̂(0)− Φ̂′ γ̂p(1) = γ̂(0)
(

1− ρ̂p(1) ′ R̂−1
p ρ̂p(1)

)
Note the recursiveness of the equation system: the estimate Φ̂ is obtained
without knowledge of σ̂2 as the estimator R̂−1

p ρ̂p(1) involves only autocor-



5.1. THE YULE-WALKER ESTIMATOR 95

relations. The estimates Γ̂p, R̂p, γ̂p(1), ρ̂p(1), and γ̂(0) are obtained in the
usual way as explained in Chapter 4.1

The construction of the Yule-Walker estimator implies that the first p val-
ues of the autocovariance, respectively the autocorrelation function, implied
by the estimated model exactly correspond to their estimated counterparts.
It can be shown that this moment estimator always delivers coefficients Φ̂
which imply that {Xt} is causal with respect to {Zt}. In addition, the fol-
lowing Theorem establishes that the estimated coefficients are asymptotically
normal.

Theorem 5.1 (Asymptotic property of Yule-Walker estimator). Let {Xt}
be an AR(p) process which is causal with respect to {Zt} whereby {Zt} ∼
IID(0, σ2). Then the Yule-Walker estimator is consistent and Φ̂ is asymptot-
ically normal with distribution given by:

√
T
(

Φ̂− Φ
)

d−−−−→ N
(
0, σ2Γ−1

p

)
.

In addition we have that

σ̂2 p−−−−→ σ2.

Proof. See Brockwell and Davis (1991, 233-234).

Noteworthy, the asymptotic covariance matrix of the Yule-Walker esti-
mate is independent of σ2.

Example: AR(1) process

In the case of an AR(1) process, the Yule-Walker equation is Γ̂1 = γ̂(0). The
Yule-Walker estimator thus becomes:

Φ̂ = φ̂ =
γ̂(1)

γ̂(0)
= ρ̂(1).

The asymptotic distribution then is

√
T
(
φ̂− φ

)
d−−−−→ N

(
0,

σ2

γ(0)

)
= N

(
0, 1− φ2

)
.

This shows that the assumption of causality, i.e. |φ| < 1, is crucial. Otherwise
no positive value for the variance would exist.

1Note that the application of the estimator introduced in Section 4.2 guarantees that
Γ̂p is always invertible.
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In practice the order of the model is usually unknown. However, one can
expect when estimating an AR(m) model whereby the true order p is strictly
smaller than m that the estimated coefficients φ̂p+1, . . . , φ̂m should be close
to zero. This is indeed the case as shown in Brockwell and Davis (1991, 241).
In particular, under the assumptions of Theorem 5.1 it holds that

√
T φ̂m

d−−−−→ N(0, 1) for m > p. (5.1)

This result justifies the following strategy to identify the order of an AR-
model. Estimate in a first step a highly parameterized model (overfitted
model), i.e. a model with a large value of m, and test via a t-test whether φm
is zero. If the hypothesis cannot be rejected, reduce the order of the model
from m to m− 1 and repeat the same procedure now with respect to φm−1.
This is done until the hypothesis can no longer be rejected.

If the order of the initial model is too low (underfitted model) so that
the true order is higher than m, one incurs an “omitted variable bias”. The
corresponding estimates are no longer consistent. In Section 5.4, we take
closer look at the problem of determining the order of a model.

Example: MA(q) process

The Yule-Walker estimator can, in principle, also be applied to MA(q) or
ARMA(p,q) processes with q > 0. However, the analysis of the simple MA(1)
process in Section 1.5.1 showed that the relation between the autocorrelations
and the model parameters is nonlinear and may have two, one, or no solution.
Consider again the MA(1) process as an example. It is given by the stochastic
difference equation Xt = Zt + θZt−1 with Zt ∼ IID(0, σ2). The Yule-Walker
equations are then as follows:

γ̂(0) = σ̂2(1 + θ̂2)

γ̂(1) = σ̂2θ̂

As shown in Section 1.5.1, this system of equations has for |ρ̂(1)| = |γ̂(1)/γ̂(0)| <
1/2 two solutions; for |ρ̂(1)| = |γ̂(1)/γ̂(0)| = 1/2 one solution; and for
|ρ̂(1)| = |γ̂(1)/γ̂(0)| > 1/2 no real solution. In the case of several solu-
tions, we usually take the invertible one which leads to |θ| < 1. Invertibility
is, however, a restriction which is hard to implement in the case of higher
order MA processes. Moreover, it can be shown that Yule-Walker estimator
is no longer consistent in general (see Brockwell and Davis (1991, 246) for
details). For these reasons, it is not advisable to use the Yule-Walker estima-
tor in the case of MA processes, especially when there exist consistent and
efficient alternatives.
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5.2 Ordinary least-squares (OLS) estimation

of an AR(p) model

An alternative approach is to view the AR model as a regression model for
Xt with regressors Xt−1, . . . , Xt−p and error term Zt:

Xt = φ1Xt−1 + . . .+ φpXt−p + Zt, Zt ∼WN(0, σ2).

Given observation for X1, . . . , XT , the regression model can be compactly
written in matrix algebra as follows:

Xp+1

Xp+2
...
XT

 =


Xp Xp−1 . . . X1

Xp+1 Xp . . . X2
...

...
. . .

...
XT−1 XT−2 . . . XT−p



φ1

φ2
...
φp

+


Zp+1

Zp+2
...
ZT

 ,

Y = XΦ + Z. (5.2)

Note that the first p observations are lost and that the effective sample size
is thus reduced to T − p. The least-squares estimator (OLS estimator) is
obtained as the minimizer of the sum of squares S(Φ):

S(Φ) = Z ′Z = (Y −XΦ)′(Y −XΦ)

=
T∑

t=p+1

(Xt − φ1Xt−1 − . . .− φpXt−p)
2

=
T∑

t=p+1

(Xt − Pt−1Xt)
2 −→ min

Φ
. (5.3)

Note that the optimization problem involves no constraints, in particular
causality is not imposed as a restriction. The solution of this minimization
problem is given by usual formula:

Φ̂ = (X′X)
−1

(X′Y ) .

Although equation (5.2) resembles very much an ordinary regression model,
there are some important differences. First, the usual orthogonality as-
sumption between regressors and error is violated. The regressors Xt−j,
j = 1, . . . , p, are correlated with the error terms Zt−j, j = 1, 2, . . .. In addi-
tion, there is a dependency on the starting values Xp, ..., X1. The assumption
of causality, however, insures that these features do not play a role asymp-
totically. It can be shown that (X′X)/T converges in probability to Γ̂p and
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(X′Y )/T to γ̂p. In addition, under quite general conditions, T−1/2X′Z is
asymptotically normally distributed with mean 0 and variance σ2Γp. Then

by Slutzky’s Lemma C.10,
√
T (Φ̂−Φ) =

(
X′X
T

)−1
(

X′Z√
T

)
converges in distri-

bution to N(0, σ2Γ−1
p ) Thus, the OLS estimator is asymptotically equivalent

to the Yule-Walker estimator.

Theorem 5.2 (Asymptotic property of the Least-Squares estimator). Under

the same conditions as in Theorem 5.1 the OLS estimator Φ̂ = (X′X)−1 (X′Y ):

√
T
(

Φ̂− Φ
)

d−−−−→ N
(
0, σ2Γ−1

p

)
,

plim s2
T = σ2

where s2
T = Ẑ ′Ẑ/T and Ẑt are the OLS residuals.

Proof. See Chapter 13 and in particular section 13.3 for a proof in the mul-
tivariate case. Additional details may be gathered from Brockwell and Davis
(1991, chapter 8).

Remark 5.1. In practice σ2Γ−1
p is approximated by s2

T (X′X/T )−1. Thus, for

large T , Φ̂ can be viewed as being normally distributed as N(Φ, s2
T (X′X)−1).

This result allows the application of the usual t- and F-tests.

Because the regressors Xt−j, j = 1, . . . , p are correlated with the errors
terms Zt−j, j = 1, 2, . . ., the Gauss-Markov theorem cannot be applied. This
implies that the least-squares estimator is no longer unbiased in finite sam-
ples. It can be shown that the estimates of an AR(1) model are downward
biased when the true value of φ is between zero and one. MacKinnon and
Smith (1998, figure 1) plots the bias as a function of the sample size and the
true parameter (see also Figure 7.1). As the bias function is almost linear
in the range −0.85 < φ < 0.85, an approximately unbiased estimator for
the AR(1) model has been proposed by Marriott and Pope (1954), Kendall
(1954), and Orcutt and Winokur (1969) MacKinnon and Smith (1998, for
further details see):

φ̂corrected =
1

T − 3
(T φ̂OLS + 1).

Remark 5.2. The OLS estimator does in general not deliver coefficients Φ̂
for which {Xt} is causal with respect {Zt}. In particular, in the case of an
AR(1) model, it can happen that, in contrast to the Yule-Walker estimator,

|φ̂| is larger than one despite the fact that the true parameter is absolutely
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smaller than one. Nevertheless, the least-squares estimator is to be preferred
in practice because it delivers small-sample biases of the coefficients which
are smaller than those of Yule-Walker estimator, especially for roots of Φ(z)
close to the unit circle (Tjøstheim and Paulsen, 1983; Shaman and Stine,
1988; Reinsel, 1993).

Appendix: Proof of the asymptotic normality of the OLS estimator

The proofs of Theorems 5.1 and 5.2 are rather involved and will therefore not
be pursued here. A proof for the more general multivariate case will be given
in Chapter 13. It is, however, instructive to look at a simple case, namely
the AR(1) model with |φ| < 1, Zt ∼ IIN(0, σ2) and X0 = 0. Denoting by φ̂T
the OLS estimator of φ, we have:

√
T
(
φ̂T − φ

)
=

1√
T

∑T
t=1Xt−1Zt

1
T

∑T
t=1X

2
t−1

. (5.4)

Moreover, Xt can be written as follows:

Xt = Zt + φZt−1 + . . .+ φt−1Z1.

By assumption each Zj, j = 1, . . . , t, is normally distributed so that Xt as
a sum normally distributed random variables is also normally distributed.

Because the Zj’s are independent we have: Xt ∼ N
(

0, σ2 1−φ2t
1−φ2

)
.

The expected value of 1√
T

∑T
t=1Xt−1Zt is zero because Zt ∼ IIN(0, σ2).

The variance of this expression is given by

V

(
1√
T

T∑
t=1

Xt−1Zt

)
=

1

T

T∑
t=1

EX2
t−1Z

2
t +

2

T

T∑
t=1

t−1∑
j=1

EZtEXt−1XjZj

=
σ2

T

T∑
t=1

EX2
t−1.

Moreover,
∑T

t=1X
2
t =

∑T
t=1X

2
t−1 − (X2

0 −X2
T ) = φ2

∑T
t=1X

2
t−1 +

∑T
t=1 Z

2
t +

2φ
∑T

t=1Xt−1Zt so that

T∑
t=1

X2
t−1 =

1

1− φ2
(X2

0 −X2
T ) +

1

1− φ2

T∑
t=1

Z2
t +

2φ

1− φ2

T∑
t=1

Xt−1Zt.
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The expected value multiplied by σ2/T thus is equal to

σ2

T

T∑
t=1

EX2
t−1 =

σ2

1− φ2

EX2
0 − EX2

T

T
+

σ2

1− φ2

∑T
t=1 EZ2

t

T
+

2φ

1− φ2

∑T
t=1 Xt−1Zt

T

= −σ
4(1− φ2T )

T (1− φ2)2
+

σ4

1− φ2
.

For T going to infinity, we finally get:

lim
T→∞

V

(
1√
T

T∑
t=1

Xt−1Zt

)
=

σ4

1− φ2
.

The numerator in equation (5.4) therefore converges to a normal random
variable with mean zero and variance σ4

1−φ2 .

The denominator in equation (5.4) can be rewritten as

1

T

T∑
t=1

X2
t−1 =

X2
0 −X2

T

(1− φ2)T
+

1

(1− φ2)T

T∑
t=1

Z2
t +

2φ

(1− φ2)T

T∑
t=1

Xt−1Zt.

The expected value and the variance of X2
T/T converge to zero. Chebyschev’s

inequality (see Theorem C.3 in Appendix C) then implies that the first term
converges also in probability to zero. X0 is equal to zero by assumption. The
second term has a constant mean equal to σ2/(1− φ2) and a variance which
converges to zero. Theorem C.8 in Appendix C then implies that the second
term converges in probability to σ2/(1− φ2). The third term has a mean of
zero and a variance which converges to zero. Thus the third term converges
to zero in probability. This implies:

1

T

T∑
t=1

X2
t−1

p−−−−→ σ2

1− φ2
.

Putting the results for the numerator and the denominator together and
applying Theorem C.10 and the continuous mapping theorem for the conver-
gence in distribution one finally obtains:

√
T
(
φ̂T − φ

)
d−−−−→ N(0, 1− φ2). (5.5)

Thereby the value for the variance is derived from

σ4

1− φ2
× 1(

σ2

1−φ2

)2 = 1− φ2.
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5.3 Estimation of an ARMA(p,q) model

While the estimation of AR models by OLS is rather straightforward and
leads to consistent and asymptotically efficient estimates, the estimation of
ARMA models is more complex. The reason is that, in contrast to past
Xt’s Zt, Zt−1, . . . , Zt−q are not directly observable from the data. They must
inferred from the observations of Xt. The standard method for the estima-
tion of ARMA models is the method of maximum likelihood which will be
explained in this section.

We assume that theXt’s are generated by a causal and invertible ARMA(p,q)
process:

Xt − φ1Xt−1 − . . .− φpXt−p = Zt + θ1Zt−1 + . . .+ θqZt−q

with Zt ∼ IID(0, σ2). We also assume that Φ(z) and Θ(z) have no roots in
common. We then stack the parameters of the model into a vector β and a
scalar σ2:

β = (φ1, . . . , φp, θ1, . . . , θq)
′ and σ2.

Given the assumption above the admissible parameter space for β, C, is
described by the following set:

C = {β ∈ Rp+q : Φ(z)Θ(z) 6= 0 for |z| ≤ 1, φpθq 6= 0,

Φ(z) and Θ(z) have no roots in common.}

The estimation by the method of maximum likelihood (ML method) is
based on some assumption about the joint distribution of XT = (X1, . . . , XT )′

given the parameters β and σ2. This joint distribution function is called the
likelihood function. The method of maximum likelihood then determines
the parameters such that the probability of observing a given sample xT =
(x1, . . . , xT ) is maximized. This is achieved by maximizing the likelihood
function with respect to the paramters.

By far the most important case is given by assuming that {Xt} is a Gaus-
sian process with mean zero and autocovariance function γ. This implies that
XT = (X1, . . . , XT )′ is distributed as a multivariate normal with mean zero
and variance ΓT .2 The Gaussian likelihood function given the observations
xT , LT (β, σ2|xT ), is then given by

LT (β, σ2|xT ) = (2π)−T/2(det ΓT )−1/2 exp

(
−1

2
x′TΓ−1

T xT

)
= (2πσ2)−T/2(detGT )−1/2 exp

(
− 1

2σ2
x′TG

−1
T xT

)
2If the process does not have a mean of zero, we can demean the data in a preliminary

step.
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where GT = σ−2ΓT . Note that, in contrast to ΓT , GT does only depend on
β and not on σ2.3 If one wants to point out the dependence of GT from β
we write GT (β). The method of maximum likelihood then consists in the
maximization of the likelihood function with respect to β and σ2 taking the
data xT as given.

The first order condition of this maximization problem with respect to σ2

is obtained by taking the logarithm of the likelihood function LT (β, σ2|xT )
and differentiating with respect σ2 and setting the resulting equation equal
to zero:

∂ ln LT (β, σ2|xT )

∂σ2
= −T

2

1

σ2
+

X′TG
−1
T XT

2σ4
= 0.

Solving this equation with respect to σ2 we get as the solution: σ2 =
T−1x′TG

−1
T xT . Inserting this value into the original likelihood function and

taking the logarithm, one gets the concentrated log-likelihood function:

ln LT (β|xT ) = − ln(2π)− T

2
ln
(
T−1x′TGT (β)−1xT

)
− 1

2
ln detGT (β)− T

2
.

This function is then maximized with respect to β ∈ C. This is, however,
equivalent to minimizing the function

`T (β|xT ) = ln
(
T−1x′TGT (β)−1xT

)
+ T−1 ln detGT (β) −→ min

β∈C
.

The value of β which minimizes the above function is called maximum-
likelihood estimator of β. It will be denoted by β̂ML. The maximum-likelihood
estimator for σ2, σ̂2

ML, is then given by

σ̂2
ML = T−1x′TGT (β̂ML)−1xT .

The actual computation of detGT (β) and GT (β)−1 is numerically in-
volved, especially when T is large, and should therefore be avoided. It is
therefore convenient to rewrite the likelihood function in a different, but
equivalent form:

LT (β, σ2|xT ) =(2πσ2)−T/2(r0r1 . . . rT−1)−1/2

exp

(
− 1

2σ2

T∑
t=1

(Xt − Pt−1Xt)
2

rt−1

)
.

3In Section 2.4 we showed how the autocovariance function γ and as a consequence ΓT ,
respectively GT can be inferred from a given ARMA model, i.e from a given β.
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Thereby Pt−1Xt denotes least-squares predictor of Xt given Xt−1, . . . , X1 and
rt = vt/σ

2 where vt is the mean squared forecast error as defined in Sec-
tion 3.1. Several numerical algorithms have been developed to compute these
forecast in a numerically efficient and stable way.4

Pt−1Xt and rt do not depend on σ2 so that the partial differentiation of
the log-likelihood function ln L(β, σ2|xT ) with respect to the parameters leads
to the maximum likelihood estimator. This estimator fulfills the following
equations:

σ̂2
ML =

1

T
S(β̂ML),

where

S(β̂ML) =
T∑
t=1

(Xt − Pt−1Xt)
2

rt−1

and where β̂ML denote the value of β which minimizes the function

`T (β|xT ) = ln

(
1

T
S(β)

)
+

1

T

T∑
t=1

ln rt−1

subject to β ∈ C. This optimization problem must be solved numerically. In
practice, one chooses as a starting value β0 for the iteration an initial estimate
such that β0 ∈ C. In the following iterations this restriction is no longer
imposed to enhance speed and reduce the complexity of the optimization
problem. This implies that one must check whether the so obtained final
estimates are indeed in C.

If instead of `T (β|xT ), the function

S(β) =
T∑
t=1

(Xt − Pt−1Xt)
2

rt−1

is minimized subject to constraint β ∈ C, we obtain the least-squares estima-
tor of β denoted by β̂LS. The least-squares estimator of σ2, σ̂2

LS, is then

σ̂2
LS =

S(β̂LS)

T − p− q
.

4One such algorithm is the innovation algorithm. See Brockwell and Davis (1991,
section 5.) for details.



104 CHAPTER 5. ESTIMATION OF ARMA MODELS

The term 1
T

∑T
t=1 ln rt−1 disappears asymptotically because, given the re-

striction β ∈ C, the mean-squared forecast error vT converges to σ2 and thus
rT goes to one as T goes to infinity. This implies that for T going to in-
finity the maximization of the likelihood function becomes equivalent to the
minimization of the least-squares criterion. Thus the maximum-likelihood
estimator and the least-squares estimator share the same asymptotic normal
distribution.

Note also that in the case of autoregressive models rt is constant and
equal to one. In this case, the least-squares criterion S(β) reduces to the
criterion (5.3) discussed in the previous Section 5.2.

Theorem 5.3 (Asymptotic Distribution of ML Estimator). If {Xt} is an
ARMA process with true parameters β ∈ C and Zt ∼ IID(0, σ2) with σ2 > 0
then the maximum-likelihood estimator and the least-squares estimator have
asymptotically the same normal distribution. Thus we have

√
T
(
β̂ML − β

)
d−−−−→ N (0, V (β)) ,

√
T
(
β̂LS − β

)
d−−−−→ N (0, V (β)) .

The asymptotic covariance matrix V (β) is thereby given by

V (β) =

(
EUtU ′t EUtV ′t
EVtU ′t EVtV ′t

)−1

Ut = (ut, ut−1, . . . , ut−p+1)′

Vt = (vt, vt−1, . . . , vt−q+1)′

where {ut} and {vt} denote autoregressive processes defined as Φ(L)ut = wt
and Θ(L)vt = wt with wt ∼WN(0, 1).

Proof. See Brockwell and Davis (1991, Section 8.8).

It can be shown that both estimators are asymptotically efficient.5 Note
that the asymptotic covariance matrix V (β) is independent of σ2.

The use of the Gaussian likelihood function makes sense even when the
process is not Gaussian. First, the Gaussian likelihood can still be interpreted
as a measure of fit of the ARMA model to the data. Second, the asymptotic
distribution is still Gaussian even when the process is not Gaussian as long as
Zt ∼ IID(0, σ2). The Gaussian likelihood is then called the quasi Gaussian
likelihood. The use of the Gaussian likelihood under this circumstance is,
however, in general no longer efficient.

5See Brockwell and Davis (1991) and Fan and Yao (2003) for details.



5.4. ESTIMATION OF THE ORDERS P AND Q 105

Example: AR(p) process

In this case β = (φ1, . . . , φp) and V (β) = (EUtU ′t)
−1 = σ2Γ−1

p . This is,
however, the same asymptotic distribution as the Yule-Walker estimator.
The Yule-Walker, the least-squares, and the maximum likelihood estimator
are therefore asymptotically equivalent in the case of an AR(p) process. The
main difference lies in the treatment of the first p observations.

In particular, we have:

AR(1) : φ̂ ∼ N
(
φ, (1− φ2)/T

)
,

AR(2) :

(
φ̂1

φ̂2

)
∼ N

((
φ1

φ2

)
,

1

T

(
1− φ2

2 −φ1(1 + φ2)
−φ1(1 + φ2) 1− φ2

2

))
.

Example: MA(q) process

Similarly, one can compute the asymptotic distribution for an MA(q) process.
In particular, we have:

MA(1) : θ̂ ∼ N
(
θ, (1− θ2)/T

)
,

MA(2) :

(
θ̂1

θ̂2

)
∼ N

((
θ1

θ2

)
,

1

T

(
1− θ2

2 θ1(1− θ2)
θ1(1− θ2) 1− θ2

2

))
.

Example: ARMA(1,1) process

For an ARMA(1,1) process the asymptotic covariance matrix is given by

V (φ, θ) =

(
(1− φ2)

−1
(1 + φθ)−1

(1 + φθ)−1 (1− θ2)
−1

)−1

.

Therefore we have:(
φ̂

θ̂

)
∼ N

((
φ
θ

)
,

1

T

1 + φθ

(φ+ θ)2

(
(1− φ2)(1 + φθ) −(1− θ2)(1− φ2)
−(1− θ2)(1− φ2) (1− θ2)(1 + φθ)

))
.

5.4 Estimation of the orders p and q

Up to now we have always assumed that the true orders of the ARMA model p
and q are known. This is, however, seldom the case in practice. As economic
theory does usually not provide an indication, it is all too often the case
that the orders of the ARMA model must be identified from the data. In
this process one can make two type of errors: p and q are too large in which
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case we speak of overfitting; p and q are too low in which case we speak of
underfitting.

In the case of overfitting, the maximum likelihood estimator is no longer
consistent for the true parameter, but still consistent for the coefficients of
the causal representation ψj, j = 0, 1, 2, . . ., where ψ(z) = θ(z)

φ(z)
. This can

be illustrated by the following example. Suppose that {Xt} is a white noise
process, i.e. Xt = Zt ∼ WN(0, σ2), but we fit an ARMA(1,1) model given
by Xt − φXt−1 = Zt + θZt−1. Then, the maximum likelihood estimator does
not converge to φ = θ = 0, but only to the line-segment φ = −θ with
|φ| < 1 and |θ| < 1. For values of φ and θ on this line-segment we have
ψ(z) = θ(z)/φ(z) = 1. The maximum likelihood estimator converges to the
true values of ψj, i.e. to the values ψ0 = 1 and ψj = 0 for j > 0. The
situation is depicted in Figure 5.1. There it is shown that the estimator
has a tendency to converge to the points (−1, 1) and (1,−1), depending on
the starting values. This indeterminacy of the estimator manifest itself as
a numerical problem in the optimization of the likelihood function. Thus
models with similar roots for the AR and MA polynomials which are close in
absolute value to the unit circle are probably overparametrized. The problem
can be overcome by reducing the orders of the AR and MA polynomial by
one.

This problem does appear in a purely autoregressive models. As explained
in Section 5.1, the estimator for the redundant coefficients converges to zero
with asymptotic distribution N(0, 1/T ) (see the result in equation (5.1)).
This is one reason why purely autoregressive models are often preferred. In
addition the estimator is easily implemented and every stationary stochastic
process can be arbitrarily well approximated by an AR process. This approx-
imation may, however, necessitate high order models when the true process
encompasses a MA component.

In the case of underfitting the maximum likelihood estimator converges to
those values which are closest to the true parameters given the restricted pa-
rameter space. The estimates are, however, inconsistent due to the “omitted
variable bias”.

For these reasons the identification of the orders is an important step. One
method which goes back to Box and Jenkins (1976) consists in the analysis of
the autocorrelation function (ACF) and the partial autocorrelation function
(PACF) (see Section 3.5). Although this method requires some experience,
especially when the process is not a purely AR or MA process, the analysis
of the ACF und PACF remains an important first step in every practical
investigation of a time series.

An alternative procedure relies on the automatic order selection. The
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Figure 5.1: Parameter space of a causal and invertible ARMA(1,1) process
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objective is to minimize a so-called information criterion over different values
of p and q. These criteria are based on the following consideration. Given
a fixed number of observations, the successive increase of the orders p and q
increases the fit of the model so that variance of the residuals σ̂2

p,q steadily
decreases. In order to compensate for this tendency to overfitting a penalty is
introduced. This penalty term depends on the number of free parameters and
on the number of observations at hand.6 The most important information
criteria have the following additive form:

ln σ̂2
p,q + (# free parameters)

C(T )

T
= ln σ̂2

p,q + (p + q)
C(T )

T
−→ min

p,q
,

where ln σ̂2
p,q measures the goodness of fit of the ARMA(p,q) model and

(p + q)C(T )
T

denotes the penalty term. Thereby C(T ) represents a nonde-
creasing function of T which governs the trade-off between goodness of fit
and complexity (dimension) of the model. Thus, the information criteria
chooses higher order models for larger sample sizes T . If the model includes
a constant term or other exogenous variables, the criterion must be adjusted
accordingly. However, this will introduce, for a given sample size, just a
constant term in the objective function and will therefore not influence the
choice of p and q.

The most common criteria are the Akaike information criterion (AIC),
the Schwarz or Bayesian information criterion (BIC), and the Hannan-Quinn
information criterion (HQ criterion):

AIC(p, q) = ln σ̂2
p,q + (p+ q)

2

T

BIC(p, q) = ln σ̂2
p,q + (p+ q)

lnT

T

HQC(p, q) = ln σ̂2
p,q + (p+ q)

2 ln(lnT )

T

Because AIC < HQC < BIC for a given sample size T ≥ 16, Akaike’s
criterion delivers the largest models, i.e. the highest order p+q; the Bayesian
criterion is more restrictive and delivers therefore the smallest models, i.e.
the lowest p + q. Although Akaike’s criterion is not consistent with respect
to p and q and has a tendency to deliver overfitted models, it is still widely
used in practice. This feature is sometimes desired as overfitting is seen as
less damaging than underfitting.7 Only the BIC and HQC lead to consistent
estimates of the orders p and q.

6See Brockwell and Davis (1991) for details and a deeper appreciation.
7See, for example, the section on the unit root tests 7.3
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5.5 Modeling a Stochastic Process

The identification of a satisfactory ARMA model typically involves in prac-
tice several steps.

Step 1: Transformations to achieve stationary time series

Economic time series are often of a non-stationary nature. It is therefore
necessary to transform the time series in a first step to achieve stationarity.
Time series which exhibit a pronounced trend (GDP, stock market indices,
etc.) should not be modeled in levels, but in differences. If the variable under
consideration is already in logs, as is often case, then taking first differences
effectively amounts to working with growth rates. Sometimes first differences
are not enough and further differences have to be taken. Price indices or
monetary aggregates are typical examples where first differences may not
be sufficient to achieve stationarity. Thus instead of Xt one works with the
series Yt = (1 − L)dXt with d = 1, 2, . . .. A non-stationary process {Xt}
which needs to be differentiated d-times to arrive at a stationary time series
is called integrated of order d, Xt ∼ I(d).8 If Yt = (1−L)dXt is generated by
an ARMA(p,q) process, {Xt} is said to be an ARIMA(p,d,q) process.

An alternative method to eliminate the trend is to regress the time series
against a polynomial t of degree s, i.e. against (1, t, . . . , ts), and to proceed
with the residuals. These residuals can then be modeled as an ARMA(p,q)
process. Chapter 7 discusses in detail which of the two detrending methods
is to be preferred under which circumstances.

Often the data are subject to seasonal fluctuations. As with the trend
there are several alternative available. The first possibility is to pass the
time series through a seasonal filter and work with the seasonally adjusted
data. The construction of seasonal filters is discussed in Chapter 6. A second
alternative is to include seasonal dummies in the ARMA model. A third al-
ternative is to take seasonal differences. In the case of quarterly observations,
this amounts to work with Yt = (1−L4)Xt. As 1−L4 = (1−L)(1+L+L2+L3),
this transformation involves a first difference and will therefore also account
for the trend.

Step 2: Finding the orders p and q

Having achieved stationarity, one has to find the appropriate orders p and
q of the ARMA model. Thereby one can rely either on the analysis of the

8An exact definition will be provided in Chapter 7. In this chapter we will analyze the
consequences of non-stationarity and discuss tests for specific forms of non-stationarity.
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ACF and the PACF, or on the information criteria outlined in the previous
Section 5.4.

Schritt 3: Checking the plausibility

After having identified a particular model or a set of models, one has to
inspect its adequacy. There are several dimensions along which the model(s)
can be checked.

(i) Are the residuals white noise? This can be checked by investigating
at the ACF and by applying the Ljung-Box test (4.4). If they are not
this means that the model failed to capture all the dynamics inherent
in the data.

(ii) Are the parameters plausible?

(iii) Are the parameters constant over time? Are there structural breaks?
This can be done by looking at the residuals or by comparing parameter
estimates across subsamples. More systematic approaches are discussed
in Perron (2006). These involve the revolving estimation of parameters
by allowing the break point to vary over the sample. Thereby different
type of structural breaks can be distinguished.

(iv) Does the model deliver sensible forecasts? It is particularly useful to in-
vestigate the out-of-sample forecasting performance. If one has several
candidate models, one can perform a horse-race among them.

In case the model turns out to be unsatisfactory, one has to go back to
steps 1 and 2.

5.6 An example: modeling real GDP of Switzer-

land

This section illustrates the concepts and ideas just presented by working out
a specific example. We take the seasonally unadjusted Swiss real GDP as
an example. The data are plotted in Figure 1.3. To take the seasonality
into account we transform the logged time series by taking first seasonal
differences, i.e. Xt = (1 − L4) ln GDPt. Thus, the variable corresponds to
the growth rate with respect to quarter of the previous year. The data are
plotted in Figure 5.2. A cursory inspection of the plot reveals that this
transformation eliminated the trend as well as the seasonality.
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Figure 5.2: Real GDP growth rates of Switzerland

First we analyze the ACF and the PACF. They are plotted together with
corresponding confidence intervals in Figure 5.3. The slowly monotonically
declining ACF suggests an AR process. As only the first two orders of the
PACF are significantly different from zero, it seems that an AR(2) model is
appropriate. The least-squares estimate of this model are:

Xt − 1.134
(0,103)

Xt−1 + 0.310
(0.104)

Xt−2 = 0.218 + Zt with σ̂2 = 0.728

The numbers in parenthesis are the estimated standard errors of the corre-
sponding parameter above. The roots of the AR-polynomial are 1.484 and
2.174. They are clearly outside the unit circle so that there exists a stationary
and causal representation.

Next, we investigate the information criteria AIC and BIC to identify the
orders of the ARMA(p,q) model. We examine all models with 0 ≤ p, q ≤ 4.
The AIC and the BIC values, are reported in Table 5.1 and 5.2. Both criteria
reach a minimum at (p, q) = (1, 3) (bold numbers) so that both criteria prefer
an ARMA(1,3) model. The parameters of this models are as follows:

Xt − 0.527
(0.134)

Xt−1 = 0.6354 + Zt + 0.5106
(0.1395)

Zt−1

+ 0.5611
(0.1233)

Zt−2 + 0.4635
(0.1238)

Zt−3 with σ̂2 = 0.648.
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Figure 5.3: Autocorrelation (ACF) and partial autocorrelation (PACF) func-
tion (PACF) of real GDP growth rates of Switzerland with 95 percent con-
fidence interval
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Table 5.1: Values of Akaike’s information criterium (AIC) for alternative
ARMA(p,q) models

q

p 0 1 2 3 4

0 0.3021 0.0188 -0.2788 -0.3067

1 -0.2174 -0.2425 -0.2433 -0.3446 -0.2991

2 -0.2721 -0.2639 -0.2613 -0.3144 -0.2832

3 -0.2616 -0.2276 -0.2780 -0.2663 -0.2469

4 -0.2186 -0.1990 -0.2291 -0.2574 -0.2099

minimum in bold

The estimated standard errors of the estimated parameters are again reported
in parenthesis below. The AR(2) model is not considerably worse than the
ARMA(1,3) model, according to the BIC criterion it is even the second best
model.

The inverted roots of the AR- and the MA-polynomial are plotted to-
gether with their corresponding 95 percent confidence regions in Figure 5.4.9

As the confidence regions are all inside the unit circle, also the ARMA(1,3)
has a stationary and causal representation. Moreover, the estimated process
is also invertible. In addition, the roots of the AR- and the MA-polynomial
are distinct.

The autocorrelation functions of the AR(2) and the ARMA(1,3) model
are plotted in Figure 5.5. They show no sign of significant autocorrelations
so that both residual series are practically white noise. We can examine this
hypothesis formally by the Ljung-Box test (see Section 4.2 equation (4.4)).
Taking N = 20 the values of the test statistics are Q′AR(2) = 33.80 and
Q′ARMA(1,3) = 21.70, respectively. The 5 percent critical value according to

the χ2
20 distribution is 31.41. Thus the null hypothesis ρ(1) = . . . = ρ(20) = 0

is rejected for the AR(2) model, but not for the ARMA(1,3) model. This
implies that the AR(2) model does not capture the full dynamics of the data.

Although the AR(2) and the ARMA(1,3) model seem to be quite different
at first glance, they deliver similar impulse response functions as can be

9The confidence regions are determined by the delta-method (see Appendix E).
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Table 5.2: Values of Bayes’ information criterium (BIC) for alternative
ARMA(p,q) models

q

p 0 1 2 3 4

0 0.3297 0.0740 -0.1961 -0.1963

1 -0.1896 -0.1869 -0.1600 -0.2335 -0.1603

2 -0.2162 -0.1801 -0.1495 -0.1746 -0.1154

3 -0.1772 -0.1150 -0.1373 -0.0974 -0.0499

4 -0.1052 -0.0573 -0.0591 -0.0590 0.0169

minimum in bold
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Figure 5.4: Inverted roots of the AR- and the MA-polynomial of the
ARMA(1,3) model together with the corresponding 95 percent confidence
regions
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Figure 5.5: Autocorrelation function (ACF) of the residuals from the AR(2)
and the ARMA(1,3) model

gathered from Figure 5.6. In both models, the impact of the initial shock is
first built up to values higher than 1.1 in quarters one and two, respectively.
Then the effect monotonically declines to zero. After 10 to 12 quarters the
effect of the shock has practically dissipated.

As a final exercise, we use both models to forecast real GDP growth
over the next nine quarters, i.e. for the period fourth quarter 2003 to fourth
quarter 2005. As can be seen from Figure 5.7, both models predict that
the Swiss economy should move out of recession in the coming quarters.
However, the ARMA(1,3) model indicates that the recovery is taking place
more quickly and the growth overshooting its long-run mean of 1.3 percent
in about a year. The forecast of the AR(2) predicts a more steady approach
to the long-run mean.
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Figure 5.6: Impulse responses of the AR(2) and the ARMA(1,3) model
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Figure 5.7: Forecasts of real GDP growth rates for Switzerland



Chapter 6

Spectral Analysis and Linear
Filters

Up to now we have viewed a time series as a time indexed sequence of random
variables. The class of ARMA process was seen as an adequate class of mod-
els for the analysis of stationary time series. This approach is usually termed
as time series analysis in the time domain. There is, however, an equivalent
perspective which views a time series as overlayed waves of different frequen-
cies. This view point is termed time series analysis in the frequency domain.
The decomposition of a time series into sinusoids of different frequencies is
called the spectral representation. The estimation of the importance of the
waves at particular frequencies is referred to as spetral or spectrum estima-
tion. Priestley (1981) provides an excellent account of these methods. The
use of frequency domain methods, in particular spectrum estimation, which
originated in the natural sciences was introduced to economics by Granger
(1964).1 Notably, he showed that most of the fluctuations in economic time
series can be attributed low frequencies cycles (Granger, 1966).

Although both approaches are equivalent, the analysis in the frequency
domain is more convenient when it comes to the analysis and construction
of linear filters. The application of a filter to a time series amounts to take
some moving-average of the time series. These moving-average may extend,
at least in theory, into the infinite past, but also into the infinite future. A
causal ARMA process {Xt} may be regarded as filtered white-noise process
with filter weights given by ψj, j = 1, 2, . . . In economics, filters are usually
applied to remove cycles of a particular frequency, like seasonal cycles (for
example Christmas sales in a store), or to highlight particular cycles, like

1The use of spectral methods in the natural sciences can be traced many centuries
back. The modern statistical approach builds on to the work of N. Wiener, G. U. Yule, J.
W. Tukey, and many others. See the interesting survey by Robinson (1982).

117



118 CHAPTER 6. SPECTRAL ANALYSIS AND LINEAR FILTERS

business cycles.
From a mathematical point of view, the equivalence between time and

frequency domain analysis rest on the theory of Fourier series. An adequate
representation of this theory is beyond the scope of this book. The interested
reader may consult Brockwell and Davis (1991, chapter 4). An introduction
to the underlying mathematical theory can be found in standard textbooks
like Rudin (1987).

6.1 The Spectral Density

In the following, we assume that {Xt} is a mean-zero (centered) station-
ary stochastic process with autocovariance function γ(h), h = 0,±1,±2, . . .
Mathematically, γ(h) represents an double-infinite sequence which can be
mapped into a real valued function f(λ), λ ∈ R, by the Fourier transform.
This function is called the spectral density function or spectral density. Con-
versely, we retrieve from the spectral density each covariance. Thus, we have
a one-to-one relation between autocovariance functions and spectral densi-
ties: both objects summarize the same properties of the time series, but
represent them differently.

Definition 6.1. Let {Xt} be a mean-zero stationary stochastic process ab-
solutely summable autocovariance function γ then the function

f(λ) =
1

2π

∞∑
h=−∞

γ(h)e−ıhλ, −∞ < λ <∞, (6.1)

is called the spectral density function or spectral density of {Xt}. Thereby
ı denotes the imaginary unit (see Appendix A).

The sine is an odd function whereas the cosine and the autocovariance
function are even functions.2 This implies that the spectral density can be
rewritten as:

f(λ) =
1

2π

∞∑
h=−∞

γ(h)(cos(hλ)− ı sin(hλ))

=
1

2π

∞∑
h=−∞

γ(h) cos(hλ) + 0 =
1

2π

∞∑
h=−∞

γ(h) cos(−hλ)

=
γ(0)

2π
+

1

π

∞∑
h=1

γ(h) cos(hλ). (6.2)

2A function f is called even if f(−x) = f(x); the function is called odd if f(−x) =
−f(x). Thus, we have sin(−θ) = − sin(θ) and cos(−θ) = cos(θ).
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Because of the periodicity of the cosine function, i.e. because

f(λ+ 2kπ) = f(λ), for all k ∈ Z,

it is sufficient to consider the spectral density only in the interval (−π, π].
As the cosine is an even function so is f . Thus, we restrict the analysis of
the spectral density f(λ) further to the domain λ ∈ [0, π].

In practice, we often use the period or oscillation length instead of the
radiant λ. They are related by the formula:

period length =
2π

λ
. (6.3)

If, for example, the data are quarterly observations, a value of 0.3 for λ
corresponds to a period length of approximately 21 quarters.

Remark 6.1. We gather some properties of the spectral density function f :

• Because f(0) = 1
2π

∑∞
h=−∞ γ(h), the long-run variance of {Xt} J (see

Section 4.4) equals 2πf(0), i.e. 2πf(0) = J .

• f is an even function so that f(λ) = f(−λ).

• f(λ) ≥ 0 for all λ ∈ (−π, π]. The proof of this proposition can be
found in Brockwell and Davis (1996, chapter 4). This property corre-
sponds to the non-negative definiteness of the autocovariance function
(see property 4 in Theorem 1.1 of Section 1.3).

• The single autocovariances are the Fourier-coefficients of the spectral
density f :

γ(h) =

∫ π

−π
eıhλf(λ)dλ =

∫ π

−π
cos(hλ)f(λ)dλ.

For h = 0, we therefore get γ(0) =
∫ π
−π f(λ)dλ.

The last property allows us to compute the autocovariances from a given
spectral density. It shows how time and frequency domain analysis are related
to each other and how a property in one domain is reflected as a property in
the other.

These properties of a non-negative definite function can be used to char-
acterize the spectral density of a stationary process {Xt} with autocovariance
function γ.
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Theorem 6.1 (Properties of a spectral density). A function f defined on
(−π, π] is the spectral density of a stationary process if and only if the fol-
lowing properties hold:

• f(λ) = f(−λ);

• f(λ) ≥ 0;

•
∫ π
−π f(λ)dλ <∞.

Corollary 6.1. An absolutely summable function γ is the autocovariance
function of a stationary process if and only if

f(λ) =
1

2π

∞∑
h=−∞

γ(h)e−ıhλ ≥ 0, for all λ ∈ (−π, π].

In this case f is called the spectral density of γ.

The function f(λ)/γ(0) can be considered as a density function of some

probability distribution defined on [−π, π] because f(λ)
γ(0)
≥ 0 and∫ π

−π

f(λ)

γ(0)
dλ = 1.

The corresponding cumulative distribution function G is then defined as:

G(λ) =

∫ λ

−π

f(ω)

γ(0)
dω, −π ≤ λ ≤ π.

It satisfies: G(−π) = 0, G(π) = 1, 1 − G(λ) = G(λ), und G(0) = 1/2. The
autocorrelation function ρ is then given by

ρ(h) =
γ(h)

γ(0)
=

∫ π

−π
eı h λdG(λ).

Some examples

Some relevant examples illustrating the above are:

white noise: Let {Xt} be a white noise process with Xt ∼WN(0, σ2). For
this process all autocovariances, except γ(0), are equal to zero. The
spectral density therefore is equal to

f(λ) =
1

2π

∞∑
h=−∞

γ(h)e−ıhλ =
γ(0)

2π
=
σ2

2π
.
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Thus, the spectral density is equal to a constant which is proportional
to the variance. This means that no particular frequency dominates
the spectral density. This is the reason why such a process is called
white noise.

MA(1): Let {Xt} be a MA(1) process with autocovariance function

γ(h) =


1, h = 0;
ρ, h = ±1;
0, otherwise.

The spectral density therefore is:

f(λ) =
1

2π

∞∑
h=−∞

γ(h)e−ıhλ =
ρeıλ + 1 + ρe−ıλ

2π
=

1 + 2ρ cosλ

2π
.

Thus, f(λ) ≥ 0 if and only |ρ| ≤ 1/2. According to Corollary 6.1 above,
γ is the autocovariance function of a stationary stochastic process if and
only if |ρ| ≤ 1/2. This condition corresponds exactly to the condition
derived in the time domain (see Section 1.3). The spectral density
for ρ = 0.4 or equivalently θ = 0.5, respectively for ρ = −0.4 or
equivalently θ = −0.5, and σ2 = 1 is plotted in Figure 6.1(a). As the
process is rather smooth when the first order autocorrelation is positive,
the spectral density is large in the neighborhood of zero and small in
the neighborhood of π. For a negative autocorrelation the picture is
just reversed.

AR(1): The spectral density of an AR(1) process Xt = φXt−1 + Zt with
Zt ∼WN(0, σ2) is:

f(λ) =
γ(0)

2π

(
1 +

∞∑
h=1

φh
(
e−ıhλ + eıhλ

))

=
σ2

2π(1− φ2)

(
1 +

φeıλ

1− φeıλ
+

φe−ıλ

1− φe−ıλ

)
=
σ2

2π

1

1− 2φ cosλ+ φ2

The spectral density for φ = 0.6 and φ = −0.6 and σ2 = 1 are plotted
in Figure 6.1(b). As the process with φ = 0.6 exhibits a relatively large
positive autocorrelation so that it is rather smooth, the spectral density
takes large values for low frequencies. In contrast, the process with φ =
−0.6 is rather volatile due to the negative first order autocorrelation.
Thus, high frequencies are more important than low frequencies as
reflected in the corresponding figure.
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Figure 6.1: Examples of spectral densities with Zt ∼WN(0, 1)

Note that, as φ approaches one, the spectral density evaluated at zero
tends to infinity, i.e. limλ↓0 f(λ) = ∞. This can be interpreted in the
following way. As the process gets closer to a random walk more and
more weight is given to long-run fluctuations (cycles with very low
frequency or very high periodicity) (Granger, 1966).

6.2 Spectral Decomposition of a Time Series

Consider the simple harmonic process {Xt} which just consists of a cosine
and a sine wave:

Xt = A cos(ω t) +B sin(ω t). (6.4)

Thereby A and B are two uncorrelated random variables with EA = EB =
0 and VA = VB = 1. The autocovariance function of this process is
γ(h) = cos(ω h). This autocovariance function cannot be represented as∫ π
−π eıhλf(λ)dλ. However, it can be regarded as the Fourier transform of a

discrete distribution function F :

γ(h) = cos(ω h) =

∫
(−π,π]

eıhλdF (λ),

where

F (λ) =


0, for λ < −ω;
1/2, for −ω ≤ λ < ω;
1, for λ ≥ ω.

(6.5)
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The integral with respect to the discrete distribution function is a so-called
Riemann-Stieltjes integral.3 F is a step function with jumps at −ω and ω and
step size of 1/2 so that the above integral equals 1

2
e−ı hω + 1

2
e−ı hω = cos(hω).

These considerations lead to a representation, called the spectral represen-
tation, of the autocovariance function as the Fourier transform a distribution
function over [−π, π].

Theorem 6.2 (Spectral representation). γ is the autocovariance function
of a stationary process {Xt} if and only if there exists a right-continuous,
nondecreasing, bounded function F on (−π, π] with the properties F (−π) = 0
and

γ(h) =

∫
(−π,π]

eıhλdF (λ). (6.6)

F is called the spectral distribution function of γ.

Remark 6.2. If the spectral distribution function F has a density f such
that F (λ) =

∫ λ
−π f(ω)dω then f is called the spectral density and the time

series is said to have a continuous spectrum.

Remark 6.3. According to the Lebesgue-Radon-Nikodym Theorem (see, for
example, Rudin (1987)), the spectral distribution function F can be repre-
sented uniquely as the sum of a distribution function FZ which is absolutely
continuous with respect to the Lebesgue measure and a discrete distribution
function FV . The distribution function FZ corresponds to the regular part
of the Wold Decomposition (see Theorem 3.1 in Section 3.2)and has spectral
density

fZ(λ) =
σ2

2π

∣∣Ψ(e−ıλ)
∣∣2 =

σ2

2π

∣∣∣∣∣
∞∑
j=0

ψje
−ıjλ

∣∣∣∣∣
2

.

The discrete distribution FV corresponds to the deterministic part {Vt}.

The process (6.4) considers just a single frequency ω. We may, however,
generalize this process by superposing several sinusoids. This leads to the
class of harmonic processes :

Xt =
k∑
j=1

Aj cos(ωj t) +Bj sin(ωj t), 0 < ω1 < · · · < ωk < π (6.7)

3The Riemann-Stieltjes integral is a generalization of the Riemann integral. Let f and g
be two bounded functions defined on the interval [a, b] then the Riemann-Stieltjes integral∫ b
a
f(x)dg(x) is defined as limn→∞

∑n
i=1 f(ξi)[g(xi)− g(xi−1)] where a = x1 < x2 < · · · <

xn−1 < xn = b. For g(x) = x we obtain the standard Riemann integral. If g is a step

function with a countable number of steps xi of height hi then
∫ b
a
f(x)dg(x) =

∑
i f(xi)hi.
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where A1, B1, . . . , Ak, Bk are random variables which are uncorrelated with
each other and which have means EAj = EBj = 0 and variances VAj =
VBj = σ2

j , j = 1, . . . , k. The auocovariance function of such a process is

given by γ(h) =
∑k

j=1 σ
2
j cos(ωj h). According to the spectral representation

theorem the corresponding distribution function F can be represented as a
weighted sum of distribution functions like those in equation (6.5):

F (λ) =
k∑
j=1

σ2
jFj(λ)

with

Fj(λ) =


0, for λ < −ωj;
1/2, for −ωj ≤ λ < ωj;
1, for λ ≥ ωj.

This generalization points to the the following properties:

• Each of the k components Aj cos(ωj t) + Bj sin(ωj t), j = 1, . . . , k, is
completely associated to a specific frequency ωj.

• The k components are uncorrelated with each other.

• The variance of each component is σ2
j . The contribution of each com-

ponent to the variance of Xt given by
∑k

j=1 σ
2
j therefore is σ2

j .

• F is a nondecreasing step-function with jumps at frequencies ω = ±ωj
and step sizes 1

2
σ2
j .

• The corresponding probability distribution is discrete with values 1
2
σ2
j

at the frequencies ω = ±ωj and zero otherwise.

The interesting feature of harmonic processes as represented in equa-
tion (6.7) is that every stationary process can be represented as the super-
position of uncorrelated sinusoids. However, in general infinitely many (even
uncountably many) of these processes have to be superimposed. The gen-
eralization of (6.7) then leads to the spectral representation of a stationary
stochastic process:

Xt =

∫
(−π,π]

eıtλdZ(λ). (6.8)

Thereby {Z(λ)} is a complex-valued stochastic process with uncorrelated in-
crements defined on the interval (−π, π]. The above representation is known
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as the spectral representation of the process {Xt}.4 Note the analogy to the
spectral representation of the autocovariance function in equation (6.6).

For the harmonic processes in equation (6.7), we have:

dZ(λ) =


Aj+ı Bj

2
, for λ = −ωj and j = 1, 2, . . . , k;

Aj−ı Bj
2

, for λ = ωj and j = 1, 2, . . . , k;
0, otherwise.

In this case the variance of dZ is given by:

EdZ(λ)dZ(λ) =

{
σ2
j

2
, if λ = ±ωj;

0, otherwise.

In general, we have:

=

{
F (λ)− F (λ−), discrete spectrum;
f(λ)dλ, continuous spectrum.

Thus, a large jump of the spectrum at frequency λ is associated with a large
sinusoidal component with frequency λ.5

6.3 The Periodogram and the Estimation of

Spectral Densities

Although the spectral distribution function is uniquely determined, its es-
timation from a finite sample with realizations {x1, x2, . . . , xT} is not easy.
This has to do with the problem of estimating a function from a finite number
of points. We will present two-approaches: a non-parametric and a paramet-
ric one.

6.3.1 Non-parametric Estimation

A simple estimator of the spectral density, f̂T (λ), can be obtained by re-
placing in the defining equation (6.1) the theoretical autocovariances γ by
their estimates γ̂. However, instead of a simple simple sum, we consider a
weighted sum:

f̂T (λ) =
1

2π

∑
|h|≤`T

k

(
h

`T

)
γ̂(h)e−ıhλ. (6.9)

4A mathematically precise statement is given in Brockwell and Davis (1991, chapter 4)
where also the notion of stochastic integration is explained

5Thereby F (λ−) denotes the left-sided limit, i.e. F (λ−) = limω↑λ F (ω).
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The weighting function k, also known as the lag window , is assumed to have
exactly the same properties as the kernel function introduced in Section 4.4.
This correspondence is not accidental, indeed the long-run variance defined
in equation (4.1) is just 2π times the spectral density evaluated at λ = 0.
Thus, one might choose a weighting, kernel or lag window from Table 4.1,
like the Bartlett-window, and use it to estimate the spectral density. The lag
truncation parameter is chosen in such a way that `T →∞ as T →∞. The
rate of divergence should, however, be smaller than T so that `T

T
approaches

zero as T goes to infinity. As an estimator of the autocovariances one uses
the estimator given in equation (4.2) of Section 4.2.

The above estimator is called an indirect spectral estimator because it
requires the estimation of the autocovariances in the first step. The peri-
odogram provides an alternative direct spectral estimator . For this purpose,
we represent the observations as linear combinations of sinusoids of specific
frequencies. These so-called Fourier frequencies are defined as ωk = 2πk

T
,

k = −bT−1
2
c, . . . , bT

2
c. Thereby bxc denotes the largest integer smaller or

equal to x. With this notation, the observations xt, t = 1, . . . , T , can be
represented as a sum of sinusoids:

xt =

bT
2
c∑

k=−bT−1
2
c

ake
ıωkt =

bT
2
c∑

k=−bT−1
2
c

ak(cos(ωkt) + ı sin(ωkt)).

The coefficients {ak} are the discrete Fourier-transform of the observations
{x1, x2, . . . , xT}. The periodogram IT is then defined as follows.

Definition 6.2 (Periodogram). The periodogram of the observations {x1, x2, . . . , xT}
is the function

IT (λ) =
1

T

∣∣∣∣∣
T∑
t=1

xte
−ıtλ

∣∣∣∣∣
2

.

For each Fourier-frequency ωk, the periodogram IT (ωk) equals |ak|2. This
implies that

T∑
t=1

|xt|2 =

bT
2
c∑

k=−bT−1
2
c

|ak|2 =

bT
2
c∑

k=−bT−1
2
c

IT (ωk).

The value of the periodogram evaluated at the Fourier-frequency ωk is there-
fore nothing but the contribution of the sinusoid with frequency ωk to the
variation of {xt} as measured by sum of squares. In particular, we get for
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any Fourier-frequency different from zero that

IT (ωk) =
T−1∑

h=−T+1

γ̂(h)e−ıhωk .

Thus the periodogram represents, disregarding the proportionality factor 2π,
the sample analogue of the spectral density.

Unfortunately, it turns out that the periodogram is not a consistent esti-
mator of the spectral density. In particular, the covariance between IT (λ1)
and IT (λ2), λ1 6= λ2, goes to zero for T going to infinity. The periodogram
thus has tendency to get very jagged for large T leading to the detection of
spurious sinusoids. A way out of this problem is to average the periodogram
between neighboring frequencies. This makes sense because the variance is
relatively constant within a small frequency band. The averaging (smooth-
ing) of the periodogram over neighboring frequencies leads to the class of
discrete spectral average estimators which turn out to be consistent:

f̂T (λ) =
1

2π

∑
|h|≤`T

KT (h)IT

(
ω̃T,λ +

2πh

T

)
(6.10)

where ω̃T,λ denotes the multiple of 2π
T

which is closest to λ. `T is the band-
width of the estimator, i.e. the number of ordinates over which the average is
taken. `T satisfies the same properties as in the case of the indirect spectral
estimator (6.9): `T → ∞ and `T/T → 0 for T → ∞. Thus, as T goes to
infinity, on the one hand the average is taken over more and more values,
but on the other hand the frequency band over which the average is taken
is getting smaller and smaller. The spectral weighting function KT is a posi-
tive even function satisfying

∑
|h|≤`T KT (h) = 1 and

∑
|h|≤`T K

2
T (h) → 0 for

T → ∞. It can be shown that under these conditions the discrete spectral
average estimator is consistent. For details and the asymptotic distribution
the interested reader is referred to Brockwell and Davis (1991, Chapter 10).

A simple weighting function is given by KT (h) = (2`T + 1)−1 for |h| ≤ `T
where `T =

√
T . This function corresponds to the Daniell kernel function

(see Section 4.4). It averages over 2`T + 1 values within a frequency band
of approximate width 4π√

T
. In practice, the sample size is fixed and the

researcher faced with a trade-off between variance and bias. On the one hand,
a weighting function which averages over a wide frequency band produces a
smooth spectral density, but has probably a large bias because the estimate of
f(λ) depends on frequencies which are rather far away from λ. On the other
hand, a weighting function which averages only over a small frequency band
produces a small bias, but probably a large variance. It is thus advisable in
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Figure 6.2: Non-parametric direct estimates of a spectral density with alter-
native weighting functions

practice to work with alternative weighting functions and to choose the one
which delivers a satisfying balance between bias and variance.

Figure 6.2 illustrates these considerations by estimating the spectral den-
sity of quarterly growth rates of real investment in constructions for the
Swiss economy using alternative weighting functions. To obtain a better
graphical resolution we have plotted the estimates on a logarithmic scale.
All three estimates show a peak (local maximum) at the frequency λ = π

2
.

This corresponds to a wave with a period of one year. The estimator with a
comparably wide frequency band (dotted line) smoothes the minimum λ = 1
away. The estimator with a comparable small frequency band (dashed line),
on the contrary, reveals additional waves with frequencies λ = 0.75 and 0.3
which correspond to periods of approximately two, respectively five years.
Whether these waves are just artifacts of the weighting function or whether
there really exist cycles of that periodicity remains open.

6.3.2 Parametric Estimation

An alternative to the nonparametric approaches just outlined consists in the
estimation of an ARMA model and followed by deducing the spectral density
from it. This approach was essentially first proposed by Yule (1927).

Theorem 6.3. Let {Xt} be a causal ARMA(p,q) process given by Φ(L)Xt =
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Θ(L)Zt and Zt ∼ WN(0, σ2). Then the spectral density fX is given by

fX(λ) =
σ2

2π

∣∣Θ(e−ıλ)
∣∣2

|Φ(e−ıλ)|2
, −π ≤ λ ≤ π. (6.11)

Proof. {Xt} is generated by applying the linear filter Ψ(L) with transfer

function Ψ(e−ıλ) = Θ(e−ıλ)
Φ(e−ıλ)

to {Zt} (see Section 6.4). Formula (6.11) is then
an immediate consequence of theorem 6.5 because the spectral density of
{Zt} is equal to σ2

2π
.

Remark 6.4. As the spectral density of an ARMA process {Xt} is given by
a quotient of trigonometric functions, the process is said to have a rational
spectral density.

The spectral density of the AR(2) process Xt = φ1Xt−1 + φ2Xt−2 + Zt
with Zt ∼WN(0, σ2), for example, is then given by

fX(λ) =
σ2

2π(1 + φ2
1 + 2φ2 + φ2

2 + 2(φ1φ2 − φ1) cosλ− 4φ2 cos2 λ)
.

The spectral density of an ARMA(1,1) process Xt = φXt−1 +Zt+θZt−1 with
Zt ∼WN(0, σ2) is

fX(λ) =
σ2(1 + θ2 + 2θ cosλ)

2π(1 + φ2 + 2φ cosλ)
.

An estimate of the spectral density is then obtained by replacing the un-
known coefficients of the ARMA model by their corresponding estimates and
by applying Formula 6.11 to the estimated model. Figure 6.3 compares the
nonparametric to the parametric method based on an AR(4) model using the
same data as in Figure 6.2. Both methods produce similar estimates. They
clearly show waves of periodicity of half a year and a year, corresponding to
frequencies π

2
and π. The nonparametric estimate is, however, more volatile

in the frequency band [0.6, 1] and around 2.5.

6.4 Linear Time-invariant Filters

Time-invariant linear filters are an indispensable tool in time series analysis.
Their objective is to eliminate or amplify waves of a particular periodicity.
For example, they may be used to purge a series from seasonal movements
to get a seasonally adjusted time series which should reflect the cyclical
movements more strongly. The spectral analysis provides just the right tools
to construct and analyze such filters.
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Figure 6.3: Comparison of nonparametric and parametric estimates of the
spectral density of the growth rate of investment in the construction sector

Definition 6.3. {Yt} is the output of the linear time-invariant filter (LTF)
Ψ = {ψj, j = 0,±1,±2, . . . } applied to the input {Xt} if

Yt = Ψ(L)Xt =
∞∑

j=−∞

ψjXt−j with
∞∑

j=−∞

|ψj| <∞.

The filter is called causal or one-sided if ψj = 0 for j < 0; otherwise it is
called two-sided.

Remark 6.5. Time-invariance in this context means that the lagged process
{Yt−s} is obtained for all s ∈ Z from {Xt−s} by applying the same filter Ψ.

Remark 6.6. MA processes, causal AR processes and causal ARMA pro-
cesses can be viewed as filtered white noise processes.

It is important to recognize that the application of a filter systematically
changes the autocorrelation properties of the original time series. This may
be warranted in some cases, but may lead to the “discovery” of spurious
regularities which just reflect the properties of the filter. See the example of
the Kuznets filter below.

Theorem 6.4 (Autocovariance function of filtered process). Let {Xt} be
a mean-zero stationary process with autocovariance function γX . Then the
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filtered process {Yt} defined as

Yt =
∞∑

j=−∞

ψjXt−j = Ψ(L)Xt

with
∑∞

j=−∞ |ψj| < ∞ is also a mean-zero stationary process with autoco-
variance function γY . Thereby the two autocovariance functions are related
as follows:

γY (h) =
∞∑

j=−∞

∞∑
k=−∞

ψjψkγX(h+ k − j), h = 0,±1,±2, . . .

Proof. We first show the existence of the output process {Yt}. For this end,

consider the sequence of random variables {Y (m)
t }m=1,2,... defined as

Y
(m)
t =

m∑
j=−m

ψjXt−j.

To show that the limit for m → ∞ exists in the mean square sense, it is,
according to Theorem C.6, enough to verify the Cauchy criterion

E
∣∣∣Y (m)
t − Y (n)

t

∣∣∣2 −→ 0, for m,n→∞.

Taking without loss of generality m > n, Minkowski’s inequality (see Theo-
rem C.2 or triangular inequality) leads toE

∣∣∣∣∣
m∑

j=−m

ψjXt−j −
n∑

j=−n

ψjXt−j

∣∣∣∣∣
2
1/2

≤

E

∣∣∣∣∣
m∑

j=n+1

ψjXt−j

∣∣∣∣∣
2
1/2

+

E

∣∣∣∣∣
−m∑

j=−n−1

ψjXt−j

∣∣∣∣∣
2
1/2

.

Using the Cauchy-Bunyakovskii-Schwarz inequality and the stationarity of
{Xt}, the first term on the right hand side is bounded by(
E

m∑
j,k=n+1

|ψjXt−jψkXt−k|

)1/2

≤

(
m∑

j,k=n+1

|ψj||ψk|E(|Xt−j||Xt−k|)

)1/2

≤

(
m∑

j,k=n+1

|ψj||ψk|(E|Xt−j|2)
1/2(E|Xt−k|2)

1/2

)1/2

= γX(0)
1/2

m∑
j=n+1

|ψj|.
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As
∑∞

j=−∞ |ψj| < ∞ by assumption, the last term converges to zero. Thus,

the limit of {Y (m)
t }, m→∞, denoted by St, exists in the mean square sense

with E|St|2 <∞.
In remains to show that St and

∑∞
j=−∞ ψjXt−j are actually equal with

probability one. This is established by noting that

E |St −Ψ(L)Xt|2 = E lim inf
m→∞

∣∣∣∣∣St −
m∑

j=−m

Xt−j

∣∣∣∣∣
2

≤ lim inf
m→∞

E

∣∣∣∣∣St −
m∑

j=−m

Xt−j

∣∣∣∣∣
2

= 0

where use has been of Fatou’s lemma.
The stationarity of {Yt} can be checked as follows:

EYt = lim
m→∞

m∑
j=−m

ψjEXt−j = 0,

EYtYt−h = lim
m→∞

E

[(
m∑

j=−m

ψjXt−j

)(
m∑

k=−m

ψkXt−h−k

)]

=
∞∑

j=−∞

∞∑
k=−∞

ψjψkγX(h+ k − j).

Thus, EYt and EYtYt−h are finite and independent of t. {Yt} is therefore
stationary.

Corollary 6.2. If Xt ∼WN(0, σ2) and Yt =
∑∞

j=0 ψjXt−j with
∑∞

j=0 |ψj| <
∞ then the above expression for γY (h) simplifies to

γY (h) = σ2

∞∑
j=0

ψjψj+|h|.

Remark 6.1. In the proof of the existence of {Yt}, the assumption of the
stationarity of {Xt} can be weakened by assuming only supt E|Xt|2 <∞.

Theorem 6.5. Under the conditions of Theorem 6.4, the spectral densities
of {Xt} and {Yt} are related as

fY (λ) =
∣∣Ψ(e−ıλ)

∣∣2 fX(λ) = Ψ(eıλ)Ψ(e−ıλ)fX(λ)

where Ψ(e−ıλ) =
∑∞

j=−∞ ψje
−ı jλ. Ψ(e−ıλ) is called the transfer function of

the filter.



6.4. LINEAR TIME-INVARIANT FILTERS 133

To understand the effect of the filter Ψ, consider the simple harmonic
process Xt = 2 cos(λ t) = eıλ t + e−ıλ t. Passing {Xt} through the filter Ψ
leads to a transformed time series {Yt} defined as

Yt = 2
∣∣Ψ(e−ıλ)

∣∣ cos

(
λ

(
t− θ(λ)

λ

))
where θ(λ) = arg Ψ(e−ıλ). The filter therefore amplifies some frequencies by

the factor g(λ) =
∣∣Ψ(e−ıλ)

∣∣ and delays Xt by θ(λ)
λ

periods. Thus, we have a
change in amplitude given by the amplitude gain function g(λ) and a phase
shift given by the phase gain function θ(λ). If the gain function is bigger
than one the corresponding frequency is amplified. On the other hand, if the
value is smaller than one the corresponding frequency is dampened.

Examples of filters:

• First differences (changes with respect to previous period):

Ψ(L) = ∆ = 1− L.

The transfer function of this filter is (1− e−ıλ) and the gain function is
2(1− cosλ). These functions take the value zero for λ = 0. Thus, the
filter eliminates the trend which can be considered as a wave with an
infinite periodicity.

• Change with respect to same quarter last year, assuming that the data
are quarterly observations:

Ψ(L) = 1− L4.

The transfer function and the gain function are 1 − e−4ıλ and 2(1 −
cos(4λ)), respectively. Thus, the filter eliminates all frequencies which
are multiples of π

2
including the zero frequency. In particular, it elimi-

nates the trend and waves with periodicity of four quarters.

• A famous example of a filter which led to wrong conclusions is the
Kuznets filter (see Sargent, 1987, 273-276). This filter is obtained
from two transformations carried out in a row. The first transfor-
mation which should eliminate cyclical movements takes centered five
year moving averages. The second one take centered non-overlapping
first differences. Thus, the filter can be written as:

Ψ(L) =
1

5

(
L−2 + L−1 + 1 + L + L2

)︸ ︷︷ ︸
first transformation

(
L−5 − L5

)︸ ︷︷ ︸
second transformation

.
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Figure 6.4: Transfer function of the Kuznets filters

Figure 6.4 gives a plot of the transfer function of the Kuznets filter.
Thereby it can be seen that all frequencies are dampened, except those
around λ = 0.2886. The value λ = 0.2886 corresponds to a wave with
periodicity of approximately 21 years. Thus, as first claimed by Howrey
(1968), even a filtered white noise time series would exhibit a 21 year
cycle. This demonstrates that cycles of this length, related by Kuznets
(1930) to demographic processes and infrastructure investment swings,
may just be an artefact produced by the filter and are therefore not
endorsed by the data.

6.5 Some Important Filters

6.5.1 Construction of Low- and High-Pass Filters

For some purposes it is desirable to eliminate specific frequencies. Suppose,
we want to purge a time series from all movements with frequencies above
λc, but leave those below this value unchanged. The transfer function of such
an ideal low-pass filter would be:

Ψ(e−ıλ) =

{
1, for λ ≤ λc;
0, for λ > λc.
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By expanding Ψ(e−ıλ) into a Fourier-series Ψ(e−ıλ) =
∑∞

j=−∞ ψje
−ı jλ, it is

possible to determine the appropriate filter coefficients {ψj}. In the case of
a low-pass filter they are given by:

ψj =
1

2π

∫ λc

−λc
e−ıjωdω =

{
λc
π
, j = 0;

sin(jλc)
jπ

, j 6= 0.

The implementation of the filter in practice is not straightforward because
only a finite number of coefficients can be used. Depending on the number
of observations, the filter must be truncated such that only those ψj with
|j| ≤ q are actually employed. The problem becomes more severe as one
gets to the more recent observations because less future observations are
available. For the most recent period even no future observation is available.
This problem is usually overcome by replacing the missing future values by
their corresponding forecast. Despite this remedy, the filter works best in
the middle of the sample and is more and more distorted as one approaches
the beginning or the end of the sample.

Analogously to low-pass filters, it is possible to construct high-pass filters.
Figure 6.5 compares the transfer function of an ideal high-pass filter with
two filters truncated at q = 8 and q = 32, respectively. Obviously, the
transfer function with the higher q approximates the ideal filter better. In
the neighborhood of the critical frequency, in our case π/16, however, the
approximation remains inaccurate. This is known as the Gibbs phenomenon.

6.5.2 The Hodrick-Prescott Filter

The Hodrick-Prescott filter (HP-Filter) has gained great popularity in the
macroeconomic literature, particularly in the context of the real business cy-
cles theory. This high-pass filter is designed to eliminate the trend and cycles
of high periodicity and to emphasize movements at business cycles frequen-
cies (see Hodrick and Prescott, 1980; King and Rebelo, 1993; Brandner and
Neusser, 1992).

One way to introduce the HP-filter is to examine the problem of decom-
posing a time series {Xt} additively into a growth component {Gt} and a
cyclical component {Ct}:

Xt = Gt + Ct.

This decomposition is, without further information, not unique. Following
the suggestion of Whittaker (1923), the growth component should be ap-
proximated by a smooth curve. Based on this recommendation Hodrick and
Prescott suggest to solve the following restricted least-squares problem given
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a sample {Xt}t=1,...,T :

T∑
t=1

(Xt −Gt)
2 + λ

T−1∑
t=2

[(Gt+1 −Gt)− (Gt −Gt−1)]2 −→ min
{Gt}

.

The above objective function has two terms. The first one measures the fit of
{Gt} to the data. The closer {Gt} is to {Xt} the smaller this term becomes.
In the limit when Gt = Xt for all t, the term is minimized and equal to
zero. The second term measures the smoothness of the growth component
by looking at the discrete analogue to the second derivative. This term is
minimized if the changes of the growth component from one period to the
next are constant. This, however, implies that Gt is a linear function. Thus
the above objective function represents a trade-off between fitting the data
and smoothness of the approximating function. This trade-off is governed by
the meta-parameter λ which must be fixed a priori.

The value of λ depends on the critical frequency and on the periodicity of
the data (see Uhlig and Ravn, 2002, for the latter). Following the proposal
by Hodrick and Prescott (1980) the following values for λ are common in the
literature:

λ =


6.25, yearly observations;

1600, quarterly observations;
14400, monthly observations.

It can be shown that these choices for λ practically eliminate waves of pe-
riodicity longer than eight years. The cyclical or business cycle component
is therefore composed of waves with periodicity less than eight years. Thus,
the choice of λ implicitly defines the business cycle. Figure 6.5 compares
the transfer function of the HP-filter to the ideal high-pass filter and two
approximate high-pass filters.6

As an example, figure 6.6 displays the HP-filtered US logged GDP to-
gether with the original series in the upper panel and the implied business
cycle component in the lower panel.

6.5.3 Seasonal Filters

Besides the elimination of trends, the removal of seasonal movements repre-
sents another important application in practice. Seasonal movements typi-
cally arise when a time series is observed several times within a year giving
rise to the possibility of waves with periodicity less than twelve month in

6As all filters, the HP-filter systematically distorts the properties of the time series.
Harvey and Jaeger (1993) show how the blind application of the HP-filter can lead to the
detection of spurious cyclical behavior.
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the case of monthly observations, respectively of four quarters in the case of
quarterly observations. These cycles are usually considered to be of minor
economic interest because they are due to systematic seasonal variations in
weather conditions or holidays (Easter, for example).7 Such variations can,
for example, reduce construction activity during the winter season or pro-
duction in general during holiday time. These cycles have usually quite large
amplitude so that they obstruct the view to the economically and politically
more important business cycles. In practice, one may therefore prefer to
work with seasonally adjusted series. This means that one must remove the
seasonal components from the time series in a preliminary stage of the anal-
ysis. In section, we will confine ourself to only few remarks. Comprehensive
treatment of seasonality can be found in Hylleberg (1986) and Ghysels and
Osborn (2001).

Two simple filters for the elimination of seasonal cycles in the case of
quarterly data are given by the one-sided filter

Ψ(L) = (1 + L + L2 + L3)/4

or the two-sided filter

Ψ(L) =
1

8
L2 +

1

4
L +

1

4
+

1

4
L−1 +

1

8
L−2.

In practice, the so-called X–11-Filter or its enhanced versions X–12 and
X–13 filter developed by the United States Census Bureau is often applied.
This filter is a two-sided filter which makes, in contrast to two examples
above, use of all sample observations. As this filter not only adjusts for
seasonality, but also corrects for outliers, a blind mechanical use is not rec-
ommended. Gómez and Maravall (1996) developed an alternative method
known under the name TRAMO-SEATS. More details on the implementa-
tion of both methods can be found in Eurostat (2009).

Figure 6.7 shows the effect of seasonal adjustment using TRAMO-SEATS
by looking at the corresponding transfer functions of the growth rate of con-
struction investment. One can clearly discern how the yearly and the half-
yearly waves corresponding to the frequencies π/2 und π are dampened. On
the other hand, the seasonal filter weakly amplifies a cycle of frequency 0.72
corresponding to a cycle of periodicity of two years.

6.5.4 Using Filtered Data

Whether or not to use filtered, especially seasonally adjusted, data is still
an ongoing debate. Although the use of unadjusted data together with a

7An exception to this view is provided by Miron (1996).
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Figure 6.7: Transfer function of growth rate of investment in the construction
sector with and without seasonal adjustment

correctly specified model is clearly the best choice, there is a nonnegligible
uncertainty in modeling economic time series. Thus, in practice one faces
several trade-offs which must be taken into account and which may depend
on the particular context (Sims, 1974, 1993; Hansen and Sargent, 1993). One
the one hand, the use of adjusted data may disregard important information
on the dynamics of the time series and introduce some biases. On the other
hand, the use of unadjusted data encounters the risk of misspecification,
especially because usual measures of fit may put too large emphasis on fitting
the seasonal frequencies thereby neglecting other frequencies.
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Chapter 7

Integrated Processes

7.1 Definition, Properties and Interpretation

Up to now the discussion concentrated on stationary processes and in partic-
ular ARMA processes. According to the Wold decomposition theorem (see
Theorem 3.1) every purely non-deterministic processes possesses the follow-
ing representation:

Xt = µ+ Ψ(L)Zt,

where {Zt} ∼ WN(0, σ2) and
∑∞

j=0 ψ
2
j < ∞. Typically, we model Xt as an

ARMA process so that Ψ(L) = Θ(L)
Φ(L)

. This representation implies:

• EXt = µ,

• limh→∞ PtXt+h = µ.

The above property is often referred to as mean reverting because the pro-
cess moves around a constant mean. Deviations from this mean are only
temporary or transitory. Thus the best long-run forecast is just the mean of
the process.

This property is often violated by economic time series which typically
show a tendency to growth. Classic examples are time series for GDP (see
Figure 1.3) or some stock market index (see Figure 1.5). This trending prop-
erty is not compatible with stationarity as the mean is no longer constant.
In order to cope with this characteristic of economic time series, two very
different alternatives have been proposed. The first one consists in letting
the mean µ be a function of time µ(t). The most popular specification for
µ(t) is a linear function, i.e. µ(t) = α + δt. In this case we get:

Xt = α + δt︸ ︷︷ ︸
linear trend

+Ψ(L)Zt

141
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The process {Xt} is then referred to as a a trend-stationary process . In
practice one also encounters quadratic polynomials of t or piecewise linear
functions. For example, µ(t) = α1 + δ1t for t ≤ t0 and µ(t) = α2 + δ2t for
t > t0. In the following, we restrict ourself to linear trend functions.

The second alternative assumes that the time series becomes stationary
after differentiation. The number of times one has to differentiate the pro-
cess to achieve stationarity is called the order of integration. If d times
differentiation is necessary, the process is called integrated of order d and is
denoted by Xt ∼ I(d). If the resulting time series, ∆dXt = (1 − L)dXt, is
an ARMA(p,q) process, the original process is is called an ARIMA(p,d,q)
process. Usually it is sufficient to differentiate the time series only once, i.e.
d = 1. For expositional purposes we will stick to this case.

The formal definition of an I(1) process is given as follows.

Definition 7.1. The stochastic process {Xt} is called integrated of order one
or difference-stationary, denoted as Xt ∼ I(1), if and only if ∆Xt = Xt−Xt−1

can be represented as

∆Xt = (1− L)Xt = δ + Ψ(L)Zt, Ψ(1) 6= 0,

with {Zt} ∼WN(0, σ2) and
∑∞

j=0 j|ψj| <∞.

The qualification Ψ(1) 6= 0 is necessary to avoid trivial and uninteresting
cases. Suppose for the moment that Ψ(1) = 0 then it would be possible

to write Ψ(L) as (1 − L)Ψ̃(L) for some lag polynomial Ψ̃(L). This would,
however, imply that the factor 1−L could be canceled in the above definition
so that {Xt} is already stationary and that the differentiation would be
unnecessary. The assumption Ψ(1) 6= 0 thus excludes the case where a
trend-stationary process could be regarded as an integrated process. For each
trend-stationary process Xt = α + δt + Ψ̃(L)Zt we have ∆Xt = δ + Ψ(L)Zt
with Ψ(L) = (1− L)Ψ̃(L). This would violate the condition Ψ(1) 6= 0. Thus
a trend-stationary process cannot be a difference-stationary process.

The condition
∑∞

j=0 j|ψj| < ∞ implies
∑∞

j=0 ψ
2
j < ∞ and is therefore

stronger than necessary for the Wold representation to hold. In particular,
it implies the Beveridge-Nelson decomposition of integrated processes into a
linear trend, a random walk, and a stationary component (see Section 7.1.4).
The condition is automatically fulfilled for all ARMA processes because {ψj}
decays exponentially to zero.

Integrated processes with d > 0 are also called unit-root processes. This
designation results from the fact that ARIMA processes with d > 0 can be
viewed as ARMA processes, whereby the AR polynomial has a d-fold root of
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one.1 An important prototype of an integrated process is the random walk
with drift δ:

Xt = δ +Xt−1 + Zt, Zt ∼WN(0, σ2).

Trend-stationary and difference-stationary processes have quite different
characteristics. In particular, they imply different behavior with respect to
the long-run forecast, the variance of the forecast error, and the impulse
response function. In the next section, we will explore these properties in
detail.

7.1.1 Long-run Forecast

The optimal forecast in the least-squares sense given the infinite past of a
trend-stationary process is given by

P̃tXt+h = α + δ(t+ h) + ψhZt + ψh+1Zt−1 + . . .

Thus we have

lim
h→∞

E
(
P̃tXt+h − α− δ(t+ h)

)2

= σ2 lim
h→∞

∞∑
j=0

ψ2
h+j = 0

because
∑∞

j=0 ψ
2
j < ∞. Thus the long-run forecast is given by the linear

trend. Even if Xt deviates temporarily from the trend line, it is assumed to
return to it. A trend-stationary process therefore behaves in the long-run
like µ(t) = α + δt.

The forecast of the differentiated series is

P̃t∆Xt+h = δ + ψhZt + ψh+1Zt−1 + ψh+2Zt−2 + . . .

The level of Xt+h is by definition

Xt+h = (Xt+h −Xt+h−1) + (Xt+h−1 −Xt+h−2) + . . .+ (Xt+1 −Xt) +Xt

1Strictly speaking this does not conform to the definitions used in this book because
our definition of ARMA processes assumes stationarity.
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so that

P̃tXt+h = P̃t∆Xt+h + P̃t∆Xt+h−1 + . . .+ P̃t∆Xt+1 +Xt

= δ + ψhZt + ψh+1Zt−1 + ψh+2Zt−2 + . . .

+ δ + ψh−1Zt + ψhZt−1 + ψh+1Zt−2 + . . .

+ δ + ψh−2Zt + ψh−1Zt−1 + ψhZt−2 + . . .

+ . . .+Xt

= Xt + δh

+ (ψh + ψh−1 + . . .+ ψ1)Zt

+ (ψh+1 + ψh + . . .+ ψ2)Zt−1

. . .

This shows that also for the integrated process the long-run forecast depends
on a linear trend with slope δ. However, the intercept is no longer a fixed
number, but given by Xt which is stochastic. With each new realization of Xt

the intercept changes so that the trend line moves in parallel up and down.
This issue can be well illustrated by the following two examples.

Example 1: Let {Xt} be a random walk with drift δ. Then best forecast of
Xt+h, PtXt+h, is

PtXt+h = δh+Xt.

The forecast thus increases at rate δ starting from the initial value of
Xt. δ is therefore the slope of a linear trend. The intercept of this trend
is stochastic and equal to Xt. Thus the trend line moves in parallel up
or down depending on the realization of Xt.

Example 2: Let {Xt} be an ARIMA(0,1,1) process given by ∆Xt = δ +
Zt + θZt−1 with |θ| < 1. The best forecast of Xt+h is then given by

PtXt+h = δh+Xt + θZt.

As before the intercept changes in a stochastic way, but in contrary
to the previous example it is now given by Xt + θZt. If we consider
the forecast given the infinite past, the invertibility of the process im-
plies that Zt can be expressed as a weighted sum of current and past
realizations of ∆Xt (see Sections 2.3 and 3.1).

7.1.2 Variance of Forecast Error

In the case of a trend-stationary process the forecast error is

Xt+h − P̃tXt+h = Zt+h + ψ1Zt+h−1 + . . .+ ψh−1Zt+1.
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As the mean of the forecast error is zero, the variance is

E
(
Xt+h − P̃tXt+h

)2

=
(
1 + ψ2

1 + ψ2
2 + . . .+ ψ2

h−1

)
σ2.

For h going to infinity this expression converges to σ2
∑∞

j=0 ψ
2
j < ∞. This

is nothing but the unconditional variance of Xt. Thus the variance of the
forecast error increases with the length of the forecasting horizon, but remains
bounded.

For the integrated process the forecast error can be written as

Xt+h − P̃tXt+h = Zt+h + (1 + ψ1)Zt+h−1+

. . .+ (1 + ψ1 + ψ2 + . . .+ ψh−1)Zt+1.

The forecast error variance therefore is

E
(
Xt+h − P̃tXt+h

)2

=
[
1 + (1 + ψ1)2 + . . .+ (1 + ψ1 + . . .+ ψh−1)2]σ2.

This expression increases with the length of the forecast horizon h, but is no
longer bounded. It increases linearly in h to infinity.2 The precision of the
forecast therefore not only decreases with the forecasting horizon h as in the
case of the trend-stationary model, but converges to zero. In the example
above of the ARIMA(0,1,1) process the forecasting error variance is

E (Xt+h − PtXt+h)
2 =

[
1 + (h− 1) (1 + θ)2]σ2.

This expression clearly increases linearly with h.

7.1.3 Impulse Response Function

The impulse response function (dynamic multiplier) is an important analyt-
ical tool as it gives the response of the variable Xt to the underlying shocks.
In the case of the trend-stationary process the impulse response function is

∂P̃tXt+h

∂Zt
= ψh −→ 0 forh→∞.

2Proof : By assumption {ψj} is absolutely summable so that Ψ(1) converges. Moreover,

as Ψ(1) 6= 0, there exists ε > 0 and an integer m such that
∣∣∣∑h

j=0 ψj

∣∣∣ > ε for all h > m.

The squares are therefore bounded from below by ε2 > 0 so that their infinite sum diverges
to infinity.
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The effect of a shock thus declines with time and dies out. Shocks have there-
fore only transitory or temporary effects. In the case of an ARMA process
the effect even declines exponentially (see the considerations in Section 2.3).3

In the case of integrated processes the impulse response function for ∆Xt

implies :

∂P̃tXt+h

∂Zt
= 1 + ψ1 + ψ2 + . . .+ ψh.

For h going to infinity, this expression converges
∑∞

j=0 ψj = Ψ(1) 6= 0. This
implies that a shock experienced in period t will have a long-run or permanent
effect. This long-run effect is called persistence. If {∆Xt} is an ARMA
process then the persistence is given by the expression

Ψ(1) =
Θ(1)

Φ(1)
.

Thus, for an ARIMA(0,1,1) the persistence is Ψ(1) = Θ(1) = 1 + θ. In the
next section we will discuss some examples.

7.1.4 The Beveridge-Nelson Decomposition

The Beveridge-Nelson decomposition represents an important tool for the un-
derstanding of integrated processes.4 It shows how an integrated time series
of order one can be represented as the sum of a linear trend, a random walk,
and a stationary series. It may therefore be used to extract the cyclical com-
ponent (business cycle component) of a time series and can thus be viewed
as an alternative to the HP-filter (see section 6.5.2) or to more elaborated
so-called structural time series models (see sections 17.1 and 17.4.2).

Assuming that {Xt} is an integrated process of order one, there exists,
according to Definition 7.1, a causal representation for {∆Xt}:

∆Xt = δ + Ψ(L)Zt with Zt ∼WN
(
0, σ2

)
with the property Ψ(1) 6= 0 and

∑∞
j=0 j|ψj| < ∞. Before proceeding to the

main theorem, we notice the following simple, but extremely useful polyno-

3The use of the partial derivative is just for convenience. It does not mean that Xt+h

is differentiated in the literal sense.
4Neusser (2000) shows how a Beveridge-Nelson decomposition can also be derived for

higher order integrated processes.
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mial decomposition of Ψ(L):

Ψ(L)−Ψ(1) = 1 + ψ1L + ψ2L2 + ψ3L3 + ψ4L4 + . . .

− 1− ψ1 − ψ2 − ψ3 − ψ4 − . . .
= ψ1(L− 1) + ψ2(L2 − 1) + ψ3(L3 − 1) + ψ4(L4 − 1) + . . .

= (L− 1)
[
ψ1 + ψ2(L + 1) + ψ3(L2 + L + 1) + . . .

]
= (L− 1)

[
(ψ1 + ψ2 + ψ3 + . . .) + (ψ2 + ψ3 + ψ4 + . . .)L

+ (ψ3 + ψ4 + ψ5 + . . .)L2 + . . .
]
.

We state this results in the following Lemma:

Lemma 7.1. Let Ψ(L) =
∑

j=0 ψjL
j, then

Ψ(L) = Ψ(1) + (L− 1)Ψ̃(L)

where Ψ̃(L) =
∑∞

j=0 ψ̃jL
j with ψ̃j =

∑∞
i=j+1 ψi.

As {Xt} is integrated and because Ψ(1) 6= 0 we can express Xt as follows:

Xt = X0 +
t∑

j=1

∆Xj

= X0 +
t∑

j=1

{
δ +

[
Ψ(1) + (L− 1)Ψ̃(L)

]
Zj

}
= X0 + δt+ Ψ(1)

t∑
j=1

Zj +
t∑

j=1

(L− 1)Ψ̃(L)Zj

= X0 + δt︸ ︷︷ ︸
linear trend

+ Ψ(1)
t∑

j=1

Zj︸ ︷︷ ︸
random walk

+ Ψ̃(L)Z0 − Ψ̃(L)Zt︸ ︷︷ ︸
stationary component

.

This leads to the following theorem.

Theorem 7.1. [Beveridge-Nelson decomposition] Every integrated process
{Xt} has a decomposition of the following form:

Xt = X0 + δt︸ ︷︷ ︸
linear trend

+ Ψ(1)
t∑

j=1

Zj︸ ︷︷ ︸
random walk

+ Ψ̃(L)Z0 − Ψ̃(L)Zt︸ ︷︷ ︸
stationary component

.

The above representation is referred to as the Beveridge-Nelson decomposi-
tion.
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Proof. The only substantial issue is to show that Ψ̃(L)Z0 − Ψ̃(L)Zt defines
a stationary process. According to Theorem 6.4 it is sufficient to show that
the coefficients of Ψ̃(L) are absolutely summable. We have that:

∞∑
j=0

|ψ̃j| =
∞∑
j=0

∣∣∣∣∣
∞∑

i=j+1

ψi

∣∣∣∣∣ ≤
∞∑
j=0

∞∑
i=j+1

|ψi| =
∞∑
j=1

j|ψj| <∞,

where the first inequality is a consequence of the triangular inequality and the
second inequality follows from the Definition 7.1 of an integrated process.

Shocks of a random walk component have a permanent effect. This effect
is measured by the persistence Ψ(1), the coefficient of the random walk com-
ponent. In macroeconomics aggregate supply shocks are ascribed to have a
long-run effect as they affect productivity. In contrast monetary or demand
shocks are viewed to have temporary effects only. Thus the persistence Ψ(1)
can be interpreted as a measure for the importance of supply shocks (see
Campbell and Mankiw (1987), Cochrane (1988) or Christiano and Eichen-
baum (1990)). For a critical view from an econometric standpoint see Hauser
et al. (1999). A more sophisticated multivariate approach to identify supply
and demand shocks and to disentangle their relative importance is provided
in Section 15.5.

In business cycle analysis it is often useful to decompose {Xt} into a sum
of a trend component µt and a cyclical component εt:

Xt = µt + εt.

In the case of a difference-stationary series, the cyclical component can be
identified with the stationary component in the Beveridge-Nelson decompo-
sition and the trend component with the random walk plus the linear trend.
Suppose that {∆Xt} follows an ARMA process Φ(L)∆Xt = c+ Θ(L)Zt then
∆µt = δ+Ψ(1)Zt can be identified as the trend component. This means that
the trend component can be recursively determined from the observations by
applying the formula

µt =
Φ(L)

Θ(L)
Ψ(1)Xt.

The cyclical component is then simply the residual: εt = Xt − µt.
In the above decomposition both the permanent (trend) component as

well as the stationary (cyclical) component are driven by the same shock
Zt. A more sophisticated model would, however, allow that the two compo-
nents are driven by different shocks. This idea is exploited in the so-called
structural time series analysis where the different components (trend, cycle,
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season, and irregular) are modeled as being driven by separated shocks. As
only the series {Xt} is observed, not its components, this approach leads to
serious identification problems. See the discussion in Harvey (1989), Han-
nan and Deistler (1988), or Mills (2003). In Sections 17.1 and 17.4.2 we will
provide an overall framework to deal with these issues.

Examples

Let {∆Xt} be a MA(q) process with ∆Xt = δ + Zt + . . . + θqZt−q then
the persistence is given simply by the sum of the MA-coefficients: Ψ(1) =
1+θ1 + . . .+θq. Depending on the value of these coefficients. The persistence
can be smaller or greater than one.

If {∆Xt} is an AR(1) process with ∆Xt = δ+φ∆Xt−1 +Zt and assuming
|φ| < 1 then we get: ∆Xt = δ

1−φ +
∑∞

j=0 φ
jZt−j. The persistence is then

given as Ψ(1) =
∑∞

j=0 φ
j = 1

1−φ . For positive values of φ, the persistence is
greater than one. Thus, a shock of one is amplified to have an effect larger
than one in the long-run.

If {∆Xt} is assumed to be an ARMA(1,1) process with ∆Xt = δ +
φ∆Xt−1+Zt+θZt−1 and |φ| < 1 then ∆Xt = δ

1−φ+Zt+(φ+θ)
∑∞

j=0 φ
jZt−j−1.

The persistence is therefore given by Ψ(1) = 1 + (φ+ θ)
∑∞

j=0 φ
j = 1+θ

1−φ .
The computation of the persistence for the model estimated for Swiss

GDP in Section 5.6 is more complicated because a fourth order difference
1−L4 has been used instead of a first order one. As 1−L4 = (1−L)(1 + L +
L2 + L3), it is possible to extend the above computations also to this case.
For this purpose we compute the persistence for (1 + L + L2 + L3) ln BIPt in
the usual way. The long-run effect on ln BIPt is therefore given by Ψ(1)/4
because (1 + L + L2 + L3) ln BIPt is nothing but four times the moving-
average of the last four values. For the AR(2) model we get a persistence of
1.42 whereas for the ARMA(1,3) model the persistence is 1.34. Both values
are definitely above one so that the permanent effect of a one-percent shock
to Swiss GDP is amplified to be larger than one in the long-run. Campbell
and Mankiw (1987) and Cochrane (1988) report similar values for the US.

7.2 Properties of the OLS estimator in the

case of integrated variables

The estimation and testing of coefficients of models involving integrated vari-
ables is not without complications and traps because the usual asymptotic
theory may become invalid. The reason being that the asymptotic distribu-
tions are in general no longer normal so that the usual critical values for the
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test statistics are no longer valid. A general treatment of these issues is be-
yond this text, but can be found in Banerjee et al. (1993) and Stock (1994).
We may, however, illustrate the kind of problems encountered by looking at
the Gaussian AR(1) case:5

Xt = φXt−1 + Zt, t = 1, , 2, . . . ,

where Zt ∼ IID N(0, σ2) and X0 = 0. For observations on X1, X2, . . . , XT

the OLS-estimator of φ is given by the usual expression:

φ̂T =

∑T
t=1Xt−1Xt∑T
t=1X

2
t−1

= φ+

∑T
t=1 Xt−1Zt∑T
t=1X

2
t−1

.

For |φ| < 1, the OLS estimator of φ, φ̂T , converges in distribution to a normal
random variable (see Chapter 5 and in particular Section 5.2):

√
T
(
φ̂T − φ

)
d−−−−→ N

(
0, 1− φ2

)
.

The estimated density of the OLS estimator of φ for different values of φ is
represented in Figure 7.1. This figure was constructed using a Monte-Carlo
simulation of the above model for a sample size of T = 100 using 10, 000
replications for each value of φ.6 The figure shows that the distribution of
φ̂T becomes more and more concentrated if the true value of φ gets closer
and closer to one. Moreover the distribution gets also more and more skewed
to the left. This implies that the OLS estimator is downward biased and
that this bias gets relatively more and more pronounced in small samples as
φ approaches one.

The asymptotic distribution would be degenerated for φ = 1 because the
variance approaches zero as φ goes to one. Thus the asymptotic distribution
becomes useless for statistical inferences under this circumstance. In order
to obtain a non-degenerate distribution the estimator must be scaled by T
instead by

√
T . It can be shown that

T
(
φ̂T − φ

)
d−−−−→ ν.

This result was first established by Dickey and Fuller (1976) and Dickey and
Fuller (1981). However, the asymptotic distribution ν need no longer be
normal. It was first tabulated in Fuller (1976). The scaling with T instead

5We will treat more general cases in Section 7.5 and Chapter 16.
6The densities were estimated using an adaptive kernel density estimator with Epanech-

nikov window (see Silverman (1986)).
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of
√
T means that the OLS-estimator converges, if the true value of φ equals

one, at a higher rate to φ = 1. This property is known as superconsistency .
In order to understand this result better, in particular in the light of

the derivation in the Appendix of Section 5.2, we take a closer look at the

asymptotic distribution of T
(
φ̂T − φ

)
:

T
(
φ̂T − φ

)
=

1
σ2T

∑T
t=1Xt−1Zt

1
σ2T 2

∑T
t=1X

2
t−1

.

Under the assumption φ = 1, Xt becomes a random walk so that Xt can be
written as Xt = Zt + . . . + Z1. Moreover, as a sum of normally distributed
random variables Xt becomes itself normally distributed as Xt ∼ N(0, σ2t).
In addition, we get

X2
t = (Xt−1 + Zt)

2 = X2
t−1 + 2Xt−1Zt + Z2

t

⇒ Xt−1Zt =
(
X2
t −X2

t−1 − Z2
t

)
/2

⇒
T∑
t=1

Xt−1Zt =
X2
T −X2

0

2
−
∑T

t=1 Z
2
t

2

⇒ 1

T

T∑
t=1

Xt−1Zt =
1

2

[
X2
T

T
−
∑T

t=1 Z
2
t

T

]

⇒ 1

σ2T

T∑
t=1

Xt−1Zt =
1

2

(
XT

σ
√
T

)2

− 1

2σ2

∑T
t=1 Z

2
t

T

d−−−−→ 1

2

(
χ2

1 − 1
)
.

The numerator therefore converges to a χ2
1 distribution. The distribution of

the denominator is more involved, but its expected value is given by:

E
T∑
t=1

X2
t−1 = σ2

T∑
t=1

(t− 1) =
σ2T (T − 1)

2
,

because Xt−1 ∼ N (0, σ2(t− 1)). To obtain a nondegenerate random variable
one must scale by T 2. Thus, intuitively, T (φ̂T − φ) will no longer converge
to a degenerate distribution.

Using similar arguments it can be shown that the t-statistic

tT =
φ̂T − 1

σ̂φ̂
=

φ̂T − 1√
s2T∑T

t=1X
2
t−1

with s2
T = 1

T−2

∑T
t=2

(
Xt − φ̂TXt−1

)2

is not asymptotically normal. Its dis-

tribution was also first tabulated by Fuller (1976). Figure 7.2 compares its
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Figure 7.1: Distribution of the OLS estimator of φ for T = 100 and 10000
replications

density with the standard normal distribution in a Monte-Carlo experiment
using again a sample of T = 100 and 10, 000 replications. It is obvious that
the t-distribution is shifted to the left. This implies that the critical values
will be absolutely higher than for the standard case. In addition, one may
observe a slight skewness.

Finally, we also want to investigate the autocovariance function of a ran-
dom walk. Using similar arguments as in Section 1.3 we get:

γ(h) = E (XTXT−h)

= E [(ZT + ZT−1 + . . .+ Z1) (ZT−h + ZT−h−1 + . . .+ Z1)]

= E
(
Z2
T−h + Z2

T−h−1 + . . .+ Z2
1

)
= (T − h)σ2.

Thus the correlation coefficient between XT and XT−h is:

ρ(h) =
γ(h)√

VXT

√
VXT−h

=
T − h√
T (T − h)

=

√
T − h
T

, h ≤ T.

The autocorrelation coefficient ρ(h) therefore monotonically decreases with
h, holding the sample size T constant. The rate at which ρ(h) falls is, how-
ever, smaller than for ARMA processes for which ρ(h) declines exponentially
fast to zero. Given h, the autocorrelation coefficient converges to one for
T → ∞. Figure 7.3 compares the theoretical and the estimated ACF of a
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Figure 7.2: Distribution of t-statistic for T = 100 and 10′000 replications
and standard normal distribution

simulated random walk with T = 100. Typically, the estimated coefficients
lie below the theoretical ones. In addition, we show the estimated ACF for
an AR(1) process with φ = 0.9 and using the same realizations of the white
noise process as in the construction of the random walk. Despite the large
differences between the ACF of an AR(1) process and a random walk, the
ACF is only of limited use to discriminate between an (stationary) ARMA
process and a random walk.

The above calculation also shows that ρ(1) < 1 so that the expected value

of the OLS estimator is downward biased in finite samples: Eφ̂T < 1.

7.3 Unit-Root Tests

The previous Sections 7.1 and 7.2 have shown that, depending on the nature
of the non-stationarity (trend versus difference stationarity), the stochastic
process has quite different algebraic (forecast, forecast error variance, persis-
tence) and statistical (asymptotic distribution of OLS-estimator) properties.
It is therefore important to be able to discriminate among these two differ-
ent types of processes. This also pertains to standard regression models for
which the presence of integrated variables can lead to non-normal asymptotic
distributions.

The ability to differentiate between trend- and difference-stationary pro-
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cesses is not only important from a statistical point of view, but can be given
an economic interpretation. In macroeconomic theory, monetary and demand
disturbances are alleged to have only temporary effects whereas supply dis-
turbances, in particular technology shocks, are supposed to have permanent
effects. To put it in the language of time series analysis: monetary and de-
mand shocks have a persistence of zero whereas supply shocks have nonzero
(positive) persistence. Nelson and Plosser (1982) were the first to investi-
gate the trend properties of economic time series from this angle. In their
influential study they reached the conclusion that, with the important ex-
ception of the unemployment rate, most economic time series in the US are
better characterized as being difference stationary. Although this conclusion
came under severe scrutiny (see Cochrane (1988) and Campbell and Perron
(1991)), this issue resurfaces in many economic debates. The latest discus-
sion relates to the nature and effecct of technology shocks (see Gaĺı (1999)
or Christiano et al. (2003)).

The following exposition focuses on the Dickey-Fuller test (DF-test) and
the Phillips-Perron test(PP-test). Although other test procedures and vari-
ants thereof have been developed in the meantime, these two remain the most
widely applied in practice. These types of tests are also called unit-root tests.

Both the DF- as well as the PP-test rely on a regression of Xt on Xt−1

which may include further deterministic regressors like a constant or a linear
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time trend. We call this regression the Dickey-Fuller regression:

Xt =
deterministic

variables
+ φXt−1 + Zt. (7.1)

Alternatively and numerically equivalent, one may run the Dickey-Fuller re-
gression in difference form:

∆Xt =
deterministic

variables
+ βXt−1 + Zt

with β = φ − 1. For both tests, the null hypothesis is that the process is
integrated of order one, difference stationary, or has a unit-root. Thus we
have

H0 : φ = 1 or β = 0.

The alternative hypothesis H1 is that the process is trend-stationary or sta-
tionary with constant mean and is given by:

H1 : −1 < φ < 1 or − 2 < β = φ− 1 < 0.

Thus the unit root test is a one-sided test. The advantage of the second for-
mulation of the Dickey-Fuller regression is that the corresponding t-statistic
can be readily read off from standard outputs of many computer packages
which makes additional computations unnecessary.

7.3.1 The Dickey-Fuller Test (DF-Test)

The Dickey-Fuller test comes in two forms. The first one, sometimes called
the ρ-test, takes T (φ̂ − 1) as the test statistic. As shown previously, this
statistic is no longer asymptotically normally distributed. However, it was
first tabulated by Fuller and can be found in textbooks like Fuller (1976) or
Hamilton (1994a). The second and much more common one relies on the
usual t-statistic for the hypothesis φ = 1:

tφ̂ = (φ̂T − 1)/σ̂φ̂.

This test-statistic is also not asymptotically normally distributed. It was for
the first time tabulated by Fuller (1976) and can be found, for example, in
Hamilton (1994a). Later MacKinnon (1991) presented much more detailed
tables where the critical values can be approximated for any sample size T
by using interpolation formulas (see also Banerjee et al. (1993)).7

7These interpolation formula are now implemented in many software packages, like
EVIEWS, to compute the appropriate critical values.
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Table 7.1: The four most important cases for the unit-root test

data generating process
(null hypothesis)

estimated regression
(Dickey-Fuller regression)

ρ-test:
T (φ̂−1)

t-test

Xt = Xt−1 + Zt Xt = φXt−1 + Zt case 1 case 1

Xt = Xt−1 + Zt Xt = α + φXt−1 + Zt case 2 case 2

Xt = α +Xt−1 + Zt, α 6= 0 Xt = α + φXt−1 + Zt N(0,1)

Xt = α +Xt−1 + Zt Xt = α + δt+ φXt−1 + Zt case 4 case 4

The application of the Dickey-Fuller test as well as the Phillips-Perron test
is obfuscated by the fact that the asymptotic distribution of the test statistic
(ρ- or t-test) depends on the specification of the deterministic components
and on the true data generating process. This implies that depending on
whether the Dickey-Fuller regression includes, for example, a constant and/or
a time trend and on the nature of the true data generating process one has
to use different tables and thus critical values. In the following we will focus
on the most common cases listed in table 7.1.

In case 1 the Dickey-Fuller regression includes no deterministic compo-
nent. Thus, a rejection of the null hypothesis implies that {Xt} has to be a
mean zero stationary process. This specification is, therefore, only warranted
if one can make sure that the data have indeed mean zero. As this is rarely
the case, except, for example, when the data are the residuals from a previous
regression,8 case 1 is very uncommon in practice. Thus, if the data do not
display a trend, which can be checked by a simple time plot, the Dickey-Fuller
regression should include a constant. A rejection of the null hypothesis then
implies that {Xt} is a stationary process with mean µ = c

1−φ . If the data
display a time trend, the Dickey-Fuller regression should also include a linear
time trend as in case 4. A rejection of the null hypothesis then implies that
the process is trend-stationary. In the case that the Dickey-Fuller regression
contains no time trend and there is no time trend under the alternative hy-
pothesis, asymptotic normality holds. This case is only of theoretical interest
as it should a priori be clear whether the data are trending or not. In the
instance where one is not confident about the trending nature of the time
series see the procedure outlined in Section 7.3.3.

8This fact may pose a problem by itself.
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In the cases 2 and 4 it is of interest to investigate the joint hypothesis
H0 : α = 0 and φ = 1, and H0 : δ = 0 and φ = 1 respectively. Again the
corresponding F-statistic is no longer F-distributed, but has been tabulated
(see Hamilton (1994a, Table B7)). The trade-off between t- and F-test is
discussed in Section 7.3.3.

Most economic time series display a significant amount of autocorrelation.
To take this feature into account it is necessary to include lagged differences
∆Xt−1, . . . ,∆Xt−p+1 as additional regressors. The so modified Dickey-Fuller
regression then becomes:

Xt =
deterministic

variables
+ φXt−1 + γ1∆Xt−1 + . . .+ γp−1∆Xt−p+1 + Zt.

This modified test is called the augmented Dickey-Fuller test (ADF-test).
This autoregressive correction does not change the asymptotic distribution
of the test statistics. Thus the same tables can be used as before. For the
coefficients of the autoregressive terms asymptotic normality holds. This
implies that the standard testing procedures (t-test, F-test) can be applied
in the usual way. This is true if instead of autoregressive correction terms
moving-average terms are used instead (see Said and Dickey (1984)).

For the ADF-test the order p of the model should be chosen such that the
residuals are close to being white noise. This can be checked, for example,
by looking at the ACF of the residuals or by carrying out a Ljung-Box test
(see Section 4.2). In case of doubt, it is better to choose a higher order. A
consistent procedure to find the right order is to use the Akaike’s criterion
(AIC). Another alternative strategy advocated by Ng and Perron (1995) is
an iterative testing procedure which makes use of the asymptotic normality
of the autoregressive correction terms. Starting from a maximal order p−1 =
pmax, the method amounts to the test whether the coefficient corresponding
to the highest order is significantly different from zero. If the null hypothesis
that the coefficient is zero is not rejected, the order of the model is reduced
by one and the test is repeated. This is done as long as the null hypothesis
is not rejected. If the null hypothesis is finally rejected, one sticks with
the model and performs the ADF-test. The successive test are standard t-
tests. It is advisable to use a rather high significance level, for example a
10 percent level. The simulation results by Ng and Perron (1995) show that
this procedure leads to a smaller bias compared to using the AIC criterion
and that the reduction in power remains negligible.
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7.3.2 The Phillips-Perron Test (PP-test)

The Phillips-Perron test represents a valid alternative to the ADF-test. It is
based on the simple Dickey-Fuller regression (without autoregressive correc-
tion terms) and corrects for autocorrelation by modifying the OLS-estimate
or the corresponding value of the t-statistic. The simple Dickey-Fuller re-
gression with either constant and/or trend is:

Xt =
deterministic

variables
+ φXt−1 + Zt,

where {Zt} need no longer be a white noise process, but can be any mean
zero stationary process. {Zt} may, for example, be an ARMA process. In
principle, the approach also allows for heteroskedasticity.9

The first step in the Phillips-Perron unit-root test estimates the above
appropriately specified Dickey-Fuller regression. The second step consists in
the estimation of the unconditional variance γZ(0) and the long-run variance
J of the residuals Ẑt. This can be done using one of the methods prescribed
in Section 4.4. These two estimates are then used in a third step to correct
the ρ- and the t-test statistics. This correction would then take care of the
autocorrelation present in the data. Finally, one can use the so modified
test statistics to carry out the unit-root test applying the same tables for the
critical values as before.

In case 1 where no deterministic components are taken into account (see
case 1 in Table 7.1) the modified test statistics according to Phillips (1987)
are:

ρ-Test : T
(
φ̂− 1

)
− 1

2

(
ĴT − γ̂Z(0)

)( 1

T 2

T∑
t=1

X2
t−1

)−1

t-Test :

√
γ̂Z(0)

ĴT
tφ̂ −

1

2

(
ĴT − γ̂Z(0)

)( ĴT
T 2

T∑
t=1

X2
t−1

)−1/2

.

If {Zt} would be white noise so that J = γ(0), respectively ĴT ≈ γ̂Z(0) one
gets the ordinary Dickey-Fuller test statistic. Similar formulas can be derived
for the cases 2 and 4. As already mentioned these modifications will not alter
the asymptotic distributions so the same critical values as for the ADF-test
can be used.

The main advantage of the Phillips-Perron test is that the non-parametric
correction allows for very general {Zt} processes. The PP-test is particularly

9The exact assumptions can be read in Phillips (1987) and Phillips and Perron (1988).
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appropriate if {Zt} has some MA-components which can be only poorly ap-
proximated by low order autoregressive terms. Another advantage is that one
can avoid the exact modeling of the process. It has been shown by Monte-
Carlo studies that the PP-test has more power compared to the DF-test, i.e.
the PP-test rejects the null hypothesis more often when it is false, but that,
on the other hand, it has also a higher size distortion, i.e. that it rejects the
null hypothesis too often.

7.3.3 Unit-Root Test: Testing Strategy

Independently whether the Dickey-Fuller or the Phillips-Perron test is used,
the specification of the deterministic component is important and can pose a
problem in practice. On the one hand, if the deterministic part is underrep-
resented, for example when only a constant, but no time trend is used, the
test results are biased in favor of the null hypothesis, if the data do indeed
have a trend. On the other hand, if too many deterministic components are
used, the power of the test is reduced. It is therefore advisable to examine a
plot of the series in order to check whether a long run trend is visible or not.
In some circumstances economic reasoning may help in this regard.

Sometimes, however, it is difficult to make an appropriate choice a pri-
ori. We therefore propose the following testing strategy based on Elder and
Kennedy (2001).

Xt has a long-run trend: As Xt grows in the long-run, the Dickey-Fuller
regression

Xt = α + δt+ φXt−1 + Zt

should contain a linear trend.10 In this case either φ = 1, δ = 0 and
α 6= 0 (unit root case) or φ < 1 with δ 6= 0 (trend stationary case). We
can then test the joint null hypothesis

H0 : φ = 1 and δ = 0

by a corresponding F-test. Note that the F-statistic, like the t-test,
is not distributed according to the F-distribution. If the test does not
reject the null, we conclude that {Xt} is a unit root process with drift or
equivalently a difference-stationary (integrated) process. If the F-test
rejects the null hypothesis, there are three possible situations:

(i) The possibility φ < 1 and δ = 0 contradicts the primary observa-
tion that {Xt} has a trend and can therefore be eliminated.

10In case of the ADF-test additional regressors, ∆Xt−j , j > 0, might be necessary.
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(ii) The possibility φ = 1 and δ 6= 0 can also be excluded because this
would imply that {Xt} has a quadratic trend, which is unrealistic.

(iii) The possibility φ < 1 and δ 6= 0 represents the only valid alterna-
tive. It implies that {Xt} is stationary around a linear trend, i.e.
that {Xt} is trend-stationary.

Similar conclusions can be reached if, instead of the F-test, a t-test
is used to test the null hypothesis H0 : φ = 1 against the alternative
H1 : φ < 1. Thereby a non-rejection of H0 is interpreted that δ = 0.
If, however, the null hypothesis H0 is rejected, this implies that δ 6= 0,
because {Xt} exhibits a long-run trend. The F-test is more powerful
than the t-test. The t-test, however, is a one-sided test, which has the
advantage that it actually corresponds to the primary objective of the
test. In Monte-Carlo simulations the t-test has proven to be marginally
superior to the F-test.

Xt has no long-run trend: In this case δ = 0 and the Dickey-Fuller re-
gression should be run without a trend:11

Xt = α + φXt−1 + Zt.

Thus we have either φ = 1 and α = 0 or φ < 1 and α 6= 0. The null
hypothesis in this case therefore is

H0 : φ = 1 and α = 0.

A rejection of the null hypothesis can be interpreted in three alternative
ways:

(i) The case φ < 1 and α = 0 can be eliminated because it implies
that {Xt} would have a mean of zero which is unrealistic for most
economic time series.

(ii) The case φ = 1 und α 6= 0 can equally be eliminated because
it implies that {Xt} has a long-run trend which contradicts our
primary assumption.

(iii) The case φ < 1 and α 6= 0 is the only realistic alternative. It
implies that the time series is stationary around a constant mean
given by α

1−φ .

11In case of the ADF-test additional regressors, ∆Xt−j , j > 0, might be necessary.
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As before one can use, instead of a F-test, a t-test of the null hypothesis
H0 : φ = 1 against the alternative hypothesis H1 : φ < 1. If the null
hypothesis is not rejected, we interpret this to imply that α = 0. If,
however, the null hypothesis H0 is rejected, we conclude that α 6=
0. Similarly, Monte-Carlo simulations have proven that the t-test is
superior to the F-test.

The trend behavior of Xt is uncertain: This situation poses the follow-
ing problem. Should the data exhibit a trend, but the Dickey-Fuller
regression contains no trend, then the test is biased in favor of the null
hypothesis. If the data have no trend, but the Dickey-Fuller regression
contains a trend, the power of the test is reduced. In such a situa-
tion one can adapt a two-stage strategy. Estimate the Dickey-Fuller
regression with a linear trend:

Xt = α + δt+ φXt−1 + Zt.

Use the t-test to test the null hypothesis H0 : φ = 1 against the al-
ternative hypothesis H1 : φ < 1. If H0 is not rejected, we conclude
the process has a unit root with or without drift. The presence of a
drift can then be investigated by a simple regression of ∆Xt against
a constant followed by a simple t-test of the null hypothesis that the
constant is zero against the alternative hypothesis that the constant is
nonzero. As ∆Xt is stationary, the usual critical values can be used.
12 If the t-test rejects the null hypothesis H0, we conclude that there is
no unit root. The trend behavior can then be investigated by a simple
t-test of the hypothesis H0 : δ = 0. In this test the usual critical values
can be used as {Xt} is already viewed as being stationary.

7.3.4 Examples for unit root tests

As our first example, we examine the logged real GDP for Switzerland,
ln(BIPt), where we have adjusted the series for seasonality by taking a
moving-average. The corresponding data are plotted in Figure 1.3. As is
evident from this plot, this variable exhibits a clear trend so that the Dickey-
Fuller regression should include a constant and a linear time trend. Moreover,
{∆ ln(BIPt)} is typically highly autocorrelated which makes an autoregres-
sive correction necessary. One way to make this correction is by augmenting

12Eventually, one must correct the corresponding standard deviation by taking the auto-
correlation in the residual into account. This can be done by using the long-run variance.
In the literature this correction is known as the Newey-West correction.
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the Dickey-Fuller regression by lagged {∆ ln(BIPt)} as additional regressors.
Thereby the number of lags is determined by AIC. The corresponding result
is reported in the first column of table 7.2. It shows that AIC chooses only
one autoregressive correction term. The value of t-test statistic is −3.110
which is just above the 5-percent critical value. Thus, the null hypothesis
is not rejected. If the autoregressive correction is chosen according to the
method proposed by Ng and Perron five autoregressive lags have to be in-
cluded. With this specification, the value of the t-test statistic is clearly
above the critical value, implying that the null hypothesis of the presence of
a unit root cannot be rejected (see second column in table 7.2).13 The results
of the ADF-tests is confirmed by the PP-test (column 3 in table 7.2) with
quadratic spectral kernel function and band width 20.3 chosen according to
Andrews’ formula (see Section 4.4).

The second example, examines the three-month LIBOR, {R3Mt}. The
series is plotted in Figure 1.4. The issue whether this series has a linear
trend or not is not easy to decide. On the one hand, the series clearly has
a negative trend over the sample period considered. On the other hand, a
negative time trend does not make sense from an economic point of view
because interest rates are bounded from below by zero. Because of this
uncertainty, it is advisable to include in the Dickey-Fuller regression both a
constant and a trend to be on the safe side. Column 5 in table 7.2 reports
the corresponding results. The value of the t-statistic of the PP-test with
Bartlett kernel function and band width of 5 according to the Newey-West
rule of thumb is −2.142 and thus higher than the corresponding 5-percent
critical of −3.435. Thus, we cannot reject the null hypothesis of the presence
of a unit root. We therefore conclude that the process {R3Mt} is integrated
of order one, respectively difference-stationary. Based on this conclusion,
the issue of the trend can now be decided by running a simple regression of
∆R3Mt against a constant. This leads to the following results:

∆R3Mt = -0.0315
(0.0281)

+ et.

where et denotes the least-squares residual. The mean of ∆R3Mt is therefore
−0.0315. This value is, however, statistically not significantly different from
zero as indicated by the estimated standard error in parenthesis. Note that
this estimate of the standard error has been corrected for autocorrelation
(Newey-West correction). Thus, {R3Mt} is not subject to a linear trend.
One could have therefore run the Dickey-Fuller regression without the trend

13The critical value changes slightly because the inclusion of additional autoregressive
terms changes the sample size.
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Table 7.2: Examples of unit root tests

ln(BIPt) ln(BIPt) ln(BIPt) R3Mt R3Mt

test ADF ADF PP PP PP

autoregressive
correction

AIC Ng and
Perron

quadratic
spectral

Bartlett Bartlett

band width 20.3 5 5

α 0.337 0.275 0.121 0.595 -0.014

δ 0.0001 0.0001 0.0002 -0.0021

φ 0.970 0.975 0.989 0.963 -0.996

γ1 0.885 1.047

γ2 -0.060

γ3 -0.085

γ4 -0.254

γ5 0.231

tφ̂ -3.110 -2.243 -1.543 -2.142 -0.568

critical value -3.460 -3.463 -3.460 -3.435 -2.878
(5 percent)

critical values from MacKinnon (1996)
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term. The result of corresponding to this specification is reported in the last
column of table 7.2. It confirms the presence of a unit root.

7.4 Generalizations of Unit-Root Tests

7.4.1 Structural Breaks in the Trend Function

As we have seen, the unit-root test depends heavily on the correct specifi-
cation of the deterministic part. Most of the time this amounts to decide
whether a linear trend is present in the data or not. In the previous section
we presented a rule how to proceed in case of uncertainty about the trend.
Sometimes, however, the data exhibit a structural break in their determinis-
tic component. If this structural break is ignored, the unit-root test is biased
in favor of the null hypothesis (i. e. in favor of a unit root) as demonstrated by
Perron (1989). Unfortunately, the distribution of the test statistic under the
null hypothesis, in our case the t-statistic, depends on the exact nature of the
structural break and on its date of occurrence in the data. Following Perron
(1989) we concentrate on three exemplary cases: a level shift, a change in the
slope (change in the growth rate), and a combination of both possibilities.
Figure 7.4 shows the three possibilities assuming that a break occurred in
period TB. Thereby an AR(1) process with φ = 0.8 was superimposed on
the deterministic part.

The unit-root test with the possibility of a structural break in period TB is
carried out using the Dickey-Fuller test. Thereby the date of the structural
break is assumed to be known. This assumption, although restrictive, is
justifiable in many applications. The first oil price shock in 1973 or the
German reunification in 1989 are examples of structural breaks which can be
dated exactly. Other examples would include changes in the way the data are
constructed. These changes are usually documented by the data collecting
agencies. Table 7.3 summarizes the three variants of Dickey-Fuller regression
allowing for structural breaks.14

Model A allows only for a level shift. Under the null hypothesis the series
undergoes a one-time shift at time TB. This level shift is maintained under
the null hypothesis which posits a random walk. Under the alternative, the
process is viewed as being trend-stationary whereby the trend line shifts
parallel by αB − α at time TB. Model B considers a change in the mean
growth rate from α to αB at time TB. Under the alternative, the slope of
time trend changes from δ to δB. Model C allows for both types of break to
occur at the same time.

14See equation (7.1) and Table 7.1 for comparison.
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(a) Level Shift

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

T
B
 

(b) Change in Slope

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

T
B
 

(c) Level Shift and Change in Slope

Figure 7.4: Three Structural Breaks at TB
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Table 7.3: Dickey-Fuller Regression allowing for Structural Breaks

Model A: Level Shift

H0 : Xt = α + 1{t=TB+1}δB +Xt−1 + Zt

H1 : Xt = α + δt+ 1{t>TB}(αB − α) + φXt−1 + Zt, φ < 1

Model B: Change in Slope (Change in Growth Rate)

H0 : Xt = α + 1{t>TB}(αB − α) +Xt−1 + Zt

H1 : Xt = α + δt+ 1{t>TB}(δB − δ)(t− TB) + φXt−1 + Zt, φ < 1

Modell C: Level Shift and Change in Slope

H0 : Xt = α + 1{t=TB+1}δB + 1{t>TB}(αB − α) +Xt−1 + Zt

H1 : Xt = α + δt+ 1{t>TB}(αB − α) + 1{t>TB}(δB − δ)(t− TB)

+φXt−1 + Zt, φ < 1

1{t=TB+1} und 1{t>TB} denotes the indicator function which takes the value one if the condition is
satisfied and the value zero otherwise.

The unit-root test with possible structural break for a time series Xt,
t = 0, 1, . . . , T , is implemented in two stages as follows. In the first stage, we
regress Xt on the corresponding deterministic component using OLS. The
residuals X̃0, X̃1, . . . , X̃T from this regression are then used to carry out a
Dickey-Fuller test:

X̃t = φX̃t−1 + Zt, t = 1, . . . , T.

The distribution of the corresponding t-statistic under the null hypothesis
depends not only on the type of the structural break, but also on the relative
date of the break in the sample. Let this relative date be parameterized by
λ = TB/T . The asymptotic distribution of the t-statistic has been tabulated
by Perron (1989). This table can be used to determine the critical values
for the test. These critical values are smaller than those from the normal
Dickey-Fuller table. Using a five percent significance level, the critical values
range between −3.80 and −3.68 for model A, between −3.96 and −3.65 for
model B, and between −4.24 and −3.75 for model C, depending on the value
of λ. These values also show that the dependence on λ is only weak.

In the practical application of the test one has to control for the autocor-
relation in the data. This can be done by using the Augmented Dickey-Fuller
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(ADF) test. This amounts to the introduction of ∆X̃t−j, t = 1, 2, . . . , p− 1,
as additional regressors in the above Dickey-Fuller regression. Thereby the
order p can be determined by Akaike’s information criterion (AIC) or by
the iterative testing procedure of Ng and Perron (1995). Alternatively, one
may use, instead of the ADF test, the Phillips-Perron test. In this case one
computes the usual t-statistic for the null hypothesis φ = 1 and corrects it
using the formulas in Phillips and Perron (1988) as explained in Section 7.3.2.
Which of the two methods is used, is irrelevant for the determination of the
critical values which can be extracted from Perron (1989).

Although it may be legitimate in some cases to assume that the time
of the structural break is known, we cannot take this for granted. It is
therefore important to generalize the test allowing for an unknown date for
the occurrence of a structural break. The work of Zivot and Andrews (1992)
has shown that the procedure proposed by Perron can be easily expanded in
this direction. We keep the three alternative models presented in Table 7.3,
but change the null hypothesis to a random walk with drift with no exogenous
structural break. Under the null hypothesis, {Xt} is therefore assumed to be
generated by

Xt = α +Xt−1 + Zt, Zt ∼WN(0, σ2).

The time of the structural TB, respectively λ = TB/T , is estimated in such a
way that {Xt} comes as close as possible to a trend-stationary process. Under
the alternative hypothesis {Xt} is viewed as a trend-stationary process with
unknown break point. The goal of the estimation strategy is to chose TB,
respectively λ, in such a way that the trend-stationary alternative receives
the highest weight. Zivot and Andrews (1992) propose to estimate λ by
minimizing the value of the t-statistic tφ̂(λ) under the hypothesis φ = 1:

tφ̂(λ̂inf) = inf
λ∈Λ

tφ̂(λ) (7.2)

where Λ is a closed subinterval of (0, 1).15 The distribution of the test statis-
tic under the null hypothesis for the three cases is tabulated in Zivot and
Andrews (1992). This table then allows to determine the appropriate critical
values for the test. In practice, one has to take the autocorrelation of the
time series into account by one of the methods discussed previously.

This testing strategy can be adapted to determine the time of a struc-
tural break in the linear trend irrespective of whether the process is trend-

15Taking the infimum over Λ instead over (0, 1) is for theoretical reasons only. In prac-
tice, the choice of Λ plays no important role. For example, one may take Λ = [0.01, 0.99].
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stationary or integrated of order one. The distributions of the corresponding
test statistics have been tabulated by Vogelsang (1997).16

7.4.2 Testing for Stationarity (KPSS-Test)

The unit-root tests we discussed so far tested the null hypothesis that the
process is integrated of order one against the alternative hypothesis that
the process is integrated of order zero (i. e. is stationary). However, one
may be interested in reversing the null and the alternative hypothesis and
test the hypothesis of stationarity against the alternative that the process is
integrated of order one. Such a test has been proposed by Kwiatkowski et al.
(1992), called the KPSS-Test. This test rests on the idea that according
to the Beveridge-Nelson decomposition (see Section 7.1.4) each integrated
process of order one can be seen as the sum of a linear time trend, a random
walk and a stationary process:

Xt = α + δt+ d
t∑

j=1

Zj + Ut,

where {Ut} denotes a stationary process. If d = 0 then the process becomes
trend-stationary, otherwise it is integrated of order one.17 Thus one can state
the null and the alternative hypothesis as follows:

H0 : d = 0 against H1 : d 6= 0.

Denote by {St} the process of partial sums obtained from the residuals
{et} of a regression of Xt against a constant and a linear time trend, i.e.
St =

∑t
j=1 ej. Under the null hypothesis d = 0, {St} is integrated of order

one whereas under the alternative {St} is intergrated of order two. Based on
this consideration Kwiatkowski et al. propose the following test statistic for
a time series consisting of T observations:

KPSS test statistic: WT =

∑T
t=1 S

2
t

T 2ĴT
(7.3)

where ĴT is an estimate of the long-run variance of {Ut} (see Section 4.4).
As {St} is an integrated process under the null hypothesis, the variance of
{St} grows linearly in t (see Section 1.4.4 or 7.2) so that the sum of squared
St diverges at rate T 2. Therefore the test statistic is independent from fur-
ther nuisance parameters. Under the alternative hypothesis, however, {St}

16See also the survey by Perron (2006)
17If the data exhibit no trend, one can set δ equal to zero.
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Table 7.4: Critical Values of the KPSS-Test

regression without time trend

significance level: 0.1 0.05 0.01

critical value: 0.347 0.463 0.739

regression with time trend

significance level: 0.1 0.05 0.01

critical value: 0.119 0.146 0.216

See Kwiatkowski et al. (1992)

is integrated of order two. Thus, the null hypothesis will be rejected for
large values of WT . The corresponding asymptotic critical values of the test
statistic are reported in Table 7.4.

7.5 Regression with Integrated Variables

7.5.1 The Spurious Regression Problem

The discussion on the Dickey-Fuller and Phillips-Perron tests showed that in
a regression of the integrated variables Xt on its past Xt−1 the standard

√
T -

asymptotics no longer apply. A similar conclusion also holds if we regress an
integrated variable Xt against another integrated variable Yt. Suppose that
both processes {Xt} and {Yt} are generated as a random walk:

Xt = Xt−1 + Ut, Ut ∼ IID(0, σ2
U)

Yt = Yt−1 + Vt, Vt ∼ IID(0, σ2
V )

where the processes {Ut} and {Vt} are uncorrelated with each other at all
leads and lags. Thus,

E(UtVs) = 0, for all t, s ∈ Z.

Consider now the regression of Yt on Xt and a constant:

Yt = α + βXt + εt.

As {Xt} and {Yt} are two random walks which are uncorrelated with each
other by construction, one would expect that the OLS-estimate of the coeffi-
cient of Xt, β̂, should tend to zero as the sample size T goes to infinity. The
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same is expected for the coefficient of determination R2. This is, however,
not true as has already been remarked by Yule (1926) and, more recently,
by Granger and Newbold (1974). The above regression will have a tendency
to “discover” a relationship between Yt and Xt despite the fact that there is
none. This phenomenon is called spurious correlation or spurious regression.
Similarly, unreliable results would be obtained by using a simple t-test for the
null hypothesis β = 0 against the alternative hypothesis β 6= 0. The reason
for these treacherous findings is that the model is incorrect under the null
as well as under the alternative hypothesis. Under the null hypothesis {εt}
is an integrated process which violates the standard assumption for OLS.
The alternative hypothesis is not true by construction. Thus, OLS-estimates
should be interpreted with caution when a highly autocorrelated process {Yt}
is regressed on another highly correlated process {Xt}. A detailed analysis
of the spurious regression problem is provided by Phillips (1986).

The spurious regression problem can be illustrated by a simple Monte
Carlo study. Specifying Ut ∼ IIDN(0, 1) and Vt ∼ IIDN(0, 1), we constructed
N = 1000 samples for {Yt} and {Xt} of size T = 1000 according to the spec-
ification above. The sample size was chosen especially large to demonstrate
that this is not a small sample issue. As a contrast, we constructed two
independent AR(1) processes with AR-coefficients φX = 0.8 and φY = −0.5.

Figures 7.5(a) and 7.5(b) show the drastic difference between a regression
with stationary variables and integrated variables. Whereas the distribution
of the OLS-estimates of β is highly concentrated around the true value β = 0
in the stationary case, the distribution is very flat in the case of integrated
variables. A similar conclusion holds for the corresponding t-value. The
probability of obtaining a t-value greater than 1.96 is bigger than 0.9. This
means that in more than 90 percent of the time the t-statistic leads to a
rejection of the null hypothesis and therefore suggests a relationship between
Yt and Xt despite their independence. In the stationary case, this probability
turns out to be smaller than 0.05. These results are also reflected in the
coefficient of determination R2. The median R2 is approximately 0.17 in the
case of the random walks, but only 0.0002 in the case of AR(1) processes.

The problem remains the same if {Xt} and {Yt} are specified as random
walks with drift:

Xt = δX +Xt−1 + Ut, Ut ∼ IID(0, σ2
U)

Yt = δY + Yt−1 + Vt, Vt ∼ IID(0, σ2
V )

where {Ut} and {Vt} are again independent from each other at all leads and
lags. The regression would be same as above:

Yt = α + βXt + εt.
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Figure 7.5: Distribution of OLS-estimate β̂ and t-statistic tβ̂ for two inde-
pendent random walks and two independent AR(1) processes
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7.5.2 Cointegration

The spurious regression problem cannot be circumvented by first testing for
a unit root in Yt and Xt and then running the regression in first differences
in case of no rejection of the null hypothesis. The reason being that a re-
gression in the levels of Yt and Xt may be sensible even when both variables
are integrated. This is the case when both variables are cointegrated. The
concept of cointegration goes back to Engle and Granger (1987) and initiated
a literal boom in research. We will give a more general definition in Chap-
ter 16 when we deal with multivariate time series. Here we stick to the case
of two variables and present the following definition.

Definition 7.2 (Cointegration, bivariate). Two stochastic processes {Xt}
and {Yt} are called cointegrated if the following two conditions are fulfilled:

(i) {Xt} and {Yt} are both integrated processes of order one, i.e. Xt ∼ I(1)
and Yt ∼ I(1);

(ii) there exists a constant β 6= 0 such that {Yt − βXt} is a stationary
process, i.e. {Yt − βXt} ∼ I(0).

The issue whether two integrated processes are cointegrated can be de-
cided on the basis of a unit root test. Two cases can be distinguished. In
the first one, β is assumed to be known. Thus, one can immediately apply
the augmented Dickey-Fuller (ADF) or the Phillips-Perron (PP) test to the
process {Yt − βXt}. Thereby the same issue regarding the specification of
the deterministic part arises. The critical values can be retrieved from the
usual tables (for example from MacKinnon, 1991). In the second case, β is
not known and must be estimated from the data. This can be done running,
as a first step, a simple (cointegrating) regression of Yt on Xt including a con-
stant and/or a time trend.18 Thereby the specification of the deterministic
part follows the same rules as before. The unit root test is then applied, in
the second step, to the residuals from this regression. As the residuals have
been obtained from a preceding regression, we are faced with the so-called
“generated regressor problem”.19 This implies that the usual Dickey-Fuller
tables can no longer be used, instead the tables provided by Phillips and
Ouliaris (1990) become the relevant ones. As before, the relevant asymptotic
distribution depends on the specification of the deterministic part in the
cointegrating regression. If this regression included a constant, the residuals

18Thereby, in contrast to ordinary OLS regressions, it is irrelevant which variable is
treated as the left hand, respectively right hand variable.

19This problem was first analyzed by Nicholls and Pagan (1984) and Pagan (1984) in a
stationary context.
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have necessary a mean of zero so that the Dickey-Fuller regression should
include no constant (case 1 in Table 7.1):

et = φet−1 + ξt

where et and ξt denote the residuals from the cointegrating and the residuals
of the Dickey-Fuller regression, respectively. In most applications it is neces-
sary to correct for autocorrelation which can be done by including additional
lagged differences ∆ε̂t−1, . . . ,∆ε̂t−p+1 as in the ADF-test or by adjusting the
t-statistic as in the PP-test. The test where β is estimated from a regression
is called the regression test for cointegration.

An example for bivariate cointegration

As an example, we consider the relation between the short-term interest rate,
{R3Mt}, and inflation, {INFLt}, in Switzerland over the period January
1989 to February 2012. As the short-term interest rate we take the three
month LIBOR. Both time series are plotted in Figure 7.6(a). As they are
integrated according to the unit root tests (not shown here), we can look for
cointegration. The cointegrating regression delivers:

INFLt = −0.0088 + 0.5535 R3Mt + et, R2 = 0.7798. (7.4)

The residuals from this regression, denoted by et, are represented in Fig-
ure 7.6(b). The ADF unit root test of these residuals leads to a value of
−3.617 for the t-statistic. Thereby an autoregressive correction of 13 lags
was necessary according to the AIC criterion. The corresponding value of
the t-statistic resulting from the PP unit root test using a Bartlett window
with band width 7 is −4.294. Taking a significance level of five percent, the
critical value according to Phillips and Ouliaris (1990, Table IIb) is −3.365.20

Thus, the ADF as well as the PP test reject the null hypothesis of a unit
root in the residuals. This implies that inflation and the short-term interest
rate are cointegrated.

7.5.3 Some rules to deal with integrated times series
in regressions

The previous sections demonstrated that the handling of integrated variables
has to be done with care. We will therefore in this section examine some rules

20For comparison, the corresponding critical value according to MacKinnon (1991) is
−2.872.
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Figure 7.6: Cointegration of inflation and three-month LIBOR
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of thumb which should serve as a guideline in practical empirical work. These
rules are summarized in Table 7.5. In that this section follows very closely the
paper by Stock and Watson (1988a) (see also Campbell and Perron, 1991).21

Consider the linear regression model:

Yt = β0 + β1X1,t + . . .+ βKXK,t + εt. (7.5)

This model is usually based on two assumptions:

(1) The disturbance term εt is white noise and is uncorrelated with any re-
gressor. This is, for example, the case if the regressors are deterministic
or exogenous.

(2) All regressors are either deterministic or stationary processes.

If equation (7.5) represents the true data generating process, {Yt} must be
a stationary process. Under the above assumptions, the OLS-estimator is
consistent and the OLS-estimates are asymptotically normally distributed so
that the corresponding t- and F-statistics will be approximately distributed
as t- and F- distributions.

Consider now the case that assumption 2 is violated and that some or all
regressors are integrated, but that instead one of the two following assump-
tions holds:

(2.a) The relevant coefficients are coefficients of mean-zero stationary vari-
ables.

(2.b) Although the relevant coefficients are those of integrated variables, the
regression can be rearranged in such a way that the relevant coefficients
become coefficients of mean-zero stationary variables.

Under assumptions 1 and 2.a or 2.b the OLS-estimator remains consistent.
Also the corresponding t- and F-statistics remain valid so that the appropri-
ate critical values can be retrieved from the t-, respectively F-distribution.
If neither assumption 2.a nor 2.b holds, but the following assumption:

(2.c) The relevant coefficients are coefficients of integrated variables and the
regression cannot be rewritten in a way that they become coefficients
of stationary variables.

If assumption 1 remains valid, but assumption 2.c holds instead of 2.a and
2.b, the OLS-estimator is still consistent. However, the standard asymptotic

21For a thorough analysis the interested reader is referred to Sims et al. (1990).



176 CHAPTER 7. INTEGRATED PROCESSES

Table 7.5: Rules of thumb in regressions with integrated processes (summary)

OLS-estimator

assumptions consistency
standard
asymptotics

remarks

(1) (2) yes yes classic results for OLS
(1) (2.a) yes yes
(1) (2.b) yes yes
(1) (2.c) yes no
(1.a) (2.a) no no omitted variable bias
(1.a) (2.b) no no omitted variable bias
(1.a) (2.c) yes no
neither (1) nor (1.a) (2.c) no no spurious regression

Source: Stock and Watson (1988a); results for the coefficients of interest

theory for the t- and the F-statistic fails so that they become useless for
normal statistical inferences.

If we simply regress one variable on another in levels, the error term εt
is likely not to follow a white noise process. In addition, it may even be
correlated with some regressors. Suppose that we replace assumption 1 by:

(1.a) The integrated dependent variable is cointegrated with at least one
integrated regressor such that the error term is stationary, but may
remain autocorrelated or correlated with the regressors.

Under assumptions 1.a and 2.a, respectively 2.b, the regressors are station-
ary, but correlated with the disturbance term, in this case the OLS-estimator
becomes inconsistent. This situation is known as the classic omitted vari-
able bias, simultaneous equation bias or errors-in-variable bias. However,
under assumptions 1.a and 2.c, the OLS-estimator is consistent for the coef-
ficients of interest. However, the standard asymptotic theory fails. Finally, if
both the dependent variable and the regressors are integrated without being
cointegrated, then the disturbance term is integrated and the OLS-estimator
becomes inconsistent. This is the spurious regression problem treated in
Section 7.5.1.

Example: term structure of interest

We illustrate the above rules of thumb by investigating again the relation
between inflation ({INFLt}) and the short-term interest rate ({R3Mt}). In
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Section 7.5.2 we found that the two variables are cointegrated with coefficient
β̂ = 0.5535 (see equation (7.4)). In a further step we want to investigate
a dynamic relation between the two variables and estimate the following
equation:

R3Mt = c+φ1R3Mt−1 +φ2R3Mt−2 +φ3R3Mt−3 +δ1INFLt−1 +δ2INFLt−2 +εt

where εt ∼ WN(0, σ2). In this regression we want to test the hypotheses φ3 =
0 against φ3 6= 0 and δ1 = 0 against δ1 6= 0 by examining the corresponding
simple t-statistics. Note that we are in the context of integrated variables
so that the rules of thumb summarized in table 7.5 apply. We can rearrange
the above equation as

∆R3Mt = c

+ (φ1 + φ2 + φ3 − 1)R3Mt−1 − (φ2 + φ3)∆R3Mt−1 − φ3∆R3Mt−2

+ δ1INFLt−1 + δ2INFLt−2 + εt.

φ3 is now a coefficient of a stationary variable in a regression with a stationary
dependent variables. In addition εt ∼ WN(0, σ2) so that assumptions (1)
und (2.b) are satisfied. We can therefore use the ordinary t-statistic to test
the hypothesis φ3 = 0 against φ3 6= 0. Note that it is not necessary to
actually carry out the rearrangement of the equation. All relevant item can
be retrieved from the original equation.

To test the hypothesis δ1 = 0, we rearrange the equation to yield:

∆R3Mt = c

+ (φ1 + δ1β̂ − 1)R3Mt−1 + φ2R3Mt−2 + φ3R3Mt−3

+ δ1(INFLt−1 − β̂R3Mt−1) + δ2INFLt−2 + εt.

As {R3Mt} and {INFLt} are cointegrated, INFLt−1− β̂R3Mt−1 is stationary.
Thus assumptions (1) and (2.b) hold again and we use once more the simple
t-test. As before it is not necessary to actually carry out the transformation.
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Chapter 8

Models of Volatility

The prices of financial market securities are often shaken by large and time-
varying shocks. The amplitudes of these price movements are not constant.
There are periods of high volatility and periods of low volatility. Within these
periods volatility seems to be positively autocorrelated: high amplitudes are
likely to be followed by high amplitudes and low amplitudes by low ampli-
tudes. This observation which is particularly relevant for high frequency data
such as, for example, daily stock market returns implies that the conditional
variance of the one-period forecast error is no longer constant (homoskedas-
tic), but time-varying (heteroskedastic). This insight motivated Engle (1982)
and Bollerslev (1986) to model the time-varying variance thereby triggering a
huge and still growing literature.1 The importance of volatility models stems
from the fact that the price of an option crucially depends on the variance
of the underlying security price. Thus with the surge of derivative markets
in the last decades the application of such models has seen a tremendous
rise. Another use of volatility models is to assess the risk of an investment.
In the computation of the so-called value at risk (VaR), these models have
become an indispensable tool. In the banking industry, due to the regula-
tions of the Basel accords, such assessments are in particular relevant for the
computation of the required equity capital backing-up assets of different risk
categories.

The following exposition focuses on the class of autoregressive conditional
heteroskedasticity models (ARCH models) and their generalization the gen-
eralized autoregressive conditional heteroskedasticity models (GARCH mod-
els). These models form the basis for even more generalized models (see
Bollerslev et al. (1994) or Gouriéroux (1997)). Campbell et al. (1997) pro-

1Robert F. Engle III was awarded the Nobel prize in 2003 for his work on time-varying
volatility. His Nobel lecture (Engle, 2004) is a nice and readable introduction to this
literature.
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vide a broader economically motivated approach to the econometric analysis
of financial market data.

8.1 Specification and Interpretation

8.1.1 Summary of the Forecasting Properties of the
AR(1)-Model

Models of volatility play an important role in explaining the behavior of
financial market data. They start from the observation that periods of high
(low) volatility are clustered in specific time intervals. In these intervals high
(low) volatility periods are typically followed by high (low) volatility periods.
Thus volatility is usually positively autocorrelated as can be observed in
Figure 8.3. In order to understand this phenomenon we recapitulate the
forecasting properties of the AR(1) model.2 Starting from the model

Xt = c+ φXt−1 + Zt, Zt ∼ IID(0, σ2) and |φ| < 1,

the best linear forecast in the mean-squared-error sense of Xt+1 conditional
on {Xt, Xt−1, . . .}, denoted by PtXt+1, is given by (see Chapter 3)

PtXt+1 = c+ φXt.

In practice the parameters c and φ are replaced by an estimate.
The conditional variance of the forecast error then becomes:

Et (Xt+1 − PtXt+1)2 = EtZ2
t+1 = σ2,

where Et denotes the conditional expectation operator based on informa-
tion Xt, Xt−1, . . .. The conditional variance of the forecast error is therefore
constant, irrespective of the current state.

The unconditional forecast is simply the expected value of EXt+1 = µ =
c

1−φ with forecast error variance:

E
(
Xt+1 −

c

1− φ

)2

= E
(
Zt+1 + φZt + φ2Zt−1 + . . .

)2
=

σ2

1− φ2
> σ2.

Thus the conditional as well as the unconditional variance of the forecast
error are constant. In addition, the conditional variance is smaller and thus
more precise because it uses more information. Similar arguments can be
made for ARMA models in general.

2Instead of assuming Zt ∼WN(0, σ2), we make for convenience the stronger assumption
that Zt ∼ IID(0, σ2).
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8.1.2 The ARCH(1) model

The volatility of financial market prices exhibit a systematic behavior so that
the conditional forecast error variance is no longer constant. This observation
led Engle (1982) to consider the following simple model for heteroskedasticity
(non-constant variance).

Definition 8.1 (ARCH(1) model). A stochastic process {Zt}, t ∈ Z, is called
an autoregressive conditional heteroskedastic process of order one, ARCH(1)
process, if it is the solution of the following stochastic difference equation:

Zt = νt

√
α0 + α1Z2

t−1 with α0 > 0 and 0 < α1 < 1, (8.1)

where νt ∼ IID N(0, 1) and where νt and Zt−1 are independent from each
other for all t ∈ Z.

We will discuss the implications of this simple model below and consider
generalizations in the next sections. First we prove the following theorem.

Theorem 8.1. Under conditions stated in the definition of the ARCH(1)
process, the difference equation (8.1) possesses a unique and strictly station-
ary solution with EZ2

t <∞. This solution is given by

Zt = νt

√√√√α0

(
1 +

∞∑
j=1

αj1ν
2
t−1ν

2
t−2 . . . ν

2
t−j

)
. (8.2)

Proof. Define the process

Yt = Z2
t = ν2

t (α0 + α1Yt−1) (8.3)

Iterating backwards k times we get:

Yt = α0ν
2
t + α1ν

2
t Yt−1 = α0ν

2
t + α1ν

2
t ν

2
t−1(α0 + α1Yt−2)

= α0ν
2
t + α0α1ν

2
t ν

2
t−1 + α2

1ν
2
t ν

2
t−1Yt−2

. . .

= α0ν
2
t + α0α1ν

2
t ν

2
t−1 + . . .+ α0α

k
1ν

2
t ν

2
t−1 . . . ν

2
t−k

+ αk+1
1 ν2

t ν
2
t−1 . . . ν

2
t−kYt−k−1.

Define the process {Y ′t } as

Y ′t = α0ν
2
t + α0

∞∑
j=1

αj1ν
2
t ν

2
t−1 . . . ν

2
t−j.
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The right-hand side of the above expression just contains nonnegative terms.
Moreover, making use of the IID N(0, 1) assumption of {νt},

EY ′t = E(α0ν
2
t ) + α0E

(
∞∑
j=1

αj1ν
2
t ν

2
t−1 . . . ν

2
t−j

)

= α0

∞∑
j=0

αj1 =
α0

1− α1

.

Thus, 0 ≤ Y ′t < ∞ a.s. Therefore, {Y ′t } is strictly stationary and satisfies
the difference equation (8.3). This implies that Zt =

√
Y ′t is also strictly

stationary and satisfies the difference equation (8.1).
To prove uniqueness, we follow Giraitis et al. (2000). For any fixed t, it

follows from the definitions of Yt and Y ′t that for any k ≥ 1

|Yt − Y ′t | ≤ αk+1
1 ν2

t ν
2
t−1 . . . ν

2
t−k|Yt−k−1|+ α0

∞∑
j=k+1

αj1ν
2
t ν

2
t−1 . . . ν

2
t−j.

The expectation of the right-hand side is bounded by(
E|Y1|+

α0

1− α1

)
αk+1

1 .

Define the event Ak by Ak = {|Yt − Y ′t | > 1/k}. Then,

P(Ak) ≤ kE|Yt − Y ′t | ≤ k

(
E|Y1|+

α0

1− α1

)
αk+1

1

where the first inequality follows from Chebyschev’s inequality setting r = 1
(see Theorem C.3). Thus,

∑∞
k=1 P(Ak) <∞. The Borel-Cantelli lemma (see

Theorem C.4) then implies that P{Ak i.o.} = 0. However, as Ak ⊂ Ak+1,
P(Ak) = 0 for any k. Thus, Yt = Y ′t a.s.

Remark 8.1. Note that the normality assumption is not necessary for the
proof. The assumption νt ∼ IID(0, 1) would be sufficient. Indeed, in prac-
tice it has been proven useful to adopt distributions with fatter tail than the
normal, like the t-distribution (see the discussion in Section 8.1.3).

Given the assumptions made above {Zt} has the following properties:

(i) The expected value of Zt is:

EZt = EνtE
√
α0 + α1Z2

t−1 = 0.

This follows from the assumption that νt and Zt−1 are independent.
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(ii) The covariances between Zt and Zt−h, EZtZt−h, for h 6= 0 are given by:

EZtZt−h = E
(
νt

√
α0 + α1Z2

t−1 νt−h

√
α0 + α1Z2

t−h−1

)
= Eνtνt−h E

√
α0 + α1Z2

t−1

√
α0 + α1Z2

t−h−1 = 0.

This is also a consequence of the independence assumption between νt
and Zt−1, respectively between νt−h and Zt−h−1.

(iii) The variance of Zt is:

VZt = EZ2
t = Eν2

t

(
α0 + α1Z

2
t−1

)
= Eν2

t E
(
α0 + α1Z

2
t−1

)
=

α0

1− α1

<∞.

This follows from the independence assumption between νt and Zt−1

and from the stationarity of {Zt}. Because α0 > 0 and 0 < α1 < 1, the
variance is always strictly positive and finite.

(iv) As νt is normally distributed, its skewness, Eν3
t , equals zero. The

independence assumption between νt and Z2
t−1 then implies that the

skewness of Zt is also zero, i.e.

EZ3
t = 0.

Zt therefore has a symmetric distribution.

The properties (i), (ii) and (iii) show that {Zt} is a white noise process. Ac-
cording to Theorem 8.1 it is not only stationary but even strictly stationary.
Thus {Zt} is uncorrelated with Zt−1, Zt−2, . . ., but not independent from its
past! In particular we have:

E (Zt|Zt−1, Zt−2, . . .) = Etνt
√
α0 + α1Z2

t−1 = 0

V(Zt|Zt−1, Zt−2, . . .) = E
(
Z2
t |Zt−1, Zt−2, . . .

)
= Etν2

t

(
α0 + α1Z

2
t−1

)
= α0 + α1Z

2
t−1.

The conditional variance of Zt therefore depends on Zt−1. Note that this
dependence is positive because α1 > 0.

In order to guarantee that this conditional variance is always positive,
we must postulate that α0 > 0 and α1 > 0. The stability of the difference
equation requires in addition that α1 < 1.3 Thus high volatility in the

3The case α1 = 1 is treated in Section 8.1.4.
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past, a large realization of Zt−1, is followed by high volatility in the future.
The precision of the forecast, measured by the conditional variance of the
forecast error, thus depends on the history of the process. This feature is not
compatible with linear models and thus underlines the non-linear character
of the ARCH model and its generalizations.

Despite the fact that νt was assumed to be normally distributed, Zt is not
normally distributed. Its distribution deviates from the normal distribution
in that extreme realizations are more probable. This property is called the
heavy-tail property. In particular we have:4

EZ4
t = Eν4

t

(
α0 + α1Z

2
t−1

)2
= Eν4

t

(
α2

0 + 2α0α1Z
2
t−1 + α2

1Z
4
t−1

)
= 3α2

0 +
6α2

0α1

1− α1

+ 3α2
1EZ4

t−1.

The strict stationarity of {Zt} implies EZ4
t = EZ4

t−1 so that

(1− 3α2
1)EZ4

t =
3α2

0(1 + α1)

1− α1

=⇒

EZ4
t =

1

1− 3α2
1

× 3α2
0(1 + α1)

1− α1

.

EZ4
t is therefore positive and finite if and only if 3α2

1 < 1, respectively if
0 < α1 < 1/

√
3 = 0.5774. For high correlation of the conditional variance,

i.e. high α1 > 1/
√

3, the fourth moment and therefore also all higher even
moments will no longer exist. The kurtosis κ is

κ =
EZ4

t

[EZ2
t ]2

= 3× 1− α2
1

1− 3α2
1

> 3,

if EZ4
t exists. The heavy-tail property manifests itself by a kurtosis greater

than 3 which is the kurtosis of the normal distribution. The distribution of Zt
is therefore leptokurtic and thus more vaulted than the normal distribution.

Finally, we want to examine the autocorrelation function of Z2
t . This will

lead to a test for ARCH effects, i.e. for time varying volatility (see Section 8.2
below).

Theorem 8.2. Assuming that EZ4
t exists, Yt =

Z2
t

α0
has the same autocorrela-

tion function as the AR(1) process Wt = α1Wt−1+Ut with Ut ∼WN(0, 1). In
addition, under the assumption 0 < α1 < 1, the process {Wt} is also causal
with respect to {Ut}.

4As νt ∼ N(0, 1) its even moments, m2k = Eν2k
t , k = 1, 2, . . ., are given by m2k =∏k

j=1(2j−1). Thus we get m4 = 3, m6 = 15, etc. As the normal distribution is symmetric,
all odd moments are equal to zero.
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Proof. From Yt = ν2
t (1 + α1Yt−1) we get:

γY (h) = EYtYt−h − EYtEYt−h = EYtYt−h −
1

(1− α1)2

= Eν2
t (1 + α1Yt−1)Yt−h −

1

(1− α1)2

= EYt−h + α1EYt−1Yt−h −
1

(1− α1)2

=
1

1− α1

+ α1

(
γY (h− 1) +

1

(1− α1)2

)
− 1

(1− α1)2

= α1γY (h− 1) +
1− α1 + α1 − 1

(1− α1)2
= α1γY (h− 1).

Therefore, γY (h) = αh1γY (0)⇒ ρ(h) = αh1 .

The unconditional variance of Xt is:

VXt = V

(
c

1− φ
+
∞∑
j=0

φjZt−j

)
=

1

1− φ2
VZt =

α0

1− α1

× 1

1− φ2
.

The unconditional variance of Xt involves all parameters of the model. Thus
modeling the variance of Xt induces a trade-off between φ, α0 and α1.

Figure 8.1 plots the realizations of two AR(1)-ARCH(1) processes.Both
processes have been generated with the same realization of {νt} and the same
parameters φ = 0.9 and α0 = 1. Whereas the first process (shown on the
left panel of the figure) was generated with a value of α1 = 0.9 , the second
one had a value of α1 = 0.5. In both cases the stability condition, α1 < 1, is
fulfilled, but for the first process 3α2

1 > 1, so that the fourth moment does
not exist. One can clearly discern the large fluctuations, in particular for the
first process.

8.1.3 General Models of Volatility

The simple ARCH(1) model can be and has been generalized in several di-
rections. A straightforward generalization proposed by Engle (1982) consists
by allowing further lags to enter the ARCH equation (8.1). This leads to the
ARCH(p) model:

ARCH(p) : Zt = νtσt with σ2
t = α0 +

p∑
j=1

αjZ
2
t−j (8.4)
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Figure 8.1: Simulation of two ARCH(1) processes (α1 = 0.9 and α1 = 0.5)
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where α0 ≥ 0, αj ≥ 0 and νt ∼ IID N(0, 1) with νt independent from Zt−j,
j ≥ 1. A further popular generalization was proposed by Bollerslev (1986):

GARCH(p, q) : Zt = νtσt with σ2
t = α0 +

p∑
j=1

αjZ
2
t−j +

q∑
j=1

βjσ
2
t−j

(8.5)

where we assume α0 ≥ 0, αj ≥ 0, βj ≥ 0 and νt ∼ IID N(0, 1) with νt inde-
pendent from Zt−j, j ≥ 1, as before. This model is analogous the ordinary
ARMA model and allows for a parsimonious specification of the volatility
process. All coefficients should be positive to guarantee that the variance is
always positive. In addition it can be shown (see for example Fan and Yao
(2003, 150) and the literature cited therein) that {Zt} is (strictly) station-
ary with finite variance if and only if

∑p
j=1 αj +

∑q
j=1 βj < 1.5 Under this

condition {Zt} ∼WN(0, σ2
Z) with

σ2
Z = V(Zt) =

α0

1−
∑p

j=1 αj −
∑q

j=1 βj
.

As νt is still normally distributed the uneven moments of the distribution
of Zt are zero and the distribution is thus symmetric. The fourth moment of
Zt, EZ4

t , exists if

√
3

∑p
j=1 αj

1−
∑q

j=1 βj
< 1.

This condition is sufficient, but not necessary.6 Furthermore, {Zt} is a white
noise process with heavy-tail property if {Zt} is strictly stationary with finite
fourth moment.

In addition, {Z2
t } is a causal and invertible ARMA(max {p, q}, q) process

satisfying the following difference equation:

Z2
t = α0 +

p∑
j=1

αjZ
2
t−j +

q∑
j=1

βjσ
2
t−j + et

= α0 +

max{p,q}∑
j=1

(αj + βj)Z
2
t−j + et −

q∑
j=1

βjet−j,

5A detailed exposition of the GARCH(1,1) model is given in Section 8.1.4.
6Zadrozny (2005) derives a necessary and sufficient condition for the existence of the

fourth moment.
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where αp+j = βq+j = 0 for j ≥ 1 and “error term”

et = Z2
t − σ2

t = (ν2
t − 1)

(
α0 +

p∑
j=1

αjZ
2
t−j +

q∑
j=1

βjσ
2
t−j

)
.

Note, however, there is a circularity here because the noise process {et} is
defined in terms of Z2

t and is therefore not an exogenous process driving Z2
t .

Thus, one has to be precautious in the interpretation of {Z2
t } as an ARMA

process.
Further generalizations of the GARCH(p,q) model can be obtained by

allowing deviations from the normal distribution for νt. In particular, distri-
butions such as the t-distribution which put more weight on extreme values
have become popular. This seems warranted as prices on financial markets
exhibit large and sudden fluctuations.7

Threshold GARCH Model

Assuming a symmetric distribution for νt and specifying a linear relationship
between σ2

t and Z2
t−j bzw. σ2

t−j, j > 0, leads to a symmetric distribution for
Zt. It has, however, been observed that downward movements seem to be
different from upward movements. This asymmetric behavior is accounted
for by the asymmetric GARCH(1,1) model or threshold GARCH(1,1) model
(TGARCH(1,1) model). This model was proposed by Glosten et al. (1993)
and Zaköıan (1994):

asymmetric GARCH(1, 1) : Zt = νtσt with

σ2
t = α0 + α1Z

2
t−1 + βσ2

t−1

+ γ1{Zt−1<0}Z
2
t−1.

1{Zt−1<0} denotes the indicator function which takes on the value one if Zt−1

is negative and the value zero otherwise. Assuming, as before, that all pa-
rameters α0, α1, β and γ are greater than zero, this specification postu-
lates a leverage effect because negative realizations have a greater impact
than positive ones. In order to obtain a stationary process the condition
α1 + β + γ/2 < 1 must hold. This model can be generalized in an obvious
way by allowing additional lags Z2

t−j and σ2
t−j, j > 1 to enter the above

specification.

7A thorough treatment of the probabilistic properties of GARCH processes can be found
in Nelson (1990), Bougerol and Picard (1992), Giraitis et al. (2000), and Klüppelberg et al.
(2004, theorem 2.1).
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The Exponential GARCH model

Another interesting and popular class of volatility models was introduced
by Nelson (1991). The so-called exponential GARCH models or EGARCH
models are defined as follows:

log σ2
t = α0 + β log σ2

t−1 + γ

∣∣∣∣Zt−1

σt−1

∣∣∣∣+ δ
Zt−1

σt−1

= α0 + β log σ2
t−1 + γ|νt−1|+ δνt−1.

Note that, in contrast to the previous specifications, the dependent vari-
able is the logarithm of σ2

t and not σ2
t itself. This has the advantage that

the variance is always positive irrespective of the values of the coefficients.
Furthermore, the leverage effect is exponential rather than quadratic be-
cause Zt = νt exp(σt/2). The EGARCH model is also less recursive than
the GARCH model as the volatility is specified directly in terms of the noise
process {νt}. Thus, the above EGARCH model can be treated as an AR(1)
model of log σ2

t with noise process γ|νt−1|+δνt−1. It is obvious that the model
can be generalized to allow for additional lags both in σ2

t and νt. This results
in an ARMA process for {log σ2

t } for which the usual conditions for the exis-
tence of a causal and invertible solution can be applied (see Section 2.3). A
detailed analysis and further properties of this model class can be found in
Bollerslev et al. (1994), Gouriéroux (1997) and Fan and Yao (2003, 143-180).

The ARCH-in-Mean Model

The ARCH-in-mean model or ARCH-M model was introduced by Engle et al.
(1987) to allow for a feedback of volatility into the mean equation. More
specifically, assume for the sake of simplicity that the variance equation is
just represented the ARCH(1) model

Zt = νtσt with σ2
t = α0 + α1Z

2
t−1.

Then, the ARCH-M model is given

Xt = Mtβ + g(σ2
t ) + Zt (8.6)

where g is a function of the volatility σ2
t and where M ′

t consists of a vector
of regressors, including lagged values of Xt. If Mt = (1, Xt−1) then we get
the AR(1)-ARCH-M model. The most commonly used specification for g is
a linear function: g(σ2

t ) = δ0 + δ1σ
2
t . In the asset pricing literature, higher

volatility would require a higher return to compensate the investor for the
additional risk. Thus, if Xt denotes the return on some asset, we expect δ1
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to be positive. Note that any time variation in σ2
t translates into a serial

correlation of {Xt} (see Hong, 1991, for details). Of course, one could eas-
ily generalize the model to allow for more sophisticated mean and variance
equations.

8.1.4 The GARCH(1,1) Model

The Generalized Autoregressive Conditional Heteroskedasticity model of or-
der (1,1), GARCH(1,1) model for short, is considered as a benchmark for
more general specifications and often serves as a starting point for further
empirical investigations. We therefore want to explore its properties in more
detail. Many of its properties generalize in a straightforward way to the
GARCH(p,q) process. According to equation (8.5) the GARCH(1,1) model
is defined as:

GARCH(1, 1) : Zt = νtσt with σ2
t = α0 + α1Z

2
t−1 + βσ2

t−1 (8.7)

where α0, α1, and β ≥ 0. We assume α1 + β > 0 to avoid the degenerate
case α1 = β = 0 which implies that {Zt} is just a sequence of IID random
variables. Moreover, νt ∼ IID(0, 1) with νt being independent of Zt−j, j ≥ 1.
Note that we do not make further distributional assumption. In particular,
νt need not required to be normally distributed. For this model, we can
formulate a similar theorem as for the ARCH(1) model (see Theorem: 8.1):

Theorem 8.3. Let {Zt} be a GARCH(1,1) process as defined above. Under
the assumption

E log(α1ν
2
t + β) < 0,

the difference equation (8.7) possess strictly stationary solution:

Zt = νt

√√√√α0

∞∑
j=0

j∏
i=1

(α1ν2
t−i + β)

where
∏j

i = 1 whenever i > j. The solution is also unique given the sequence
{νt}. The solution is unique and (weakly) stationary with variance EZ2

t =
α0

1−α1−β <∞ if α1 + β < 1.

Proof. The proof proceeds similarly to Theorem 8.1. For this purpose, we
define Yt = σ2

t and rewrite the GARCH(1,1) model as

Yt = α0 + α1ν
2
t−1Yt−1 + βYt−1 = α0 + (α1ν

2
t−1 + β)Yt−1.
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This defines an AR(1) process with time-varying coefficients ξt = α1ν
2
t +β ≥

0. Iterate this equation backwards k times to obtain:

Yt = α0 + α0ξt−1 + . . .+ α0ξt−1 . . . ξt−k + ξt−1 . . . ξt−kξt−k−1Yt−k−1

= α0

k∑
j=0

j∏
i=1

ξt−i +
k+1∏
i=1

ξt−iYt−k−1.

Taking the limit k →∞, we define the process {Y ′t }

Y ′t = α0

∞∑
j=0

j∏
i=1

ξt−i. (8.8)

The right-hand side of this expression converges almost surely as can be seen
from the following argument. Given that νt ∼ IID and given the assumption
E log(α1ν

2
t + β) < 0, the strong law of large numbers (Theorem C.5) implies

that

lim sup
j→∞

1

j

(
j∑
i=1

log(ξt−i)

)
< 0 a.s.,

or equivalently,

lim sup
j→∞

log

(
j∏
i=1

ξt−i

)1/j

< 0 a.s.

Thus,

lim sup
j→∞

(
j∏
i=1

ξt−i

)1/j

< 1 a.s.

The application of the root test then shows that the infinite series (8.8)
converges almost surely. Thus, {Y ′t } is well-defined. It is easy to see that
{Y ′t } is strictly stationary and satisfies the difference equation. Moreover, if
α1 + β < 1, we get

EY ′t = α0

∞∑
j=0

E
j∏
i=1

ξt−i = α0

∞∑
j=0

(α1 + β)j =
α0

1− α1 − β
.

Thus, EZ2
t = α0

1−α1−β <∞.
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To show uniqueness, we assume that there exists another strictly station-
ary process {Yt} which also satisfies the difference equation. This implies
that

|Yt − Y ′t | = |ξt−1| |Yt−1 − Y ′t−1| =

(
k∏
i=1

ξt−i

)
|Yt−k − Y ′t−k|

≤

(
k∏
i=1

ξt−i

)
|Yt−k|+

(
k∏
i=1

ξt−i

)
|Y ′t−k|

The assumption E log ξt = E log(α1ν
2
t + β) < 0 together with the strong law

of large numbers (Theorem C.5) imply

k∏
i=1

ξt−i =

(
exp

(
1

k

k∑
i=1

log ξt−i

))k

−→ 0 a.s.

As both solutions are strictly stationary so that the distribution of |Yt−k|
and |Y ′t−k| do not depend on t, this implies that both

(∏k
i=1 ξt−i

)
|Yt−k| and(∏k

i=1 ξt−i

)
|Y ′t−k| converge in probability to zero. Thus, Yt = Y ′t a.s. once

the sequence ξt, respectively νt, is given. Because Zt = νt
√
Y ′t this completes

the proof.

Remark 8.2. Using Jensen’s inequality, we see that

E log(α1ν
2
t + β) ≤ logE(α1ν

2
t + β) = log(α1 + β).

Thus, the condition α1 + β < 1 is sufficient, but not necessary, to ensure
the existence of a strictly stationary solution. Thus even when α1 + β = 1,
a strictly stationary solution exists, albeit one with infinite variance. This
case is known as the IGARCH model and is discussed below. In the case
α1 +β < 1, the Borel-Cantelli lemma can be used as Theorem 8.1 to establish
the uniqueness of the solution. Further details can be found in the references
listed in footnote 7.

Assume that α1 + β < 1, then a unique strictly stationary process {Zt}
with finite variance which satisfies the above difference equation exists. In
particular Zt ∼WN(0, σ2

Z) such that

V(Zt) =
α0

1− α1 − β
.

The assumption 1−α1−β > 0 guarantees that the variance exists. The third
moment of Zt is zero due to the assumption of a symmetric distribution for
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Figure 8.2: Parameter region for which a strictly stationary solution to the
GARCH(1,1) process exists assuming νt ∼ IID N(0, 1)

νt. The condition for the existence of the fourth moment is:
√

3 α1

1−β < 1.8

The kurtosis is then

κ =
EZ4

t

[EZ2
t ]2

= 3× 1− (α1 + β)2

1− (α1 + β)2 − 2α2
1

> 3

if EZ4
t exists.9 Therefore the GARCH(1,1) model also possesses the heavy-

tail property because Zt is more peaked than the normal distribution.
Figure 8.2 shows how the different assumptions and conditions divide up

the parameter space. In region I, all conditions are fulfilled. The process has
a strictly stationary solution with finite variance and kurtosis. In region II,
the kurtosis does no longer exist, but the variance does as α1 + β < 1 still
holds. In region III, the process has infinite variance, but a strictly stationary
solution yet exists. In region IV, no such solution exists.

Viewing the equation for σ2
t as a stochastic difference equation, its solu-

tion is given by

σ2
t =

α0

1− β
+ α1

∞∑
j=0

βjZ2
t−1−j. (8.9)

8A necessary and sufficient condition is (α1 + β)2 + 2α2
1 < 1 (see Zadrozny (2005)).

9The condition for the existence of the fourth moment implies 3α2
1 < (1− β)2 so that

the denominator 1−β2− 2α1β− 3α2
1 > 1−β2− 2α1β− 1−β2 + 2β = 2β(1−α1−β) > 0.
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This expression is well-defined because 0 < β < 1 so that the infinite sum
converges. The conditional variance given the infinite past is therefore equal
to

V (Zt|Zt−1, Zt−2, . . .) = E
(
Z2
t |Zt−1, Zt−2, . . .

)
=

α0

1− β
+ α1

∞∑
j=0

βjZ2
t−1−j.

Thus, the conditional variance depends on the entire history of the time series
and not just on Zt−1 as in the case of the ARCH(1) model. As all coefficients
are assumed to be positive, the clustering of volatility is more persistent than
for the ARCH(1) model.

Defining a new time series {et} by et = Z2
t −σ2

t = (ν2
t − 1)(α0 +α1Z

2
t−1 +

βσ2
t−1), one can verify that Z2

t obeys the stochastic difference equation

Z2
t = α0 + α1Z

2
t−1 + βσ2

t−1 + et = α0 + α1Z
2
t−1 + β(Z2

t−1 − et−1) + et

= α0 + (α1 + β)Z2
t−1 + et − βet−1. (8.10)

This difference equation defines an ARMA(1,1) process if et has finite vari-
ance which is the case if the fourth moment of Zt exists. In this case, it is
easy to verify that {et} is white noise. The so-defined ARMA(1,1) process
is causal and invertible with respect to {et} because 0 < α1 + β < 1 and
0 < β < 1. The autocorrelation function (ACF), ρZ2(h), can be computed
using the methods laid out Section 2.4. This gives

ρZ2(1) =
(1− β2 − α1β)α1

1− β2 − 2α1β
=

(1− βϕ)(ϕ− β)

1 + β2 − 2ϕβ
,

ρZ2(h) = (α1 + β)ρZ2(h− 1) = ϕρZ2(h− 1), h = 2, 3, . . . (8.11)

with ϕ = α1 + β (see also Bollerslev (1988)).

The IGARCH Model

Practice has shown that the sum α1 + β is often close to one. Thus, it
seems interesting to examine the limiting case where α1 +β = 1. This model
was proposed by Engle and Bollerslev (1986) and was termed the integrated
GARCH (IGARCH) model in analogy to the notion of integrated processes
(see Chapter 7). From equation (8.10) we get

Z2
t = α0 + Z2

t−1 + et − βet−1

with et = Z2
t −σ2

t = (ν2
t −1)(α0 +(1−β)Z2

t−1 +βσ2
t−1). As {et} is white noise,

the squared innovations Z2
t behave like a random walk with a MA(1) error
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term. Although the variance of Zt becomes infinite, the difference equation
still allows for a strictly stationary solution provided that E log(α1ν

2
t +β) < 0

(see Theorem 8.3 and the citations in footnote 7 for further details).10 It has
been shown by Lumsdaine (1986) and Lee and Hansen (1994) that standard
inferences can still be applied although α1 + β = 1. The model may easily
generalized to higher lag orders.

Forecasting

On many occasions it is necessary to obtain forecasts of the conditional vari-
ance σ2

t . An example is given in Section 8.4 where the value at risk (VaR) of
a portfolio several periods ahead must be evaluated. Denote by Ptσ2

t+h the h
period ahead forecast based on information available in period t. We assume
that predictions are based on the infinite past. Then the one-period ahead
forecast based on Zt and σ2

t , respectively νt and σ2
t , is:

Ptσ2
t+1 = α0 + α1Z

2
t + βσ2

t = α0 + (α1ν
2
t + β)σ2

t .

As νt ∼ IID(0, 1) and independent of Zt−j, j ≥ 1,

Ptσ2
t+2 = α0 + (α1 + β)Ptσ2

t+1.

Thus, forecast for h ≥ 2 can be obtained recursively as follows:

Ptσ2
t+h = α0 + (α1 + β)Ptσ2

t+h−1

= α0

h−2∑
j=0

(α1 + β)j + (α1 + β)h−1Ptσ2
t+1.

Assuming α1 + β < 1, the second term in the above expression vanishes
as h goes to infinity. Thus, the contribution of the current conditional
variance vanishes when we look further and further into the future. The
forecast of the conditional variance then approaches the unconditional one:
limh→∞ Ptσ2

t+h = α0

1−α1−β . If α1 + β = 1 as in the IGARCH model, the con-
tribution of the current conditional variance is constant, but diminishes to
zero relative to the first term. Finally, if α1 + β > 1, the two terms are of
the same order and we have a particularly persistent situation.

In practice, the parameters of the model are unknown and have therefore
be replaced by an estimate. The method can be easily adapted for higher
order models. Instead of using the recursive approach outlined above, it is

10As the variance becomes infinite, the IGARCH process is an example of a stochastic
process which is strictly stationary, but not stationary.
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possible to use simulation methods by drawing repeatedly from the actual
empirical distribution of the ν̂t = Ẑt/σ̂t. This has the advantage to capture
deviations from the underlying distributional assumptions (see Section 8.4 for
a comparison of both methods). Such methods must be applied if nonlinear
models for the conditional variance, like the TARCH model, are employed.

8.2 Tests for Heteroskedasticity

Before modeling the volatility of a time series it is advisable to test whether
heteroskedasticity is actually present in the data. For this purpose the lit-
erature proposed several tests of which we are going to examine two. For
both tests the null hypothesis is that there is no heretoskedasticity i.e. that
there are no ARCH effects. These tests can also be useful in a conventional
regression setting.

8.2.1 Autocorrelation of quadratic residuals

The first test is based on the autocorrelation function of squared residuals
from a preliminary regression. This preliminary regression or mean regres-
sion produces a series Ẑt which should be approximately white noise if the
equation is well specified. Then we can look at the ACF of the squared resid-
uals {Ẑ2

t } and apply the Ljung-Box test (see equation (4.4)). Thus the test
can be broken down into three steps.

(i) Estimate an ARMA model for {Xt} and retrieve the residuals Ẑt from

this model. Compute Ẑ2
t . These data can be used to estimate σ2 as

σ̂2 =
1

T

T∑
t=1

Ẑ2
t

Note that the ARMA model should be specified such that the residuals
are approximately white noise.

(ii) Estimate the ACF for the squared residuals in the usual way:

ρ̂Z2(h) =

∑T
t=h+1

(
Ẑ2
t − σ̂2

)(
Ẑ2
t−h − σ̂2

)
∑T

t=1

(
Ẑ2
t − σ̂2

)2

(iii) It is now possible to use one of the methods laid out in Chapter 4 to
test the null hypothesis that {Z2

t } is white noise. It can be shown that
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under the null hypothesis
√
T ρ̂Z2(h)

d−−−−→ N(0, 1). One can therefore
construct confidence intervals for the ACF in the usual way. Alterna-
tively, one may use the Ljung-Box test statistic (see equation (4.4)) to
test the hypothesis that all correlation coefficients up to order N are
simultaneously equal to zero.

Q′ = T (T + 2)
N∑
h=1

ρ̂2
Z2(h)

T − h
.

Under the null hypothesis this statistic is distributed as χ2
N . To carry

out the test, N should be chosen rather high, for example equal to T/4.

8.2.2 Engle’s Lagrange-multiplier

Engle (1982) proposed a Lagrange-Multiplier test. This test rests on an ancil-
lary regression of the squared residuals against a constant and lagged values
of Ẑ2

t−1, Ẑ
2
t−2, . . . , Ẑ

2
t−p where the {Ẑt} is again obtained from a preliminary

regression. The auxiliary regression thus is

Ẑ2
t = α0 + α1Ẑ

2
t−1 + α2Ẑ

2
t−2 + . . .+ αpẐ

2
t−p + εt,

where εt denotes the error term. Then the null hypothesis H0 : α1 = α2 =
. . . = αp = 0 is tested against the alternative hypothesis H1 : αj 6= 0 for at
least one j. As a test statistic one can use the coefficient of determination
times T , i.e. TR2. This test statistic is distributed as a χ2 with p degrees of
freedom. Alternatively, one may use the conventional F-test.

8.3 Estimation of GARCH(p,q) Models

8.3.1 Maximum-Likelihood Estimation

The literature has proposed several approaches to estimate models of volatil-
ity (see Fan and Yao (2003, 156-162)). The most popular one, however, rest
on the method of maximum-likelihood. We will describe this method using
the GARCH(p,q) model. Related and more detailed accounts can be found
in Weiss (1986), Bollerslev et al. (1994) and Hall and Yao (2003).

In particular we consider the following model:

mean equation: Xt = c+ φ1Xt−1 + . . .+ φrXt−r + Zt,
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where

Zt = νtσt with νt ∼ IIDN(0, 1) and

variance equation: σ2
t = α0 +

p∑
j=1

αjZ
2
t−j +

q∑
j=1

βjσ
2
t−j.

The mean equation represents a simple AR(r) process for which we assume
that it is causal with respect to {Zt}, i.e. that all roots of Φ(z) are outside
the unit circle. The method demonstrated here can be easily generalized to
ARMA processes or even ARMA process with additional exogenous variables
(so-called ARMAX processes) as noted by Weiss (1986). The method also
incorporates the ARCH-in-mean model (see equation(8.6)) which allows for
an effect of the conditional variance σt on Xt. In addition, we assume that the
coefficients of the variance equation are all positive, that

∑p
j=1 αj+

∑q
j=1 βj <

1 and that EZ4
t <∞ exists.11

As νt is identically and independently standard normally distributed, the
distribution of Xt conditional on Xt−1 = {Xt−1, Xt−2, . . .} is normal with
mean c + φ1Xt−1 + . . . + φrXt−r and variance σ2

t . The conditional density,
f(Xt|Xt−1), therefore is:

f (Xt|Xt−1) =
1√

2πσ2
t

exp

(
− Z2

t

2σ2
t

)
where Zt equals Xt − c − φ1Xt−1 − . . . − φrXt−r and σ2

t is given by the
variance equation.12 The joint density f(X1, X2, . . . , XT ) of a random sample
(X1, X2, . . . , XT ) can therefore be factorized as

f(X1, X2, . . . , XT ) = f(X1, X2, . . . , Xs−1)
T∏
t=s

f(Xt|Xt−1)

where s is an integer greater than p. The necessity, not to factorize the first
s−1 observations, relates to the fact that σ2

t can only be evaluated for s > p
in the ARCH(p) model. For the ARCH(p) model s can be set to p + 1.
In the case of a GARCH model σ2

t is given by weighted infinite sum of the
Z2
t−1, Z

2
t−2, . . . (see the expression (8.9) for σ2

t in the GARCH(1,1) model).
For finite samples, this infinite sum must be approximated by a finite sum

11The existence of the fourth moment is necessary for the asymptotic normality of the
maximum-likelihood estimator, but not for the consistence. It is possible to relax this
assumption somewhat (see Hall and Yao (2003)).

12If νt is assumed to follow another distribution than the normal, one may use this
distribution instead.
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of s summands such that the numbers of summands s is increasing with the
sample size.(see Hall and Yao (2003)).

We then merge all parameters of the model as follows: φ = (c, φ1, . . . , φr)
′,

α = (α0, α1, . . . , αp)
′ and β = (β1, . . . , βq)

′. For a given realization x =
(x1, x2, . . . , xT ) the likelihood function conditional on x, L(φ, α, β|x), is de-
fined as

L(φ, α, β|x) = f(x1, x2, . . . , xs−1)
T∏
t=s

f(xt|Xt−1)

where in Xt−1 the random variables are replaced by their realizations. The
likelihood function can be seen as the probability of observing the data at
hand given the values for the parameters. The method of maximum like-
lihood then consist in choosing the parameters (φ, α, β) such that the like-
lihood function is maximized. Thus we chose the parameter so that the
probability of observing the data is maximized. In this way we obtain the
maximum likelihood estimator. Taking the first s realizations as given de-
terministic starting values, we then get the conditional likelihood function.

In practice we do not maximize the likelihood function but the logarithm
of it where we take f(x1, . . . , xs−1) as a fixed constant which can be neglected
in the optimization:

log L(φ, α, β|x) =
T∑
t=s

log f (xt|Xt)

= −T
2

log 2π − 1

2

T∑
t=s

log σ2
t −

1

2

T∑
t=s

z2
t

σ2
t

where zt = xt − c− φ1xt−1 − . . .− φrxt−r denotes the realization of Zt. The
maximum likelihood estimator is obtained by maximizing the likelihood func-
tion over the admissible parameter space. Usually, the implementation of the
stationarity condition and the condition for the existence of the fourth mo-
ment turns out to be difficult and cumbersome so that often these conditions
are neglected and only checked in retrospect or some ad hoc solutions are en-
visaged. It can be shown that the (conditional) maximum likelihood estima-
tor leads to asymptotically normally distributed estimates.13 The maximum
likelihood estimator remains meaningful even when {νt} is not normally dis-
tributed. In this case the quasi maximum likelihood estimator is obtained
(see Hall and Yao (2003) and Fan and Yao (2003)).

For numerical reasons it is often convenient to treat the mean equation
and the variance equation separately. As the mean equation is a simple

13Jensen and Rahbek (2004) showed that, at least for the GARCH(1,1) case, the sta-
tionarity condition is not necessary.
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AR(r) model, it can be estimated by ordinary least-squares (OLS) in a first
step. This leads to consistent parameter estimates. However, due to the
heteroskedasticity, this no longer true for the covariance matrix of the coeffi-
cients so that the usual t- and F-tests are nor reliable. This problem can be
circumvented by the use of the White correction (see White (1980)). In this
way it is possible to find an appropriate specification for the mean equation
without having to estimate the complete model. In the second step, one can
then work with the residuals to find an appropriate ARMA model for the
squared residuals. This leads to consistent estimates of the parameters of the
variance equation. These estimates are under additional weakly assumptions
asymptotically normally distributed (see Weiss (1986)). It should, however,
be noted that this way of proceeding is, in contrast to the maximum likeli-
hood estimator, not efficient because it neglect the nonlinear character of the
GARCH model. The parameters found in this way can, however, serve as
meaningful starting values for the numerical maximization procedure which
underlies the maximum likelihood estimation.

A final remark concerns the choice of the parameter r, p and q. Similarly
to the ordinary ARMA models, one can use information criteria such as
the Akaike or the Bayes criterion, to determine the order of the model (see
Section 5.4).

8.3.2 Method of Moment Estimation

The maximization of the likelihood function requires the use of numerical
optimization routines. Depending on the routine actually used and on the
starting value, different results may be obtained if the likelihood function
is not well-behaved. It is therefore of interest to have alternative estimation
methods at hand. The method of moments is such an alternative. It is similar
to the Yule-Walker estimator (see Section 5.1) applied to the autocorrelation
function of {Z2

t }. This method not only leads to an analytic solution, but
can also be easily implemented. Following Kristensen and Linton (2006), we
will illustrate the method for the GARCH(1,1) model.

Equation (8.11) applied to ρZ2(1) and ρZ2(2) constitutes a nonlinear equa-
tion system in the unknown parameters β and α1. This system can be repa-
rameterized to yield an equation system in ϕ = α1 + β and β which can be
reduced to a single quadratic equation in β:

β2 − bβ − 1 = 0 where b =
ϕ2 + 1− 2ρZ2(1)ϕ

ϕ− ρZ2(1)
.

The parameter b is well-defined because ϕ = α1 + β ≥ ρZ2(1) with equality
only if β = 0. In the following we will assume that β > 0. Under this
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assumption b > 2 so that the only solution with the property 0 < β < 1 is
given by

β =
b−
√
b2 − 4

2
.

The moment estimator can therefore be constructed as follows:

(i) Estimate the correlations ρZ2(1) and ρZ2(2) and σ2 based on the for-
mulas (8.11) in Section 8.2.

(ii) An estimate for ϕ = α1 + β is then given by

ϕ̂ = ̂(α1 + β) =
ρ̂Z2(2)

ρ̂Z2(1)
.

(iii) use the estimate ϕ̂ to compute an estimate for b:

b̂ =
ϕ̂2 + 1− 2ρ̂Z2(1)ϕ̂

ϕ̂− ρ̂Z2(1)
.

The estimate β̂ for β is then

β̂ =
b̂−

√
b̂2 − 4

2
.

(iv) The estimate for α1 is α̂1 = ϕ̂− β̂. Because α0 = σ2(1− (α1 + β)), the
estimate for α0 is equal to α̂0 = σ̂2(1− ϕ̂).

Kristensen and Linton (2006) show that, given the existence of the fourth
moment of Zt, this method of moment leads to consistent and asymptotically
normal distributed estimates. These estimates may then serve as as starting
values for the maximization of the likelihood function to improve efficiency.

8.4 Example: Swiss Market Index (SMI)

In this section, we will illustrate the methods discussed previously to analyze
the volatility of the Swiss Market Index (SMI). The SMI is the most im-
portant stock market index for Swiss blue chip companies. It is constructed
solely from stock market prices, dividends are not accounted for. The data
are the daily values of the index between the 3rd of January 1989 and the
13th of February 2004. Figure 1.5 shows a plot of the data. Instead of ana-
lyzing the level of the SMI, we will investigate the daily return computed as
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Figure 8.3: Daily return of the SMI (Swiss Market Index) computed as
∆ log(SMIt) between January 3rd 1989 and February 13th 2004

the logged difference. This time series is denoted by Xt and plotted in Fig-
ure 8.3. One can clearly discern phases of high (observations around t = 2500
and t = 3500) and low (t = 1000 and t = 2000) volatility. This represents a
first sign of heteroskedasticity and positively correlated volatility.

Figure 8.4 shows a normal-quantile plot to compare the empirical dis-
tribution of the returns with those from a normal distribution. This plot
clearly demonstrates that the probability of observing large returns is bigger
than warranted from a normal distribution. Thus the distribution of returns
exhibits the heavy-tail property. A similar argument can be made by com-
paring the histogram of the returns and the density of a normal distribution
with the same mean and the same variance. shown in Figure 8.5. Again one
can seen that absolutely large returns are more probable than expected from
a normal distribution. Moreover, the histogram shows no obvious sign for an
asymmetric distribution, but a higher peakedness.

After the examination of some preliminary graphical devices, we are go-
ing to analyze the autocorrelation functions of {Xt} and {X2

t }. Figure 8.6
shows the estimated ACFs. The estimated ACF of {Xt} shows practically
no significant autocorrelation so that we can consider {Xt} be approximately
white noise. The corresponding Ljung-Box statistic with L = 100, however,
has a value of 129.62 which is just above the 5 percent critical value of 124.34.
Thus there is some sign of weak autocorrelation. This feature is not in line
with efficiency of the Swiss stock market (see Campbell et al. (1997)). The
estimated ACF of X2

t is clearly outside the 95 percent confidence interval for
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Figure 8.4: Normal-Quantile Plot of the daily returns of the SMI (Swiss
Market Index)

at least up to order 20. Thus we can reject the hypothesis of homoskedasticity
in favor of heteroskedasticity. This is confirmed by the Ljung-Box statistic
with L = 100 with a value of 2000.93 which is much higher than the critical
value of 124.34.

After these first investigations, we want to find an appropriate model for
the mean equation. We will use OLS with the White-correction. It turns
out that a MA(1) model fits the data best although an AR(1) model leads
to almost the same results. In the next step we will estimate a GARCH(p,q)
model with the method of maximum likelihood where p is varied between p
1 and 3 and q between 0 and 3. The values of the AIC, respectively BIC
criterion corresponding to the variance equation are listed in tables 8.1 and
8.2.

The results in these tables show that the AIC criterion favors a GARCH(3,3)
model corresponding to the bold number in table 8.1 whereas the BIC cri-
terion opts for a GARCH(1,1) model corresponding to the bold number in
table 8.2. It also turns out that high dimensional models, in particular those
for which q > 0, the maximization algorithm has problems to find an opti-
mum. Furthermore, the roots of the implicit AR and the MA polynomial
corresponding to the variance equation of the GARCH(3,3) model are very
similar. These two arguments lead us to prefer the GARCH(1,1) over the
GARCH(3,3) model. This model was estimated to have the following mean
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Figure 8.5: Histogram of the daily returns of the SMI (Swiss Market Index)
and the density of a fitted normal distribution (red line)

Table 8.1: AIC criterion for the variance equation in the GARCH(p,q) model

q
p 0 1 2 3

1 3.0886 2.9491 2.9491 2.9482

2 3.0349 2.9496 2.9491 2.9486

3 2.9842 2.9477 2.9472 2.9460

minimum value in bold
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Figure 8.6: ACF of the daily returns and the squared daily returns of the
SMI

Table 8.2: BIC criterion for the variance equation in the GARCH(p,q) model

q
p 0 1 2 3

1 3.0952 2.9573 2.9590 2.9597

2 3.0431 2.9595 2.9606 2.9617

3 2.9941 2.9592 2.9604 2.9607

minimum value in bold
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equation:

Xt = 0.0755
(0.0174)

+ Zt + 0.0484
(0.0184)

Zt−1

with the corresponding variance equation

σ2
t = 0.0765

(0.0046)
+ 0.1388

(0.0095)
Z2
t−1 + 0.8081

(0.0099)
σ2
t−1,

where the estimated standard deviations are reported below the correspond-
ing coefficient estimate. The small, but significant value of 0.0484 for the
MA(1) coefficient shows that there is a small but systematic correlation of
the returns from one day to the next. The coefficients of the GARCH model
are all positive and their sum α1 + β = 0.1388 + 0.8081 = 0.9469 is statisti-
cally below one so that all conditions for a stationary process are fulfilled.14

Because
√

3 α1

1−β =
√

3 0.1388
1−0.8081

= 1.2528 > 1, the condition for the existence
of the fourth moment of Zt is violated.

As a comparison we also estimate the GARCH(1,1) model using the meth-
ods of moments. First we estimate a MA(1) model for ∆ logSMI. This
results in an estimate θ̂ = 0.034 (compare this with the ML estimate). The
squared residuals have correlation coefficients

ρ̂Z2(1) = 0.228 and ρ̂Z2(2) = 0.181.

The estimate of b therefore is b̂ = 2.241 which leads to an estimate of β equal
to β̂ = 0.615. This finally results in the estimates of α1 and α0 equal to
α̂1 = 0.179 and α̂0 = 0.287 with an estimate for σ2 equal to σ̂2 = 1.391. Thus
these estimates are quite different from those obtained by the ML method.

Value at Risk

We are now in a position to use our ML estimates to compute the Value-
at-risk (VaR). The VaR is a very popular measure to estimate the risk of
an investment. In our case we consider the market portfolio represented by
the stocks in the SMI. The VaR is defined as the maximal loss (in absolute
value) of an investment which occurs with probability α over a time horizon
h. Thus a one percent VaR for the return on the SMI for the next day is the
threshold value of the return such that one can be confident with 99 percent
that the loss will not exceed this value. Thus the α VaR at time t for h

14The corresponding Wald test clearly rejects the null hypothesis α1 + β = 1 at a
significance level of one percent.
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periods, VaRα
t,t+h, is nothing but the α-quantile of the distribution of the

forecast of the return in h periods given information Xt−k, k = 0, 1, 2, . . ..
Formally, we have:

VaRα
t,t+h = inf

{
x : P

[
X̃t+h ≤ x|Xt, Xt−1, . . .

]
≥ α

}
,

where X̃t+h is the return of the portfolio over an investment horizon of h
periods. This return is approximately equal to the sum of the daily returns:
X̃t+h =

∑h
j=1 Xt+j.

The one period forecast error is given by Xt+1− P̃tXt+1 which is equal to
Zt+1 = σt+1νt+1. Thus the VaR for the next day is

VaRα
t,t+1 = inf

{
x : P

[
νt+1 ≤

x− P̃tXt+1

σt+1

]
≥ α

}
.

This entity can be computed by replacing the forecast given the infinite
past, P̃tXt+1, by a forecast given the finite sample information Xt−k, k =
0, 1, 2, . . . , t− 1, PtXt+1, and by substituting σt+1 by the corresponding fore-
cast from variance equation, σ̂t,t+1. Thus we get:

V̂aRα
t,t+1 = inf

{
x : P

[
νt+1 ≤

x− PtXt+1

σ̂t,t+1

]
≥ α

}
.

The computation of V̂aRα
t,t+1 requires to determine the α-quantile of the

distribution of νt. This can be done in two ways. The first one uses the
assumption about the distribution of νt explicitly. In the simplest case, νt
is distributed as a standard normal so that the appropriate quantile can be
easily retrieved. The one percent quantile for the standard normal distri-
bution is -2.33. The second approach is a non-parametric one and uses the
empirical distribution function of ν̂t = Ẑt/σ̂t to determine the required quan-
tile. This approach has the advantage that deviations from the standard
normal distribution are accounted for. In our case, the one percent quantile
is -2.56 and thus considerably lower than the -2.33 obtained from the normal
distribution. Thus the VaR is under estimated by using the assumption of
the normal distribution.

The corresponding computations for the SMI based on the estimated
ARMA(0,1)-GARCH(1,1) model are reported in table 8.3. A value of 5.71
for 31st of December 2001 means that one can be 99 percent sure that the
return of an investment in the stocks of the SMI will not be lower than -5.71
percent. The values for the non-parametric approach are typically higher.
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Table 8.3: One Percent VaR for the Next Day of the Return to the SMI
according to the ARMA(0,1)-GARCH(1,1) model

Date PtXt+1 σ̂2
t,t+1 VaR (V̂aR0,01

t,t+1)
parametric non-parametric

31. 12. 2001 0.28 6.61 5.71 6.30

5. 2. 2002 -0.109 6.80 6.19 6.79

24. 7. 2003 0.0754 0.625 1.77 1.95

Table 8.4: One Percent VaR for the Next 10 Day of the Return to the SMI
according to the ARMA(0,1)-GARCH(1,1) model

Date PtX̃t+1 VaR ( ̂VaR0,01
t,t+10)

parametric non-parametric

31. 12. 2001 0.84 18.39 22.28

5. 2. 2002 0.65 19.41 21.53

24. 7. 2003 0.78 6.53 7.70

The comparison of the VaR for different dates clearly shows how the risk
evolves over time.

Due to the nonlinear character of the model, the VaR for more than one
day can only be gathered from simulating the one period returns over the
corresponding horizon. Starting from a given date 10’000 realizations of the
returns over the next 10 days have been simulated whereby the corresponding
values for νt are either drawn from a standard normal distribution (paramet-
ric case) or from the empirical distribution function of ν̂t (non-parametric
case). The results from this exercise are reported in table 8.4. Obviously,
the risk is much higher for a 10 day than for a one day investment.
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Chapter 9

Introduction

The Keynesian macroeconomic theory developed in the 1930’s and 1940’s,
in particular its representation in terms of IS- and LM-curve, opened a new
area in the application of statistical methods to economics. Based on the
path breaking work by Tinbergen (1939) and Klein (1950) this research gave
rise to simultaneous equation systems which should capture all relevant as-
pect of an economy. The goal was to establish an empirically grounded tool
which would enable the politicians to analyze the consequences of their poli-
cies and thereby fine tune the economy to overcome or at least mitigate
major business cycle fluctuations. This development was enhanced by the
systematic compilation of national accounting data and by the advances in
computer sciences.1 These systems were typically built by putting together
single equations such as consumption, investment, money demand, export-
and import, Phillips-curve equations to an overall model. In the end, the
model could well account for several hundreds or even thousands of equa-
tions. The climax of this development was the project LINK which linked
the different national models to a world model by accounting for their inter-
relation through trade flows. Although this research program brought many
insights and spurred the development of econometrics as a separate field, by
the mid 1970’s one had to admit that the idea to use large and very detailed
models for forecasting and policy analysis was overly optimistic. In partic-
ular, the inability to forecast and cope with the oil crisis of the beginning
1970’s raised doubts about the viability of this research strategy. In addition,
more and more economist had concerns about the theoretical foundations of
these models.

The critique had several facets. First, it was argued that the bottom-up
strategy of building a system from single equations is not compatible with

1See Epstein (1987) for an historical overview.
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general equilibrium theory which stresses the interdependence of economic
activities. This insight was even reinforced by the advent of the theory of
rational expectations. This theory postulated that expectations should be
formed on the basis of all available information and not just by mechanically
extrapolating from the past. This implies that developments in every part
of the economy, in particular in the realm of economic policy making, should
in principle be taken into account and shape the expectation formation. As
expectations are omnipresent in almost every economic decision, all aspects
of economic activities (consumption capital accumulation, investment, etc.)
are inherently linked. Thus the strategy of using zero restrictions – which
meant that certain variables were omitted from a particular equation – to
identify the parameters in a simultaneous equation system was considered
to be flawed. Second, the theory of rational expectations implied that the
typical behavioral equations underlying these models are not invariant to
changes in policies because economic agents would take into account system-
atic changes in the economic environment in their decision making. This so-
called Lucas-critique (Lucas, 1976) undermined the basis for the existence of
large simultaneous equation models. Third, simple univariate ARMA models
proved to be as good in forecasting as the sophisticated large simultaneous
models. Thus it was argued that the effort or at least part of the effort
devoted to these models was wasted.

In 1980 Sims (1980b) and proposed an alternative modeling strategy. This
strategy concentrates the modeling activity to only a few core variables, but
places no restrictions what so ever on the dynamic interrelation among them.
Thus every variable is considered to be endogenous and, in principle, depen-
dent on all other variables of the model. In the linear context, the class
of vector autoregressive (VAR) models has proven to be most convenient to
capture this modeling strategy. They are easy to implement and to ana-
lyze. In contrast to the simultaneous equation approach, however, it is no
longer possible to perform comparative static exercises and to analyze the
effect of one variable on another one because every variable is endogenous a
priori. Instead, one tries to identify and quantify the effect of shocks over
time. These shocks are usually given some economic content, like demand or
supply disturbances. However, these shocks are not directly observed, but
are disguised behind the residuals from the VAR. Thus, the VAR approach
also faces a fundamental identification problem. Since the seminal contri-
bution by Sims, the literature has proposed several alternative identification
schemes which will be discussed in Chapter 15 under the header of structural
vector autoregressive (SVAR) models. The effects of these shocks are then
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further analyzed by computing impulse responses.2

The reliance on shocks can be seen as a substitute for the lack of experi-
ments in macroeconomics. The approach can be interpreted as a statistical
analogue to the identification of specific episodes where some unforseen event
(shock) impinges on and propagates throughout the economy. Singling-out
these episodes of quasi “natural experiments” as in Friedman and Schwartz
(1963) convinced many economist of the role and effects of monetary policy.

Many concepts which have been introduced in the univariate context
carry over in a straightforward manner to the multivariate context. However
there are some new aspects. First, we will analyze the interaction among
several variables. This can be done in a nonparametric way by examining
the cross-correlations between time series or by building an explicit model.
We will restrict ourself to the class of VAR models as they are easy to handle
and are overwhelmingly used in practice. Second, we will discuss alternative
approaches to identify the structural shocks from VAR models. Third, we
will discuss the modeling of integrated variables in a more systematic way.
In particular, we will extend the concept of cointegration to more than two
variables. Finally, we will provide an introduction to the state space models
as a general modeling approach. State space models are becoming increas-
ingly popular in economics as they can be more directly linked to theoretical
economic models.

2Watson (1994) provides a general introduction to this topic.
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Chapter 10

Definitions and Stationarity

Similarly to the univariate case, we start our exposition with the concept of
stationarity which is also crucial in the multivariate setting. Before doing so
let us define the multivariate stochastic process.

Definition 10.1. A multivariate stochastic Process, {Xt}, is a family of
random variables indexed by t, t ∈ Z, which take values in Rn, n ≥ 1. n is
called the dimension of the process.

Setting n = 1, the above definition includes as a special case univariate
stochastic processes. This implies that the statements for multivariate pro-
cesses carry over analogously to the univariate case. We view Xt as a column
vector:

Xt =

X1t
...
Xnt

 .

Each element {Xit} thereby represents a particular variable which may be
treated as a univariate process. As in the example of Section 15.4.5, {Xt}
represents the multivariate process consisting of the growth rate of GDP Yt,
the unemployment rate Ut, the inflation rate Pt, the wage inflation rate Wt,
and the growth rate of money Mt. Thus, Xt = (Yt, Ut, Pt,Wt,Mt)

′.

As in the univariate case, we characterize the joint distribution of the
elements Xit and Xjt by the first two moments (if they exist), i.e. by the
mean and the variance, respectively covariance:

µit = EXit, i = 1, . . . , n

γij(t, s) = E(Xit − µit)(Xjs − µjs), i, j = 1, . . . , n; t, s ∈ Z (10.1)
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It is convenient to write these entities compactly as vectors and matrices:

µt =

µ1t
...
µnt

 = EXt =

EX1t
...

EXnt


Γ(t, s) =

γ11(t, s) . . . γ1n(t, s)
...

. . .
...

γn1(t, s) . . . γnn(t, s)

 = E(Xt − µt)(Xs − µs)′

Thus, we apply the expectations operator element-wise to vectors and ma-
trices. The matrix-valued function Γ(t, s) is called the covariance function
of {Xt}.

In analogy to the univariate case, we define stationarity as the invariance
of the first two moments to time shifts:

Definition 10.2 (Stationarity). A multivariate stochastic process {Xt} is
stationary if and only if for all integers r, s and t we have:

(i) µ = µt = EXt is constant (independent of t);

(ii) EX ′tXt <∞;

(iii) Γ(t, s) = Γ(t+ r, s+ r).

In the literature these properties are often called weak stationarity, co-
variance stationarity, or stationarity of second order. If {Xt} is stationary,
the covariance function only depends on the number of periods between t and
s (i.e. on t − s) and not on t or s themselves. This implies that by setting
r = −s and h = t− s the covariance function simplifies to

Γ(h) = Γ(t− s) = Γ(t+ r, s+ r) = Γ(t+ h, t)

= E(Xt+h − µ)(Xt − µ)′ = E(Xt − µ)(Xt−h − µ)′.

For h = 0, Γ(0) is the unconditional covariance matrix of Xt. Using the
definition of the covariances in equation (10.1) we get:

Γ(h) = Γ(−h)′.

Note that Γ(h) is in general not symmetric for h 6= 0 because γij(h) 6= γji(h)
for h 6= 0.

Based on the covariance function of a stationary process, we can define
the correlation function R(h) where R(h) = (ρij(h))i,j with

ρij(h) =
γij(h)√

γii(0)γjj(0)
.
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In the case i 6= j we refer to the cross-correlations between two variables
{Xit} and {Xjt}. The correlation function can be written in matrix notation
as

R(h) = V −1/2Γ(h)V −1/2

where V represents a diagonal matrix with diagonal elements equal to γii(0).
Clearly, ρii(0) = 1. As for the covariance matrix we have that in general
ρij(h) 6= ρji(h) for h 6= 0. It is possible that ρij(h) > ρij(0). We can summa-
rize the properties of the covariance function by the following theorem.1

Theorem 10.1. The covariance function of a stationary process {Xt} has
the following properties:

(i) For all h ∈ Z, Γ(h) = Γ(−h)′;

(ii) for all h ∈ Z, |γij(h)| ≤
√
γii(0)× γjj(0);

(iii) for each i = 1, . . . , n, γii(h) is a univariate autocovariance function;

(iv)
∑m

r,k=1 a
′
rΓ(r − k)ak ≥ 0 for all m ∈ N and all a1, . . . , am ∈ Rn. This

property is called non-negative definiteness (see Property 4 in Theo-
rem 1.1 of Section 1.3 in the univariate case).

Proof. Property (i) follows immediately from the definition. Property (ii)
follows from the fact that the correlation coefficient is always smaller or
equal to one. γii(h) is the autocovariance function of {Xit} which delivers
property (iii). Property (iv) follows from E (

∑m
k=1 a

′
k(Xt−k − µ))

2 ≥ 0.

If not only the first two moments are invariant to time shifts, but the
distribution as a whole we arrive at the concept of strict stationarity.

Definition 10.3 (Strict Stationarity). A process multivariate {Xt} is called
strictly stationary if and only if, for all n ∈ N, t1, . . . , tn, h ∈ Z, the joint
distributions of (Xt1 , . . . , Xtn) and (Xt1+h, . . . , Xtn+h) are the same.

An Example

Consider the following example for n = 2:

X1t = Zt

X2t = Zt + 0.75Zt−2

1We leave it to the reader to derive an analogous theorem for the correlation function.
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where Zt ∼WN(0, 1). We then have µ = EXt = 0. The covariance function
is given by

Γ(h) =



(
1 1
1 1.5625

)
, h = 0;(

0 0
0 0

)
, h = 1;(

0 0
0.75 0.75

)
, h = 2.

The covariance function is zero for h > 2. The values for h < 0 are obtained
from property (i) in Theorem 10.1. The correlation function is:

R(h) =



(
1 0.8

0.8 1

)
, h = 0;(

0 0
0 0

)
, h = 1;(

0 0
0.60 0.48

)
, h = 2.

The correlation function is zero for h > 2. The values for h < 0 are obtained
from property (i) in Theorem 10.1.

One idea in time series analysis is to construct more complicated process
from simple ones, for example by taking moving-averages. The simplest
process is the white noise process which is uncorrelated with its own past.
In the multivariate context the white noise process is defined as follows.

Definition 10.4. A stochastic process {Zt} is called (multivariate) white
noise with mean zero and covariance matrix Σ > 0, denoted by Zt ∼WN(0,Σ),
if it is stationary {Zt} and

EZt = 0,

Γ(h) =

{
Σ, h = 0;
0, h 6= 0.

If {Zt} is not only white noise, but independently and identically dis-
tributed we write Zt ∼ IID(0,Σ).

Remark 10.1. Even if each component of {Zit} is univariate white noise,
this does not imply that {Zt} = {(Z1t, . . . , Znt)

′} is multivariate white noise.
Take, for example the process Zt = (ut, ut−1)′ where ut ∼ WN(0, σ2

u). Then

Γ(1) =

(
0 0
σ2
u 0

)
6= 0.
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Taking moving averages of a white noise process it is possible to generate
new stationary processes. This leads to the definition of a linear process.

Definition 10.5. A stochastic process {Xt} is called linear if there exists a
representation

Xt =
∞∑

j=−∞

ΨjZt−j

where Zt ∼ IID(0,Σ) and where the sequence {Ψj} of the n × n matrices is
absolutely summable, i.e.

∑∞
j=−∞ ‖Ψj‖ < ∞. If for all j < 0 Ψj = 0, the

linear process is also called an MA(∞) process.

Theorem 10.2. A linear process is stationary with a mean of zero and with
covariance function

Γ(h) =
∞∑

j=−∞

Ψj+hΣΨ′j =
∞∑

j=−∞

ΨjΣΨ′j−h, h = 0,±1,±2, . . .

Proof. The required result is obtained by applying the properties of {Zt} to

Γ(h) = EXt+hX
′
t = limm→∞ E

(∑m
j=−m ΨjZt+h−j

) (∑m
k=−m ΨkZt−k

)′
.

Remark 10.1. The same conclusion is reached if {Zt} is a white noise
process and not an IID process.

Appendix: Norm and Summability of Matrices

As in the definition of a linear process it is often necessary to analyze the
convergence of a sequence of matrices {Ψj}, j = 0, 1, 2, . . .. For this we need
to define a norm for matrices. The literature considers different alternative
approaches. For our purposes, the choice is not relevant as all norms are
equivalent in the finite dimensional vector space. We therefore choose the
Frobenius, Hilbert-Schmidt or Schur norm which is easy to compute.2 This
norm treats the elements of a m × n matrix A = (aij) as an element of
the Rm×n Euclidean space and defines the length of A, denoted by ‖A‖, as

‖A‖ =
√∑

i,j a
2
ij. This leads to the formal definition below.

Definition 10.6. The Frobenius, Hilbert-Schmidt or Schur norm of a m×n
matrix A, denoted by ‖A‖, is defined as:

‖A‖2 =
∑
i,j

a2
ij = tr(A′A) =

n∑
i=1

λi

2For details see Meyer (2000, 279ff).
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where tr(A′A) denotes the trace of A′A, i.e. the sum of the diagonal elements
of A′A, and where λi are the n eigenvalues of A′A.

The matrix norm has the following properties:

‖A‖ ≥ 0 and ‖A‖ = 0 is equivalent to A = 0,

‖αA‖ = |α|‖A‖ for all α ∈ R,
‖A‖ = ‖A′‖,
‖A+B‖ ≤ ‖A‖+ ‖B‖ for all matrices A and B of the same dimension,

‖AB‖ ≤ ‖A‖‖B‖ for all conformable matrices A and B.

The last property is called submultiplicativity .
A sequence of matrices {Ψj}, j = 0, 1, . . . , is called absolutely summable if

and only if
∑∞

j=0 ‖Ψj‖ <∞ and quadratic summable if and only if
∑∞

j=0 ‖Ψj‖2 <
∞. The absolute summability implies the quadratic summability, but not
vice versa.

Corollary 10.1. Absolute summability of {Ψj} is equivalent to the absolute
summability of each sequence {[Ψj]kl}, k, l = 1, . . . , n, i.e. to limj→∞ |[Ψj]kl|
exists and is finite.

Proof. In particular, he have:

|[Ψj]kl| ≤ ‖Ψj‖ =

√√√√ n∑
k=1

n∑
l=1

[Ψj]2kl ≤
n∑
k=1

n∑
l=1

|[Ψj]kl|.

Summation over j gives

∞∑
j=0

|[Ψj]kl| ≤
∞∑
j=0

‖Ψj‖ ≤
∞∑
j=0

n∑
k=1

n∑
l=1

|[Ψj]kl| =
∞∑
k=1

n∑
l=1

n∑
j=0

|[Ψj]kl|

The absolute convergence of each sequence {[Ψj]kl}, k, l = 1, . . . , n, follows
from the absolute convergence of {Ψj} by the first inequality. Conversely,
the absolute convergence of {Ψj} is implied by the absolute convergence of
each sequence {[Ψj]kl}, k, l = 1, . . . , n, from the second inequality.



Chapter 11

Estimation of Mean and
Covariance Function

11.1 Estimators and their Asymptotic Distri-

butions

We characterize the stationary process {Xt} by its mean and its (matrix)
covariance function. In the Gaussian case, this already characterizes the
whole distribution. The estimation of these entities becomes crucial in the
empirical analysis. As it turns out, the results from the univariate process
carry over analogously to the multivariate case. If the process is observed
over the periods t = 1, 2, . . . , T , then a natural estimator for the mean µ is
the arithmetic mean or sample average:

µ̂ = XT =
1

T
(X1 + . . .+XT ) =

X1
...
Xn

 .

We get a theorem analogously to Theorem 4.1 in Section 4.1.

Theorem 11.1. Let {Xt} be stationary process with mean µ and covariance
function Γ(h) then asymptotically, for T →∞, we get

E
(
XT − µ

)′ (
XT − µ

)
→ 0, if γii(T )→ 0 for all 1 ≤ i ≤ n;

TE
(
XT − µ

)′ (
XT − µ

)
→

n∑
i=1

∞∑
h=−∞

γii(h),

if
∞∑

h=−∞

|γii(h)| <∞ for all 1 ≤ i ≤ n.

221



222 CHAPTER 11. ESTIMATION OF COVARIANCE FUNCTION

Proof. The Theorem can be established by applying Theorem 4.1 individu-
ally to each time series {Xit}, i = 1, 2, . . . , n.

Thus, the sample average converges in mean square and therefore also
in probability to the true mean. Thereby the second condition is more re-
strictive than the first one. They are, in particular, fulfilled for all VARMA
processes (see Chapter 12). As in the univariate case analyzed in Section 4.1,
it can be shown with some mild additional assumptions that XT is also
asymptotically normally distributed.

Theorem 11.2. For any stationary process {Xt}

Xt = µ+
∞∑

j=−∞

ΨjZt−j

with Zt ∼ IID(0,Σ) and
∑∞

j=−∞ ‖Ψj‖ < ∞, the arithmetic average XT is
asymptotically normal:

√
T
(
XT − µ

) d−−−→ N

(
0,

∞∑
h=−∞

Γ(h)

)

= N

(
0,

(
∞∑

j=−∞

Ψj

)
Σ

(
∞∑

j=−∞

Ψ′j

))
= N (0,Ψ(1)ΣΨ(1)′) .

Proof. The proof is a straightforward extension to the multivariate case of
the one given for Theorem 4.2 of Section 4.1.

The summability condition is quite general. It is, in particular, fulfilled by
causal VARMA processes (see Chapter 12) as their coefficients matrices Ψj

go exponentially fast to zero. Remarks similar to those following Theorem 4.2
apply also in the multivariate case.

The above formula can be used to construct confidence regions for µ.
This turns out, however, to be relatively complicated in practice so that
often univariate approximations are used instead (Brockwell and Davis, 1996,
228-229).

As in the univariate case, a natural estimator for the covariance matrix
function Γ(h) is given by the corresponding empirical moments Γ̂(h):

Γ̂(h) =


1
T

∑T−h
t=1

(
Xt+h −XT

) (
Xt −XT

)′
, 0 ≤ h ≤ T − 1;

Γ̂′(−h), −T + 1 ≤ h < 0.
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The estimator of the covariance function can then be applied to derive an
estimator for the correlation function:

R̂(h) = V̂ −1/2Γ̂(h)V̂ −1/2

where V̂ 1/2 = diag
(√

γ̂11(0), . . . ,
√
γ̂nn(0)

)
. Under the conditions given in

Theorem 11.2 the estimator of the covariance matrix of order h, Γ̂(h), con-

verges to the true covariance matrix Γ(h). Moreover,
√
T
(

Γ̂(h)− Γ(h)
)

is

asymptotically normally distributed. In particular, we can state the following
Theorem:

Theorem 11.3. Let {Xt} be a stationary process with

Xt = µ+
∞∑

j=−∞

ΨjZt−j

where Zt ∼ IID(0,Σ),
∑∞

j=−∞ ‖Ψj‖ < ∞, and
∑∞

j=−∞Ψj 6= 0. Then, for

each fixed h, Γ̂(h) converges in probability as T →∞ to Γ(h):

Γ̂(h)
p−−−−→ Γ(h)

Proof. A proof can be given along the lines given in Proposition 13.1.

As for the univariate case, we can define the long-run covariance matrix
J as

J =
∞∑

h=−∞

Γ(h). (11.1)

As a non-parametric estimator we can again consider the following class of
estimators:

ĴT =
T−1∑

h=−T+1

k

(
h

`T

)
Γ̂(h)

where k(x) is a kernel function and where Γ̂(h) is the corresponding estimate
of the covariance matrix at lag h. For the choice of the kernel function and
the lag truncation parameter the same principles apply as in the univariate
case (see Section 4.4 and Haan and Levin (1997)).
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11.2 Testing the Cross-Correlation of two Time

Series

The determination of the asymptotic distribution of Γ̂(h) is complicated. We
therefore restrict ourselves to the case of two time series.

Theorem 11.4. Let {Xt} be a bivariate stochastic process whose components
can be described by

X1t =
∞∑

j=−∞

αjZ1,t−j with Z1t ∼ IID(0, σ2
1)

X2t =
∞∑

j=−∞

βjZ2,t−j with Z2t ∼ IID(0, σ2
2)

where {Z1t} and {Z2t} are independent from each other at all leads and lags
and where

∑
j |αj| <∞ and

∑
j |βj| <∞. Under these conditions the asymp-

totic distribution of the estimator of the cross-correlation function ρ12(h) be-
tween {X1t} and {X2t} is

√
T ρ̂12(h)

d−→ N

(
0,

∞∑
j=−∞

ρ11(j)ρ22(j)

)
, h ≥ 0. (11.2)

For all h and k with h 6= k, (
√
T ρ̂12(h),

√
T ρ̂12(k))′ converges in distribution

to a bivariate normal distribution with mean zero, variances
∑∞

j=−∞ ρ11(j)ρ22(j)
and covariances

∑∞
j=−∞ ρ11(j)ρ22(j + k − h).

This result can be used to construct a test of independence, respectively
uncorrelatedness, between two time series. The above theorem, however,
shows that the asymptotic distribution of

√
T ρ̂12(h) depends on ρ11(h) and

ρ22(h) and is therefore unknown. Thus, the test cannot be based on the
cross-correlation alone.1

This problem can, however, be overcome by implementing the following
two-step procedure suggested by Haugh (1976).

First step: Estimate for each times series separately a univariate invertible
ARMA model and compute the resulting residuals Ẑit =

∑∞
j=0 π̂

(i)
j Xi,t−j,

i = 1, 2. If the ARMA models correspond to the true ones, these resid-
uals should approximately be white noise. This first step is called
pre-whitening.

1The theorem may also be used to conduct a causality test between two times series
(see Section 15.1).
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Second step: Under the null hypothesis the two time series {X1t} and
{X2t} are uncorrelated with each other. This implies that the residu-
als {Z1t} and {Z2t} should also be uncorrelated with each other. The
variance of the cross-correlations between {Z1t} and {Z2t} are there-
fore asymptotically equal to 1/T under the null hypothesis. Thus, one
can apply the result of Theorem 11.4 to construct confidence intervals
based on formula (11.2). A 95-percent confidence interval is therefore
given by ±1.96T−1/2. The Theorem may also be used to construct a
test whether the two series are uncorrelated.

If one is not interested in modeling the two time series explicitly, the simplest
way is to estimate a high order AR model in the first step. Thereby, the order
should be chosen high enough to obtain white noise residuals in the first
step. Instead of looking at each cross-correlation separately, one may also
test the joint null hypothesis that all cross-correlations are simultaneously
equal to zero. Such a test can be based on T times the sum of the squared
cross-correlation coefficients. This statistic is distributed as a χ2 with L
degrees of freedom where L is the number of summands (see the Haugh-
Pierce statistic (15.1) in Section 15.1).

11.3 Some Examples for Independence Tests

Two independent AR processes

Consider two AR(1) process {X1t} and {X2t} governed by the following
stochastic difference equation Xit = 0.8Xi,t−1 + Zit, i = 1, 2. The two white
noise processes {Z1t} and {Z2t} are such that they are independent from each
other. {X1t} and {X2t} are therefore independent from each other too. We
simulate realizations of these two processes over 400 periods. The estimated
cross-correlation function of these so-generated processes are plotted in the
upper panel of Figure 11.1. From there one can see that many values are out-
side the 95 percent confidence interval given by ±1.96T−1/2 = 0.098, despite
the fact that by construction both series are independent of each other. The
reason is that the so computed confidence interval is not correct because it
does not take the autocorrelation of each series into account. The application
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Figure 11.1: Cross-correlations between two independent AR(1) processes
with φ = 0.8

of Theorem 11.4 leads to the much larger 95–percent confidence interval of

±1.96√
T

√√√√ ∞∑
j=−∞

ρ11(j)ρ22(j) =
±1.96

20

√√√√ ∞∑
j=−∞

0.8j0.8j

=
±1.96

20

√
1 +

2× 0.64

1− 0.64
= ±0.209

which is more than twice as large. This confidence interval then encompasses
most the cross-correlations computed with respect to the original series.

If one follows the testing procedure outline above instead and fits an
AR(10) model for each process and then estimates the cross-correlation func-
tion of the corresponding residual series (filtered or pre-whitened time series),
the plot in the lower panel of Figure 11.1 is obtained.2 This figure shows no
significant cross-correlation anymore so that one cannot reject the null hy-
pothesis that both time series are independent from each other.

2The order of the AR processes are set arbitrarily equal to 10 which is more than
enough to obtain white noise residuals.
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Consumption Expenditure and Advertisement

This application focuses on the interaction between nominal aggregate pri-
vate consumption expenditure and nominal aggregate advertisement expen-
ditures. Such an investigation was first conducted by Ashley et al. (1980)
for the United States.3 The upper panel of Figure 11.2 shows the raw cross-
correlations between the two time series where the order h runs from −20 to
+20. Although almost all cross-correlations are positive and outside the con-
ventional confidence interval, it would be misleading to infer a statistically
significant positive cross-correlation. In order to test for independence, we
filter both time series by an AR(10) model and estimate the cross-correlations
for the residuals.4 These are displayed in the lower panel of Figure 11.2. In
this figure, only the correlations of order 0 and 16 fall outside the confidence
interval and can thus be considered as statistically significant. Thus, we can
reject the null hypothesis of independence between the two series. However,
most of the interdependence seems to come from the correlation within the
same quarter. This is confirmed by a more detailed investigation in Berndt
(1991) where no significant lead and/or lag relations are found.

Real Gross Domestic Product and Consumer Sentiment

The procedure outlined above can be used to examine whether one of the
two time series is systematically leading the other one. This is, for example,
important in the judgment of the current state of the economy because first
provisional national accounting data are usually published with a lag of at
least one quarter. However, in the conduct of monetary policy more up-to-
date knowledge is necessary. Such a knowledge can be retrieved from leading
indicator variables. These variables should be available more quickly and
should be highly correlated with the variable of interest at a lead.

We investigate whether the Consumer Sentiment Index is a leading indica-
tor for the percentage changes in real Gross Domestic Product (GDP).5 The
raw cross-correlations are plotted in the upper panel of Figure 11.3. It shows
several correlations outside the conventional confidence interval. The use
of this confidence interval is, however, misleading as the distribution of the
raw cross-correlations depends on the autocorrelations of each series. Thus,

3The quarterly data are taken from Berndt (1991). They cover the period from the
first quarter 1956 to the fourth quarter 1975. In order to achieve stationarity, we work
with first differences.

4The order of the AR processes are set arbitrarily equal to 10 which is more than
enough to obtain white noise residuals.

5We use data for Switzerland as published by the State Secretariat for Economic Affairs
SECO
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Figure 11.2: Cross-correlations between aggregate nominal private consump-
tion expenditures and aggregate nominal advertisement expenditures
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consumer sentiment        
is leading by one quarter

Figure 11.3: Cross-correlations between real growth of GDP and the Con-
sumer Sentiment Index

instead we filter both time series by an AR(8) model and investigate the
cross-correlations of the residuals.6 The order of the AR model was chosen
deliberately high to account for all autocorrelations. The cross-correlations
of the filtered data are displayed in the lower panel of Figure 11.3. As it turns
out, only the cross-correlation which is significantly different from zero is for
h = 1. Thus the Consumer Sentiment Index is leading the growth rate in
GDP. In other words, an unexpected higher consumer sentiment is reflected
in a positive change in the GDP growth rate of next quarter.7

6With quarterly data it is wise to set to order as a multiple of four to account for
possible seasonal movements. As it turns out p = 8 is more than enough to obtain white
noise residuals.

7During the interpretation of the cross-correlations be aware of the ordering of the
variables because ρ12(1) = ρ21(−1) 6= ρ21(1).
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Chapter 12

Stationary Time Series Models:
Vector Autoregressive
Moving-average Processes
(VARMA Processes)

The most important class of models is obtained by requiring {Xt} to be
the solution of a linear stochastic difference equation with constant coeffi-
cients. In analogy to the univariate case, this leads to the theory of vector
autoregressive moving-average processes (VARMA processes or just ARMA
processes).

Definition 12.1 (VARMA process). A multivariate stochastic process {Xt}
is a vector autoregressive moving-average process of order (p, q), VARMA(p, q)
process, if it is stationary and fulfills the stochastic difference equation

Xt − Φ1Xt−1 − . . .− ΦpXt−p = Zt + Θ1Zt−1 + . . .+ ΘqZt−q (12.1)

where Φp 6= 0, Θq 6= 0 and Zt ∼ WN(0,Σ). {Xt} is called a VARMA(p, q)
process with mean µ if {Xt − µ} is a VARMA(p, q) process.

With the aid of the lag operator we can write the difference equation
more compactly as

Φ(L)Xt = Θ(L)Zt

where Φ(L) = In−Φ1L− . . .−ΦpL
p and Θ(L) = In+ Θ1L + . . .+ ΘqL

q. Φ(L)
and Θ(L) are n × n matrices whose elements are lag polynomials of order
smaller or equal to p, respectively q. If q = 0, Θ(L) = In so that there is no
moving-average part. The process is then a purely autoregressive one which
is simply called a VAR(p) process. Similarly if p = 0, Φ(L) = In and there
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is no autoregressive part. The process is then a purely moving-average one
and simply called a VMA(q) process. The importance of VARMA processes
stems from the fact that every stationary process can be arbitrarily well
approximated by a VARMA process, VAR process, or VMA process.

12.1 The VAR(1) Process

we start our discussion by analyzing the properties of the VAR(1) process
which is defined as the solution the following stochastic difference equation:

Xt = ΦXt−1 + Zt with Zt ∼WN(0,Σ).

We assume that all eigenvalues of Φ are absolutely strictly smaller than one.
As the eigenvalues correspond to the inverses of the roots of the matrix
polynomial det(Φ(z)) = det(In −Φz), this assumption implies that all roots
must lie outside the unit circle:

det(In − Φz) 6= 0 for all z ∈ C with |z| ≤ 1.

For the sake of exposition, we will further assume that Φ is diagonalizable,
i.e. there exists an invertible matrix P such that J = P−1ΦP is a diagonal
matrix with the eigenvalues of Φ on the diagonal.1

Consider now the stochastic process

Xt = Zt + ΦZt−1 + Φ2Zt−2 + . . . =
∞∑
j=0

ΦjZt−j.

We will show that this process is stationary and fulfills the first order dif-
ference equation above. For {Xt} to be well-defined, we must show that∑∞

j=0 ‖Φj‖ <∞. Using the properties of the matrix norm we get:

∞∑
j=0

‖Φj‖ =
∞∑
j=0

‖PJ jP−1‖ ≤
∞∑
j=0

‖P‖‖J j‖P−1‖

≤
∞∑
j=0

‖P‖ ‖P−1‖

√√√√ n∑
i=1

|λi|2j

≤ ‖P‖ ‖P−1‖
√
n
∞∑
j=0

|λmax|2j <∞,

1The following exposition remains valid even if Φ is not diagonalizable. In this case
one has to rely on the Jordan form which complicates the computations (Meyer, 2000).
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where λmax denotes the maximal eigenvalue of Φ in absolute terms. As all
eigenvalues are required to be strictly smaller than one, this clearly also holds
for λmax so that infinite matrix sum converges. This implies that the process
{Xt} is stationary. In addition, we have that

Xt =
∞∑
j=0

ΦjZt−j = Zt + Φ
∞∑
j=0

ΦjZt−1−j = ΦXt−1 + Zt.

Thus, the process {Xt} also fulfills the difference equation.
Next we demonstrate that this process is also the unique stationary solu-

tion to the difference equation. Suppose that there exists another stationary
process {Yt} which also fulfills the difference equation. By successively iter-
ating the difference equation one obtains:

Yt = Zt + ΦZt−1 + Φ2Yt−2

. . .

= Zt + ΦZt−1 + Φ2Zt−2 + . . .+ ΦkZt−k + Φk+1Yt−k−1.

Because {Yt} is assumed to be stationary, VYt = VYt−k−1 = Γ(0) so that

V

(
Yt −

k∑
j=0

ΦjZt−j

)
= Φk+1V(Yt−k−1)Φ′k+1 = Φk+1Γ(0)Φ′k+1.

The submultiplicativity of the norm then implies:

∥∥Φk+1Γ(0)Φ′k+1
∥∥ ≤ ∥∥Φk+1

∥∥2 ‖Γ(0)‖ = ‖P‖2‖P−1‖2‖Γ(0)‖

(
n∑
i=1

|λi|2(k+1)

)
.

As all eigenvalues of Φ are absolutely strictly smaller than one, the right
hand side of the above expression converges to zero for k going to infinity.
This implies that Yt and Xt =

∑∞
j=0 ΦjZt−j are equal in the mean square

sense and thus also in probability.
Based on Theorem 10.2, the mean and the covariance function of the

VAR(1) process is:

EXt =
∞∑
j=0

ΦjEZt−j = 0,

Γ(h) =
∞∑
j=0

Φj+hΣΦ′j = Φh

∞∑
j=0

ΦjΣΦ′j = ΦhΓ(0).
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Analogously to the univariate case, it can be shown that there still exists
a unique stationary solution if all eigenvalues are absolutely strictly greater
than one. This solution is, however, no longer causal with respect to {Zt}. If
some of the eigenvalues of Φ are on the unit circle, there exists no stationary
solution.

12.2 Representation in Companion Form

A VAR(p) process of dimension n can be represented as a VAR(1) pro-
cess of dimension p × n. For this purpose we define the pn vector Yt =
(X ′t, X

′
t−1, . . . , X

′
t−p+1)′. This new process {Yt} is characterized by the fol-

lowing first order stochastic difference equation:

Yt =


Xt

Xt−1

Xt−2
...

Xt−p+1

 =


Φ1 Φ2 . . . Φp−1 Φp

In 0 . . . 0 0
0 In . . . 0 0
...

...
. . .

...
...

0 0 . . . In 0




Xt−1

Xt−2

Xt−3
...

Xt−p

+


Zt
0
0
...
0


= ΦYt−1 + Ut

where Ut = (Zt, 0, 0, . . . , 0)′ with Ut ∼ WN

(
0,

(
Σ 0
0 0

))
. This representa-

tion is also known as the companion form or state space representation (see
also Chapter 17). In this representation the last p(n− 1) equations are sim-
ply identities so that there is no error term attached. The latter name stems
from the fact that Yt encompasses all the information necessary to describe
the state of the system. The matrix Φ is called the companion matrix of the
VAR(p) process.2

The main advantage of the companion form is that by studying the prop-
erties of the VAR(1) model, one implicitly encompasses VAR models of higher
order and also univariate AR(p) models which can be considered as special
cases. The relation between the eigenvalues of the companion matrix and
the roots of the polynomial matrix Φ(z) is given by the formula (Gohberg
et al., 1982):

det (Inp − Φz) = det (In − Φ1z − . . .− Φpz
p) . (12.2)

2The representation of a VAR(p) process in companion form is not uniquely defined.
Permutations of the elements in Yt will lead to changes in the companion matrix.
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In the case of the AR(p) process the eigenvalues of Φ are just the inverses of
the roots of the polynomial Φ(z). Further elaboration of state space models
is given in Chapter 17.

12.3 Causal Representation

As will become clear in Chapter 15 and particularly in Section 15.2, the issue
of the existence of a causal representation is even more important than in the
univariate case. Before stating the main theorem let us generalize the defi-
nition of a causal representation from the univariate case (see Definition 2.2
in Section 2.3) to the multivariate one.

Definition 12.2. A process {Xt} with Φ(L)Xt = Θ(L)Zt is called causal
with respect to {Zt} if and only if there exists a sequence of absolutely summable
matrices {Ψj}, j = 0, 1, 2, . . ., i.e.

∑∞
j=0 ‖Ψj‖ <∞, such that

Xt =
∞∑
j=0

ΨjZt−j.

Theorem 12.1. Let {Xt} be a VARMA(p,q) process with Φ(L)Xt = Θ(L)Zt
and assume that

det Φ(z) 6= 0 for all z ∈ C with |z| ≤ 1,

then the stochastic difference equation Φ(L)Xt = Θ(L)Zt has exactly one
stationary solution with causal representation

Xt =
∞∑
j=0

ΨjZt−j,

whereby the sequence of matrices {Ψj} is absolutely summable and where the
matrices are uniquely determined by the identity

Φ(z)Ψ(z) = Θ(z).

Proof. The proof is a straightforward extension of the univariate case.

As in the univariate case, the coefficient matrices which make up the
causal representation can be found by the method of undetermined coeffi-
cients, i.e. by equating Φ(z)Ψ(z) = Θ(z). In the case of the VAR(1) process,
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the {Ψj} have to obey the following recursion:

0 : Ψ0 = In

z : Ψ1 = ΦΨ0 = Φ

z2 : Ψ2 = ΦΨ1 = Φ2

. . .

zj : Ψj = ΦΨj−1 = Φj

The recursion in the VAR(2) case is:

0 : Ψ0 = In

z : −Φ1 + Ψ1 = 0 ⇒ Ψ1 = Φ1

z2 : −Φ2 − Φ1Ψ1 + Ψ2 = 0 ⇒ Ψ2 = Φ2 + Φ2
1

z3 : −Φ1Ψ2 − Φ2Ψ1 + Ψ3 = 0 ⇒ Ψ3 = Φ3
1 + Φ1Φ2 + Φ2Φ1

. . .

Remark 12.1. Consider a VAR(1) process with Φ =

(
0 φ
0 0

)
with φ 6= 0

then the matrices in the causal representation are Ψj = Φj = 0 for j > 1.
This means that {Xt} has an alternative representation as a VMA(1) pro-
cess because Xt = Zt + ΦZt−1. This simple example demonstrates that the
representation of {Xt} as a VARMA process is not unique. It is therefore
impossible to always distinguish between VAR and VMA process of higher or-
ders without imposing additional assumptions. These additional assumptions
are much more complex in the multivariate case and are known as identify-
ing assumptions. Thus, a general treatment of this identification problem is
outside the scope of this book. See Hannan and Deistler (1988) for a general
treatment of this issue. For this reason we will concentrate exclusively on
VAR processes where these identification issues do not arise.

Example

We illustrate the above concept by the following VAR(2) model:

Xt =

(
0.8 −0.5
0.1 −0.5

)
Xt−1 +

(
−0.3 −0.3
−0.2 0.3

)
Xt−2 + Zt

with Zt ∼WN

((
0
0

)
,

(
1.0 0.4
0.4 2.0

))
.
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In a first step, we check whether the VAR model admits a causal represen-
tation with respect to {Zt}. For this purpose we have to compute the roots
of the equation det(I2 − Φ1z − Φ2z

2) = 0:

det

(
1− 0.8z + 0.3z2 0.5z + 0.3z2

−0.1z + 0.2z2 1 + 0.5z − 0.3z2

)
= 1− 0.3z − 0.35z2 + 0.32z3 − 0.15z4 = 0.

The four roots are: −1.1973, 0.8828±1.6669ι, 1.5650. As they are all outside
the unit circle, there exists a causal representation which can be found from
the equation Φ(z)Ψ(z) = I2 by the method of undetermined coefficients.
Multiplying the equation system out, we get:

I2 − Φ1z −Φ2z
2

+ Ψ1z−Φ1Ψ1z
2 − Φ2Ψ1z

3

+Ψ2z
2 − Φ1Ψ2z

3−Φ2Ψ2z
4

. . . = I2.

Equating the coefficients corresponding to zj, j = 1, 2, . . .:

z : Ψ1 = Φ1

z2 : Ψ2 = Φ1Ψ1 + Φ2

z3 : Ψ3 = Φ1Ψ2 + Φ2Ψ1

. . . . . .

zj : Ψj = Φ1Ψj−1 + Φ2Ψj−2.

The last equation shows how to compute the sequence {Ψj} recursively:

Ψ1 =

(
0.8 −0.5
0.1 −0.5

)
Ψ2 =

(
0.29 −0.45
−0.17 0.50

)
Ψ3 =

(
0.047 −0.310
−0.016 −0.345

)
. . .

12.4 Computation of the Covariance Func-

tion of a Causal VAR Process

As in the univariate case, it is important to be able to compute the covari-
ance and the correlation function of VARMA process (see Section 2.4). As
explained in Remark 12.1 we will concentrate on VAR processes. Consider
first the case of a causal VAR(1) process:

Xt = ΦXt−1 + Zt Zt ∼WN(0,Σ).
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Multiplying the above equation first by X ′t and then successively by X ′t−h
from the left, h = 1, 2, . . ., and taking expectations, we obtain the Yule-
Walker equations:

E (XtX
′
t) = Γ(0) = ΦE (Xt−1X

′
t) + E (ZtX

′
t) = ΦΓ(−1) + Σ,

E
(
XtX

′
t−h
)

= Γ(h) = ΦE
(
Xt−1X

′
t−h
)

+ E
(
ZtX

′
t−h
)

= ΦΓ(h− 1).

Knowing Γ(0) and Φ, Γ(h), h > 0, can be computed recursively from the
second equation as

Γ(h) = ΦhΓ(0), h = 1, 2, . . . (12.3)

Given Φ and Σ, we can compute Γ(0). For h = 1, the second equation
above implies Γ(1) = ΦΓ(0). Inserting this expression in the first equation
and using the fact that Γ(−1) = Γ(1)′, we get an equation in Γ(0):

Γ(0) = ΦΓ(0)Φ′ + Σ.

This equation can be solved for Γ(0):

vecΓ(0) = vec(ΦΓ(0)Φ′) + vecΣ

= (Φ⊗ Φ)vecΓ(0) + vecΣ,

where ⊗ and “vec” denote the Kronecker-product and the vec-operator, re-
spectively.3 Thus,

vecΓ(0) = (In2 − Φ⊗ Φ)−1vecΣ. (12.4)

The assumption that {Xt} is causal with respect to {Zt} guarantees that the
eigenvalues of Φ⊗Φ are strictly smaller than one in absolute value, implying
that In2 − Φ⊗ Φ is invertible.4

If the process is a causal VAR(p) process the covariance function can be
found in two ways. The first one rewrites the process in companion form as
a VAR(1) process and applies the procedure just outlined. The second way
relies on the Yule-Walker equation. This equation is obtained by multiplying
the stochastic difference equation from the left by X ′t and then successively
by X ′t−h, h > 0, and taking expectations:

Γ(0) = Φ1Γ(−1) + . . .+ ΦpΓ(−p) + Σ,

= Φ1Γ(1)′ + . . .+ ΦpΓ(p)′ + Σ,

Γ(h) = Φ1Γ(h− 1) + . . .+ ΦpΓ(h− p). (12.5)

3The vec-operator stacks the column of a n×m matrix to a column vector of dimension
nm. The properties of ⊗ and vec can be found, e.g. in Magnus and Neudecker (1988).

4If the eigenvalues of Φ are λi, i = 1, . . . , n, then the eigenvalues of Φ ⊗ Φ are λiλj ,
i, j = 1, . . . , n (see Magnus and Neudecker (1988)).
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The second equation can be used to compute Γ(h), h ≥ p, recursively taking
Φ1, . . . ,Φp and the starting values Γ(p− 1), . . . ,Γ(0) as given. The starting
value can be retrieved by transforming the VAR(p) model into the companion
form and proceeding as explained above.

Example

We illustrate the computation of the covariance function using the same
example as in Section 12.3. First, we transform the model into the companion
form:

Yt =


X1,t

X2,t

X1,t−1

X2,t−1

 =


0.8 −0.5 −0.3 −0.3
0.1 −0.5 −0.2 0.3
1 0 0 0
0 1 0 0



X1,t−1

X2,t−1

X1,t−2

X2,t−2

+


Z1,t

Z2,t

0
0

 .

Equation (12.4) implies that ΓY (0) is given by:

vecΓY (0) = vec

(
ΓX(0) ΓX(1)
ΓX(1)′ ΓX(0)

)
= (I16 − Φ⊗ Φ)−1vec

(
Σ 0
0 0

)
so that ΓX(0) and ΓX(1) become:

ΓX(0) =

(
2.4201 0.5759
0.5759 3.8978

)
ΓX(1) =

(
1.3996 −0.5711
−0.4972 −2.5599

)
.

The other covariance matrices can then be computed recursively according
to equation (12.5):

ΓX(2) = Φ1ΓX(1) + Φ2ΓX(0) =

(
0.4695 −05191
0.0773 2.2770

)
,

ΓX(3) = Φ1ΓX(2) + Φ2ΓX(1) =

(
0.0662 −0.6145
−0.4208 −1.8441

)
.

Appendix: Autoregressive Final Form

Definition 12.1 defined the VARMA process {Xt} as a solution to the cor-
responding multivariate stochastic difference equation (12.1). However, as
pointed out by Zellner and Palm (1974) there is an equivalent representation
in the form of n univariate ARMA processes, one for each Xit. Formally,
these representations, also called autoregressive final form or transfer func-
tion form (Box and Jenkins, 1976), can be written as

det Φ(L)Xit = [Φ∗(L)Θ(L)]i• Zt
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where the index i• indicates the i-th row of Φ∗(L)Θ(L). Thereby Φ∗(L)
denotes the adjugate matrix of Φ(L).5 Thus each variable in Xt may be
investigated separately as an univariate ARMA process. Thereby the au-
toregressive part will be the same for each variable. Note, however, that the
moving-average processes will be correlated across variables.

The disadvantage of this approach is that it involves rather long AR and
MA lags as will become clear from the following example.6 Take a simple
two-dimensional VAR of order one, i.e. Xt = ΦXt−1 + Zt, Zt ∼ WN(0,Σ).
Then the implied univariate processes will be ARMA(2,1) processes. After
some straightforward manipulations we obtain:

(1− (φ11 + φ22)L + (φ11φ22 − φ12φ21)L2)X1t = Z1t − φ22Z1,t−1 + φ12Z2,t−1,

(1− (φ11 + φ22)L + (φ11φ22 − φ12φ21)L2)X2t = φ21Z1,t−1 + Z2t − φ11Z2,t−1.

It can be shown by the means given in Sections 1.4.3 and 1.5.1 that the right
hand sides are observationally equivalent to MA(1) processes.

5The elements of the adjugate matrix A∗ of some matrix A are given by [A∗]ij =
(−1)i+jMij where Mij is the minor (minor determinant) obtained by deleting the i-th
column and the j-th row of A (Meyer, 2000, p. 477).

6The degrees of the AR and the MA polynomial can be as large as np and (n−1)p+ q,
respectively.



Chapter 13

Estimation of Vector
Autoregressive Models

13.1 Introduction

In this chapter we derive the Least-Squares (LS) estimator for vectorautore-
gressive (VAR) models and its asymptotic distribution. For this end, we have
to make several assumption which we maintain throughout this chapter.

Assumption 13.1. The VAR process {Xt} is generated by

Φ(L)Xt = Zt

Xt − Φ1Xt−1 − · · · − ΦpXt−p = Zt with Zt ∼WN(0,Σ),

Σ nonsingular, and admits a stationary and causal representation with respect
to {Zt}:

Xt = Zt + Ψ1Zt−1 + Ψ2Zt−2 + . . . =
∞∑
j=0

ΨjZt = Ψ(L)Zt

with
∑∞

j=0 ‖Ψj‖ <∞.

Assumption 13.2. The residual process {Zt} is not only white noise, but
also independently and identically distributed:

Zt ∼ IID(0,Σ).

Assumption 13.3. All fourth moments of Zt exist. In particular, there
exists a finite constant c > 0 such that

E (ZitZjtZktZlt) ≤ c for all i, j, k, l = 1, 2, . . . , n, and for all t.

241
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Note that the moment condition is automatically fulfilled by Gaussian
processes. For the ease of exposition, we omit a constant in the VAR. Thus,
we consider the demeaned process.

13.2 The Least-Squares Estimator

Let us denote by φ
(k)
ij the (i, j)-th element of the matrix Φk, k = 1, 2, . . . , p,

then the i-th equation, i = 1, . . . , n, can be written as

Xit = φ
(1)
i1 X1,t−1 + . . .+ φ

(1)
in Xn,t−1 + . . .+ φ

(p)
i1 X1,t−p + . . .+ φ

(p)
in Xn,t−p + Zit.

We can view this equation as a regression equation of Xit on all lagged vari-
ables X1,t−1, . . . , Xn,t−1, . . . , X1,t−p, . . . , Xn,t−p with error term Zit. Note that
the regressors are the same for each equation. The np regressors have coef-

ficient vector
(
φ

(1)
i1 , . . . , φ

(1)
in , . . . , φ

(p)
i1 , . . . , φ

(p)
in

)′
. Thus, the complete VAR(p)

model has n2p coefficients in total to be estimated. In addition, there are
n(n+ 1)/2 independent elements of the covariance matrix Σ that have to be
estimated too.

It is clear that the n different equations are linked through the regres-
sors and the errors terms which in general have non-zero covariances σij =
EZitZjt. Hence, it seems warranted to take a systems approach and to esti-
mate all equations of the VAR jointly. Below, we will see that an equation-
by-equation approach is, however, still appropriate.

Suppose that we have T +p observations with t = −p+ 1, . . . , 0, 1, . . . , T ,
then we can write the regressor matrix for each equation compactly as a
T × np matrix X:

X =


X1,0 . . . Xn,0 . . . X1,−p+1 . . . Xn,−p+1

X1,1 . . . Xn,1 . . . X1,−p+2 . . . Xn,−p+2
...

. . .
...

. . .
...

. . .
...

X1,T−1 . . . Xn,T−1 . . . X1,T−p . . . Xn,T−p

 .

Using this notation, we can write the VAR for observations t = 1, 2, . . . , T as

(X1, X2, . . . , XT )︸ ︷︷ ︸
=Y

= (Φ1,Φ2, . . . ,Φp)︸ ︷︷ ︸
=Φ


X0 X1 . . . XT−1

X−1 X0 . . . XT−2
...

...
. . .

...
X−p+1 X−p+2 . . . XT−p


︸ ︷︷ ︸

=X′

+ (Z1, Z2, . . . , ZT )︸ ︷︷ ︸
=Z
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or more compactly
Y = ΦX′ + Z.

There are two ways to bring this equation system in the usual multivariate
regression framework. One can either arrange the data according to obser-
vations or according to equations. Ordered in terms of observations yields:

vecY = vec(ΦX′) + vecZ = (X⊗ In) vec Φ + vecZ (13.1)

where vecY = (X11, X21, . . . , Xn1, X12, X22, . . . , Xn2, . . . , X1T , X2T , . . . , XnT )′.
If the data are arranged equation by equation, the dependent variable be-
comes vecY ′ = (X11, X12, . . . , X1T , X21, X22, . . . , X2T , . . . , Xn1, Xn2, . . . , XnT )′.
As both representations, obviously, contain the same information, there ex-
ists a nT × nT permutation or commutation matrix KnT such that vecY ′ =
Knt vecY . Using the computation rules for the Kronecker product, the vec
operator, and the permutation matrix (see Magnus and Neudecker, 1988),
we get for the ordering in terms of equations

vecY ′ = KnT vecY = KnT (vec(ΦX′) + vecZ)

= KnT (X⊗ In) vec Φ +KnT vecZ

= (In ⊗X)Kn2p vec Φ +KnT vecZ

= (In ⊗X) vec Φ′ + vecZ ′ (13.2)

where Kn2p is the corresponding n2 × p permutation matrix relating vec Φ
and vec Φ′.

The error terms of the different equations are correlated because, in gen-
eral, the covariances σij = EZitZjt are nonzero. In the case of an arrangement
by observation the covariance matrix of the error term vecZ is

V vecZ = E(vecZ)(vecZ)′

=



σ2
1 . . . σ1n 0 . . . 0 . . . 0 . . . 0
...

. . .
...

...
. . .

... . . .
...

. . .
...

σn1 . . . σ2
n 0 . . . 0 . . . 0 . . . 0

0 0 0 σ2
1 . . . σ1n . . . 0 . . . 0

...
. . .

...
...

. . .
... . . .

...
. . .

...
0 . . . 0 σn1 . . . σ2

n . . . 0 . . . 0
...

...
...

...
...

...
. . .

...
...

...
0 . . . 0 0 . . . 0 . . . σ2

1 . . . σ1n
...

. . .
...

...
. . .

... . . .
...

. . .
...

0 . . . 0 0 . . . 0 . . . σn1 . . . σ2
n



= IT ⊗ Σ.



244 CHAPTER 13. ESTIMATION OF VAR MODELS

In the second case, the arrangement by equation, the covariance matrix of
the error term vecZ ′ is

V vecZ ′ = E(vecZ ′)(vecZ ′)′

=



σ2
1 . . . 0 σ12 . . . 0 . . . σ1n . . . 0
...

. . .
...

...
. . .

... . . .
...

. . .
...

0 . . . σ2
1 0 . . . σ12 . . . 0 . . . σ1n

σ21 . . . 0 σ2
2 . . . 0 . . . σ2n . . . 0

...
. . .

...
...

. . .
... . . .

...
. . .

...
0 . . . σ21 0 . . . σ2

2 . . . 0 . . . σ2n
...

...
...

...
...

...
. . .

...
...

...
σn1 . . . 0 σn2 . . . 0 . . . σ2

n . . . 0
...

. . .
...

...
. . .

... . . .
...

. . .
...

0 . . . σn1 0 . . . σn2 . . . 0 . . . σ2
n



= Σ⊗ IT .

Given that the covariance matrix is not a multiple of the identity matrix,
efficient estimation requires the use of generalized least squares (GLS). The
GLS estimator minimizes the weighted sum of squared errors

S(vec Φ) = (vecZ)′(IT ⊗ Σ)−1(vecZ) −→ min
Φ
.

The solution of this minimization problem can be found in standard econo-
metric textbooks like (Dhrymes, 1978; Greene, 2008; Hamilton, 1994a) and
is given by

(vec Φ̂)GLS =
(
(X⊗ In)′(IT ⊗ Σ)−1(X⊗ In)

)−1
(X⊗ In)′(IT ⊗ Σ)−1 vecY

=
(
(X′ ⊗ In)(IT ⊗ Σ−1)(X⊗ In)

)−1
(X′ ⊗ In)(IT ⊗ Σ−1) vecY

=
(
(X′ ⊗ Σ−1)(X⊗ In)

)−1
(X′ ⊗ Σ−1) vecY

=
(
(X′X)⊗ Σ−1

)−1
(X′ ⊗ Σ−1) vecY

=
(
(X′X)−1 ⊗ Σ

)
(X′ ⊗ Σ−1) vecY =

(
((X′X)−1X′)⊗ In

)
vecY

= (vec Φ̂)OLS

As the covariance matrix Σ cancels, the GLS and the OLS-estimator deliver
numerically exactly the same solution. The reason for this result is that the
regressors are the same in each equation. If this does not hold, for example
when some coefficients are set a priori to zero, efficient estimation would
require the use of GLS.



13.2. THE LEAST-SQUARES ESTIMATOR 245

Further insights can be gained by rewriting the estimation problem in
terms of the arrangement by equation (see equation (13.2)). For this purpose,
multiply the above estimator from the left by the commutation matrix Kn2p:

1

(vec Φ̂′)OLS = Kn2p(vec Φ̂)OLS = Kn2p

(
((X′X)−1X′)⊗ In

)
vecY

=
(
In ⊗ ((X′X)−1X′)

)
KnT vecY =

(
In ⊗ ((X′X)−1X′)

)
vecY ′.

This can be written in a more explicit form as

(vec Φ̂′)OLS =


(X′X)−1X′ 0 . . . 0

0 (X′X)−1X′ . . . 0
...

...
. . .

...
0 0 . . . (X′X)−1X′

 vecY ′

=


(X′X)−1X′Y1 0 . . . 0

0 (X′X)−1X′Y2 . . . 0
...

...
. . .

...
0 0 . . . (X′X)−1X′Yn



where Yi, i = 1, . . . , n, stacks the observations of the i-th variable such that
Yi = (Xi1, Xi2, . . . , XiT )′. Thus, the estimation of VAR as a system can be
broken down into the estimation of n regression equations with dependent
variable Xit. Each of these equations can then be estimated by OLS.

Thus, we have proven that

vec Φ̂ = (vec Φ̂)GLS = (vec Φ̂)OLS =
(
((X′X)−1X′)⊗ In

)
vecY, (13.3)

vec Φ̂′ = (vec Φ̂′)GLS = (vec Φ̂′)OLS =
(
In ⊗ ((X′X)−1X′)

)
vecY ′. (13.4)

The least squares estimator can also be rewritten without the use of the
vec-operator:

Φ̂ = Y X(X ′X)−1.

Under the assumptions stated in the Introduction 13.1, these estimators
are consistent and asymptotically normal.

Theorem 13.1 (Asymptotic distribution of OLS estimator). Under the as-
sumption stated in the Introduction 13.1, it holds that

plim Φ̂ = Φ

1Alternatively, one could start from scratch and investigate the minimization problem
S(vec Φ′) = (vecZ ′)′(Σ−1 ⊗ IT )(vecZ ′)→ minΦ.
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and that

by observation:
√
T
(

vec Φ̂− vec Φ
)

d−−−−→ N
(
0,Γ−1

p ⊗ Σ
)
,

respectively,

by equation:
√
T
(

vec Φ̂′ − vec Φ′
)

d−−−−→ N
(
0,Σ⊗ Γ−1

p

)
where Γp = plim 1

T
(X′X).

Proof. See Section 13.3.

In order to make use of this result in practice, we have to replace the
matrices Σ and Γp by some estimate. A natural consistent estimate of Γp is
given according to Proposition 13.1 by

Γ̂p =
X′X

T
.

In analogy to the multivariate regression model, a natural estimator for Σ
can be obtained from the Least-Squares residuals Ẑ:

Σ̂ =
1

T

T∑
t=1

ẐtẐ
′
t =

ẐẐ ′

T
=

(Y − Φ̂X′)(Y − Φ̂X′)′

T
.

The property of this estimator is summarized in the proposition below.

Theorem 13.2. Under the condition of Theorem 13.1

plim
√
T

(
Σ̂− ZZ ′

T

)
= 0

Proof. See Section 13.3

An alternative, but asymptotically equivalent estimator Σ̃ is obtained by
adjusting Σ̂ for the degrees of freedom:

Σ̃ =
T

T − np
Σ̂. (13.5)

If the VAR contains a constant, as is normally the case in practice, the
degrees of freedom correction should be T − np− 1.

Small sample inference with respect to the parameters Φ can therefore be
carried out using the approximate distribution

vec Φ̂ ∼ N
(

vec Φ, Σ̂⊗ (X′X)−1
)
. (13.6)
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This implies that hypothesis testing can be carried out using the conventional
t- and F-statistics. From a system perspective, the appropriate degree of
freedom for the t-ratio would be nT − n2p − n, taking a constant in each
equation into account. However, as that the system can be estimated on an
equation by equation basis, it seems reasonable to use T − np − 1 instead.
This corresponds to a multivariate regression setting with T observation and
np+ 1 regressors, including a constant.

However, as in the univariate case the Gauss Markov theorem does not
apply because the lagged regressors are correlated with past error terms.
This results in biased estimates in small samples. The amount of the bias
can be assessed and corrected either by analytical or bootstrap methods.
For an overview, a comparison of the different corrections proposed in the
literature, and further references see Engsteg and Pedersen (2014).

13.3 Proofs of the Asymptotic Properties of

the Least-Squares Estimator

Lemma 13.1. Given the assumptions made in Section 13.1, the process
{vecZt−jZ

′
t−i}, i, j ∈ Z and i 6= j, is white noise.

Proof. Using the independence assumption of {Zt}, we immediately get

E vecZt−jZ
′
t−i = E(Zt−i ⊗ Zt−j) = 0,

V(vecZt−jZ
′
t−i) = E ((Zt−i ⊗ Zt−j)(Zt−i ⊗ Zt−j)′)

= E
(
(Zt−iZ

′
t−i)⊗ (Zt−jZ

′
t−j)
)

= Σ⊗ Σ,

ΓvecZt−jZ′t−i
(h) = E ((Zt−i ⊗ Zt−j)(Zt−i−h ⊗ Zt−j−h)′)

= E
(
(Zt−iZ

′
t−i−h)⊗ (Zt−jZ

′
t−j−h)

)
= 0, h 6= 0.

Under the assumption put forward in the Introduction, 1
T

(X′X) converges
in probability for T → ∞ to a np × np matrix Γp. This matrix consists of
p2 blocks where each (i, j)-th block corresponds to the covariance matrix
Γ(i− j). Thus we have the following proposition:

Proposition 13.1. Under the assumption stated in the Introduction 13.1

X′X

T

p−−−−→ Γp =


Γ(0) Γ(1) . . . Γ(p− 1)
Γ′(1) Γ(0) . . . Γ(p− 2)

...
...

. . .
...

Γ′(p− 1) Γ′(p− 2) . . . Γ(0)

 .
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with Γp being nonsingular.

Proof. Write 1
T

(X′X) as

X′X

T
=


Γ̂(0) Γ̂(1) . . . Γ̂(p− 1)

Γ̂′(1) Γ̂(0) . . . Γ̂(p− 2)
...

...
. . .

...

Γ̂′(p− 1) Γ̂′(p− 2) . . . Γ̂(0)


where

Γ̂(h) =
1

T

T−1∑
t=0

XtX
′
t−h, h = 0, 1, . . . , p− 1.

We will show that each component Γ̂(h) of 1
T
X′X converges in probability

to Γ(h). Taking the causal representation of {Xt} into account

Γ̂(h) =
1

T

T−1∑
t=0

XtX
′
t−h =

1

T

T−1∑
t=0

∞∑
j=0

∞∑
i=0

ΨjZt−jZ
′
t−h−iΨ

′
i

=
∞∑
j=0

∞∑
i=0

Ψj

(
1

T

T−1∑
t=0

Zt−jZ
′
t−h−i

)
Ψ′i

=
∞∑
j=0

∞∑
i=h

Ψj

(
1

T

T−1∑
t=0

Zt−jZ
′
t−i

)
Ψ′i−h.

According to Lemma 13.1 above {Zt−jZ ′t−i}, i 6= j, is white noise. Thus,

1

T

T−1∑
t=0

Zt−jZ
′
t−i

p−−−−→ 0, i 6= j,

according to Theorem 11.1. Hence, for m fixed,

Gm(h) =
m∑
j=0

m+h∑
i=h
i 6=j

Ψj

(
1

T

T−1∑
t=0

Zt−jZ
′
t−i

)
Ψ′i−h

p−−−−→ 0.
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Taking absolute values and expectations element-wise,

E |G∞(h)−Gm(h)| = E

∣∣∣∣∣∣∣∣
∑

j>m or i>m+h
i 6=j

Ψj

(
1

T

T−1∑
t=0

Zt−jZ
′
t−i

)
Ψ′i−h

∣∣∣∣∣∣∣∣
≤

∑
j>m or i>m+h

i 6=j

|Ψj|

(
1

T

T−1∑
t=0

E|Zt−jZ ′t−i|

)
|Ψ′i−h|

≤
∑

j>m or i>m+h
i 6=j

|Ψj| (E|Z1Z
′
2|) |Ψ′i−h|

≤
∑

j>m or i>m
i 6=j

|Ψj| (E|Z1Z
′
2|) |Ψ′i|

≤
∑
j>m

|Ψj|

(
E|Z1Z

′
2|
∑
i

|Ψ′i|

)

+

(∑
j

|Ψj| E|Z1Z
′
2|

)∑
i>m

|Ψ′i|

As the bound is independent of T and converges to 0 as m→∞, we have

lim
m→∞

lim sup
T→∞

E |G∞(h)−Gm(h)| = 0.

The Basic Approximation Theorem C.14 then establishes that

G∞(h)
p−−−−→ 0.

Henceforth

Γ̂(h) = G∞(h) +
∞∑
j=h

Ψj

(
1

T

T−1∑
t=0

Zt−jZ
′
t−j

)
Ψ′j−h

= G∞(h) +
∞∑
j=h

Ψj

(
1

T

T−1∑
t=0

ZtZ
′
t

)
Ψ′j−h + remainder

where the remainder only depends on initial conditions2 and is therefore
negligible as T →∞. As

1

T

T−1∑
t=0

ZtZ
′
t

p−−−−→ Σ,

2See the proof of Theorem 11.2.2 in Brockwell and Davis (1991) for details.
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we finally get

Γ̂(h)
p−−−−→

∞∑
j=h

ΨjΣΨ′j−h = Γ(h).

The last equality follows from Theorem 10.2.

Proposition 13.2. Under the assumption stated in the Introduction 13.1

1√
T

T∑
t=1

vec(ZtX
′
t−1, ZtX

′
t−2, . . . , ZtX

′
t−p)

=
1√
T

vec(ZX) =
1√
T

(X′ ⊗ In) vecZ

d−−−−→ N(0,Γp ⊗ Σ)

Proof. The idea of the proof is to approximate {Xt} by some simpler process

{X(m)
t } which allows the application of the CLT for dependent processes

(Theorem C.13). This leads to an asymptotic distribution which by the
virtue of the Basic Approximation Theorem C.14 converges to the asymptotic
distribution of the original process. Define X

(m)
t as the truncated process

from the causal presentation of Xt:

X
(m)
t = Zt + Ψ1Zt−1 + . . .+ ΨmZt−m, m = p, p+ 1, p+ 2, . . .

Using this approximation, we can then define the process {Y (m)
t } as

Y
(m)
t = vec

(
ZtX

(m)′
t−1 , ZtX

(m)′
t−2 , . . . , ZtX

(m)′
t−p

)
=


X

(m)
t−1

X
(m)
t−2
...

X
(m)
t−p

⊗ Zt.

Due to the independence of {Zt} this process is a mean zero white noise
process, but is clearly not independent. It is easy to see that the process is
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actually (m+ p)-dependent with variance Vm given by

Vm = EY (m)
t Y

(m)′
t = E



X

(m)
t−1

X
(m)
t−2
...

X
(m)
t−p

⊗ Zt



X

(m)
t−1

X
(m)
t−2
...

X
(m)
t−p

⊗ Zt

′

=

E


X

(m)
t−1

X
(m)
t−2

. . .

X
(m)
t−p



X

(m)
t−1

X
(m)
t−2

. . .

X
(m)
t−p


′⊗ EZtZ ′t

=


Γ(m)(0) Γ(m)(1) . . . Γ(m)(p− 1)
Γ(m)(1)′ Γ(m)(0) . . . Γ(m)(p− 2)

...
...

. . .
...

Γ(m)(p− 1)′ Γ(m)(p− 2)′ . . . Γ(m)(0)

⊗ Σ

= Γ(m)
p ⊗ Σ

where Γ
(m)
p is composed of

Γ(m)(h) = EX(m)
t−1X

(m)′
t−1−h

= E (Zt−1 + Ψ1Zt−2 + . . .+ ΨmZt−1−m)

(Zt−1−h + Ψ1Zt−2−h + . . .+ ΨmZt−1−m−h)
′

=
m∑
j=h

ΨjΣΨ′j−h, h = 0, 1, . . . , p− 1.

Thus, we can invoke the CLT for (m + p)-dependent process (see Theo-
rem C.13) to establish that

√
T

(
1

T

T∑
t=1

Y
(m)
t

)
d−−−−→ N(0,Vm).

For m → ∞, Γ(m)(h) converges to Γ(h) and thus Γ
(m)
p to Γp. Therefore,

Vm −→ Γp ⊗ Σ.
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The variance of the approximation error is equal to

V

(
1√
T

T∑
t=1

(
vec(ZtX

′
t−1, . . . , ZtX

′
t−p)− Y

(m)
t

))

=
1

T
V

(
T∑
t=1

vec
(
Zt(Xt−1 −X(m)

t−1 )′, . . . , Zt(Xt−p −X(m)
t−p )′

))

=
1

T
V

(
T∑
t=1

vec

(
Zt

(
∞∑

j=m+1

ΨjZt−1−j

)′
, . . . , Zt

(
∞∑

j=m+1

ΨjZt−p−j

)′))

= V

(
vec

(
Zt

(
∞∑

j=m+1

ΨjZt−1−j

)′
, . . . , Zt

(
∞∑

j=m+1

ΨjZt−p−j

)′))

= E



∑∞

j=m+1 ΨjZt−1−j
...∑∞

j=m+1 ΨjZt−p−j

⊗ Zt



∑∞

j=m+1 ΨjZt−1−j
...∑∞

j=m+1 ΨjZt−p−j

⊗ Zt

′

=


∑∞

j=m+1 ΨjΣΨ′j . . . . . .
...

. . .
...

. . . . . .
∑∞

j=m+1 ΨjΣΨ′j

⊗ Σ.

The absolute summability of Ψj then implies that the infinite sums converge

to zero as m → ∞. As X
(m)
t

m.s.−−−−−→ Xt for m → ∞, we can apply the
Basic Approximation Theorem C.14 to reach the required conclusion

1√
T

T∑
t=1

vec(ZtX
′
t−1, ZtX

′
t−2, . . . , ZtX

′
t−p)

d−−−−→ N(0,Γp ⊗ Σ).
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Proof of Theorem 13.1

Proof. We prove the Theorem for the arrangement by observation. The prove
for the arrangement by equation can be proven in a completely analogous way.
Inserting the regression formula (13.1) into the least-squares formula (13.3)
leads to:

vec Φ̂ = (((X′X)−1X′)⊗ In)(X⊗ In) vec Φ + (((X′X)−1X′)⊗ In) vecZ

= vec Φ + (((X′X)−1X′)⊗ In) vecZ. (13.7)

Bringing vec Φ to the left hand side and taking the probability limit, we get
using Slutzky’s Lemma C.10 for the product of probability limits

plim(vec Φ̂− vec Φ) = plim vec
(
ZX(X′X)−1

)
= vec

(
plim

ZX

T
plim

(
X′X

T

)−1
)

= 0.

The last equality follows from the observation that proposition 13.1 implies
plim X′X

T
= Γp nonsingular and that proposition 13.2 implies plim ZX

T
= 0.

Thus, we have established that the Least-Squares estimator is consistent.
Equation (13.7) further implies:

√
T (vec Φ̂− vec Φ) =

√
T
(
((X′X)−1X′)⊗ In

)
vecZ

=

((
X′X

T

−1)
⊗ In

)
1√
T

(X′ ⊗ In) vecZ

As plim X′X
T

= Γp nonsingular, the above expression converges in distribution
according to Theorem C.10 and Proposition 13.2 to a normally distributed
random variable with mean zero and covariance matrix

(Γ−1
p ⊗ In)(Γp ⊗ Σ)(Γ−1

p ⊗ In) = Γ−1
p ⊗ Σ
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Proof of Theorem 13.2

Proof.

Σ̂ =
(Y − Φ̂X′)(Y − Φ̂X′)′

T

=
(Y − ΦX′ + (Φ− Φ̂)X′)(Y − ΦX′ + (Φ− Φ̂)X′)′

T

=
1

T
(Z + (Φ− Φ̂)X′)(Z + (Φ− Φ̂)X′)′

=
ZZ ′

T
+
ZX

T
(Φ− Φ̂)′ + (Φ− Φ̂)

X′Z ′

T
+ (Φ− Φ̂)

X′X

T
(Φ− Φ̂)′

Applying Theorem C.7 and the results of propositions 13.1 and 13.2 shows
that

ZX(Φ− Φ̂)′√
T

p−−−−→ 0

and

(Φ− Φ̂)
X′X

T

√
T (Φ− Φ̂)′

p−−−−→ 0.

Hence,

√
T

(
(Y − Φ̂X′)(Y − Φ̂X′)′

T
− ZZ ′

T

)
=
√
T

(
Σ̂− ZZ ′

T

)
p−−−−→ 0

13.4 The Yule-Walker Estimator

An alternative estimation method can be derived from the Yule-Walker equa-
tions. Consider first a VAR(1) model. The Yule-Walker equation in this case
simply is:

Γ(0) = ΦΓ(−1) + Σ

Γ(1) = ΦΓ(0)

or

Γ(0) = ΦΓ(0)Φ′ + Σ

Γ(1) = ΦΓ(0).
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The solution of this system of equations is:

Φ = Γ(1)Γ(0)−1

Σ = Γ(0)− ΦΓ(0)Φ′ = Γ(0)− Γ(1)Γ(0)−1Γ(0)Γ(0)−1Γ(1)′

= Γ(0)− Γ(1)Γ(0)−1Γ(1)′.

Replacing the theoretical moments by their empirical counterparts, we get
the Yule-Walker estimator for Φ and Σ:

Φ̂ = Γ̂(1)Γ̂(0)−1,

Σ̂ = Γ̂(0)− Φ̂Γ̂(0)Φ̂′.

In the general case of a VAR(p) model the Yule-Walker estimator is given
as the solution of the equation system

Γ̂(h) =

p∑
j=1

Φ̂jΓ̂(h− j), k = 1, . . . , p,

Σ̂ = Γ̂(0)− Φ̂1Γ̂(−1)− . . .− Φ̂pΓ̂(−p)

As the the least-squares and the Yule-Walker estimator differ only in the
treatment of the starting values, they are asymptotically equivalent. In fact,
they yield very similar estimates even for finite samples (see e.g. Reinsel
(1993)). However, as in the univariate case, the Yule-Walker estimator always
delivers, in contrast to the least-square estimator, coefficient estimates with
the property det(In− Φ̂1z− . . .− Φ̂pz

p) 6= 0 for all z ∈ C with |z| ≤ 1. Thus,
the Yule-Walker estimator guarantees that the estimated VAR possesses a
causal representation. This, however, comes at the price that the Yule-Walker
estimator has a larger small-sample bias than the least-squares estimator,
especially when the roots of Φ(z) get close to the unit circle (Tjøstheim and
Paulsen, 1983; Shaman and Stine, 1988; Reinsel, 1993). Thus, it is generally
preferable to use the least-squares estimator in practice.
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Chapter 14

Forecasting with VAR Models

14.1 Forecasting with Known Parameters

The discussion of forecasting with VAR models proceeds in two steps. First,
we assume that the parameters of the model are known. Although this as-
sumption is unrealistic, it will nevertheless allow us to introduce and analyze
important concepts and ideas. In a second step, we then investigate how the
results established in the first step have to be amended if the parameters
are estimated. The analysis will focus on stationary and causal VAR(1) pro-
cesses. Processes of higher order can be accommodated by rewriting them in
companion form. Thus we have:

Xt = ΦXt−1 + Zt, Zt ∼WN(0,Σ),

Xt = Zt + Ψ1Zt−1 + Ψ2Zt−2 + . . . =
∞∑
j=0

ΨjZt−j,

where Ψj = Φj. Consider then the following forecasting problem: Given
observations {XT , XT−1, . . . , X1}, find a linear function, called predictor or
forecast function, PTXT+h, h ≥ 1, which minimizes the expected quadratic
forecast error

E (XT+h − PTXT+h)
′ (XT+h − PTXT+h)

= E tr(XT+h − PTXT+h)(XT+h − PTXT+h)
′.

Thereby “tr” denotes the trace operator which takes the sum of the diagonal
elements of a matrix. As we rely on linear forecasting functions, PTXT+h can
be expressed as

PTXT+h = A1XT + A2XT−1 + . . .+ ATX1 (14.1)

257
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with matrices A1, A2, . . . , AT still to be determined. In order to simplify
the exposition, we already accounted for the fact that the mean of {Xt} is
zero.1 A justification for focusing on linear least-squares forecasts is given
in Chapter 3. The first order conditions for the least-squares minimization
problem are given by the normal equations:

E (XT+h − PTXT+h)X
′
s = E (XT+h − A1XT − . . .− ATX1)X ′s

= EXT+hX
′
s − A1EXTX

′
s − . . .− ATEX1X

′
s = 0, 1 ≤ s ≤ T.

These equations state that the forecast error (XT+h − PTXT+h) must be
uncorrelated with the available information Xs, s = 1, 2, . . . , T . The normal
equations can be written as

(A1, A2, . . . , AT )


Γ(0) Γ(1) . . . Γ(T − 1)
Γ′(1) Γ(0) . . . Γ(T − 2)

...
...

. . .
...

Γ′(T − 1) Γ′(T − 2) . . . Γ(0)


=
(
Γ(h) Γ(h+ 1) . . . Γ(T + h− 1)

)
.

Denoting by ΓT the matrix

ΓT =


Γ(0) Γ(1) . . . Γ(T − 1)
Γ′(1) Γ(0) . . . Γ(T − 2)

...
...

. . .
...

Γ′(T − 1) Γ′(T − 2) . . . Γ(0)

 ,

the normal equations can be written more compactly as

(A1, A2, . . . , AT ) ΓT =
(
Γ(h) Γ(h+ 1) . . . Γ(T + h− 1)

)
.

Using the assumption that {Xt} is a VAR(1), Γ(h) can be expressed as
Γ(h) = ΦhΓ(0) (see equation(12.3)) so that the normal equations become

(A1, A2, . . . , AT )


Γ(0) ΦΓ(0) . . . ΦT−1Γ(0)

Γ(0)Φ′ Γ(0) . . . ΦT−2Γ(0)
...

...
. . .

...
Γ(0)Φ′T−1 Γ(0)Φ′T−2 . . . Γ(0)


=
(
ΦhΓ(0) Φh+1Γ(0) . . . ΦT+h−1Γ(0)

)
.

1If the mean is non-zero, a constant A0 must be added to the forecast function.
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The easily guessed solution is given by A1 = Φh and A2 = . . . = AT = 0.
Thus, the sought-after forecasting function for the VAR(1) process is

PTXT+h = ΦhXT . (14.2)

The forecast error XT+h−PTXT+h has expectation zero. Thus, the linear
least-squares predictor delivers unbiased forecasts. As

XT+h = ZT+h + ΦZT+h−1 + . . .+ Φh−1ZT+1 + ΦhXT ,

the expected squared forecast error (mean squared error) MSE(h) is

MSE(h) = E
(
XT+h − ΦhXT

) (
XT+h − ΦhXT

)′
= Σ + ΦΣΦ′ + . . .+ Φh−1ΣΦ′h−1 =

h−1∑
j=0

ΦjΣΦ′j. (14.3)

In order to analyze the case of a causal VAR(p) process with T > p, we
transform the model into the companion form. For h = 1, we can apply the
result above to get:

PTYT+1 = ΦYT =


PTXT+1

XT

XT−1
...

XT−p+2

 =


Φ1 Φ2 . . . Φp−1 Φp

In 0 . . . 0 0
0 In . . . 0 0
...

...
. . .

...
...

0 0 . . . In 0




XT

XT−1

XT−2
...

XT−p+1

 .

This implies that

PTXT+1 = Φ1XT + Φ2XT−1 + . . .+ ΦpXT−p+1. (14.4)

The forecast error is XT+1 − PTXT+1 = Zt which has mean zero and covari-
ance variance matrix Σ. In general we have that PTYT+h = ΦhYT so that
PTXT+h is equal to

PTXT+h = Φ
(h)
1 XT + Φ

(h)
2 XT−1 + . . .+ Φ(h)

p XT−p+1

where Φ
(h)
i , i = 1, . . . , p, denote the blocks in the first row of Φh. Alterna-

tively, the forecast for h > 1 can be computed recursively. For h = 2 this
leads to:

PTXT+2 = PT (Φ1XT+1) + PT (Φ2XT ) + . . .+ PT (ΦpXT+2−p) + PT (ZT+2)

= Φ1 (Φ1XT + Φ2XT−1 + . . .+ ΦpXT+1−p)

+ Φ2XT + . . .+ ΦpXT+2−p

=
(
Φ2

1 + Φ2

)
XT + (Φ1Φ2 + Φ3)XT−1 + . . .+ (Φ1Φp−1 + Φp)XT+2−p

+ Φ1ΦpXT+1−p.
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For h > 2 we proceed analogously. This way of producing forecasts is some-
times called iterated forecasts.

In general, the forecast error of a causal VAR(p) process can be expressed
as

XT+h − PTXT+h = ZT+h + Ψ1ZT+h−1 + . . .+ Ψh−1ZT+1

=
h−1∑
j=0

ΦjZT+h−j.

The MSE(h) then is:

MSE(h) = Σ + Ψ1ΣΨ′1 + . . .+ Ψh−1ΣΨ′h−1 =
h−1∑
j=0

ΨjΣΨ′j. (14.5)

Example

Consider again the VAR(2) model of Section 12.3. The forecast function in
this case is then:

PTXT+1 = Φ1Xt + Φ2Xt−1

=

(
0.8 −0.5
0.1 −0.5

)
Xt +

(
−0.3 −0.3
−0.2 0.3

)
Xt−1,

PTXT+2 = (Φ2
1 + Φ2)Xt + Φ1Φ2Xt−1

=

(
0.29 −0.45
−0.17 0.50

)
Xt +

(
−0.14 −0.39

0.07 −0.18

)
Xt−1,

PTXT+3 = (Φ3
1 + Φ1Φ2 + Φ2Φ1)Xt + (Φ2

1Φ2 + Φ2
2)Xt−1

=

(
0.047 −0.310
−0.016 −0.345

)
Xt +

(
0.003 −0.222
−0.049 0.201

)
Xt−1.

Based on the results computed in Section 12.3, we can calculate the corre-
sponding mean squared errors (MSE):

MSE(1) = Σ =

(
1.0 0.4
0.4 2.0

)
,

MSE(2) = Σ + Ψ1ΣΨ′1 =

(
1.82 0.80
0.80 2.47

)
,

MSE(3) = Σ + Ψ1ΣΨ′1 + Ψ2ΣΨ′2 =

(
2.2047 0.3893
0.3893 2.9309

)
.

A practical forecasting exercise with additional material is presented in sec-
tion 14.4.
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14.1.1 Wold Decomposition Theorem

At this stage we note that Wold’s theorem or Wold’s Decomposition carries
over to the multivariate case (see Section 3.2 for the univariate case). This
Theorem asserts that there exists for each purely non-deterministic stationary
process2 a decomposition, respectively representation, of the form:

Xt = µ+
∞∑
j=0

ΨjZt−j,

where Ψ0 = In, Zt ∼ WN(0,Σ) with Σ > 0 and
∑∞

j=0 ‖Ψj‖2 < ∞. The

innovations {Zt} have the property Zt = Xt − P̃t−1Xt and consequently

Zt = P̃tZt. Thereby P̃t denotes the linear least-squares predictor based on
the infinite past {Xt, Xt−1, . . .}. The interpretation of the multivariate case
is analogous to the univariate one.

14.2 Forecasting with Estimated Parameters

In practice the parameters of the VAR model are usually unknown and have
therefore to be estimated. In the previous Section we have demonstrated
that

PTXT+h = Φ1PTXT+h−1 + . . .+ ΦpPTXT+h−p

where PTXT+h−j = YT+h−j if j ≥ h. Replacing the true parameters by their
estimates, we get the forecast function

P̂TXT+h = Φ̂1P̂TXT+h−1 + . . .+ Φ̂pP̂TXT+h−p.

where a hat indicates the use of estimates. The forecast error can then be
decomposed into two components:

XT+h − P̂TXT+h = (XT+h − PTXT+h) +
(
PTXT+h − P̂TXT+h

)
=

h−1∑
j=0

ΦjZT+h−j +
(
PTXT+h − P̂TXT+h

)
. (14.6)

Dufour (1985) has shown that, under the assumption of symmetrically dis-
tributed Zt’s (i.e. if Zt and −Zt have the same distribution) the expectation

2A stationary stochastic process is called deterministic if it can be perfectly forecasted
from its infinite past. It is called purely non-deterministic if there is no deterministic
component (see Section 3.2).
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of the forecast error is zero even when the parameters are replaced by their
least-squares estimates. This result holds despite the fact that these esti-
mates are biased in small samples. Moreover, the results do not assume that
the model is correctly specified in terms of the order p. Thus, under quite
general conditions the forecast with estimated coefficients remains unbiased

so that E
(
XT+h − P̂TXT+h

)
= 0.

If the estimation is based on a different sample than the one used for
forecasting, the two terms in the above expression are uncorrelated so that
its mean squared error is by the sum of the two mean squared errors:

M̂SE(h) =
h−1∑
j=0

ΨjΣΨ′j

+ E
(
PTXT+h − P̂TXT+h

)(
PTXT+h − P̂TXT+h

)′
. (14.7)

The last term can be evaluated by using the asymptotic distribution of the
coefficients as an approximation. The corresponding formula turns out to be
cumbersome. The technical details can be found in Lütkepohl (2006) and
Reinsel (1993). The formula can, however, be simplified considerably if we
consider a forecast horizon of only one period. We deduce the formula for a
VAR of order one, i.e. taking Xt = ΦXt−1 + Zt, Zt ∼WN(0,Σ).

PTXT+h−P̂TXT+h = (Φ−Φ̂)XT = vec
(

(Φ− Φ̂)XT

)
= (X ′T⊗In) vec(Φ−Φ̂).

This implies that

E
(
PTXT+h − P̂TXT+h

)(
PTXT+h − P̂TXT+h

)′
= E(X ′T ⊗ In) vec(Φ− Φ̂)(vec(Φ− Φ̂))′(XT ⊗ In)

= E(X ′T ⊗ In)
Γ−1

1 ⊗ Σ

T
(XT ⊗ In) =

1

T
E(X ′TΓ−1

1 XT )⊗ Σ

=
1

T
E(trX ′TΓ−1

1 XT )⊗ Σ =
1

T
tr(Γ−1

1 E(XTX
′
T ))⊗ Σ

=
1

T
(tr(In)⊗ Σ) =

n

T
Σ.

Thereby, we have used the asymptotic normality of the least-squares estima-
tor (see Theorem 13.1) and the assumption that forecasting and estimation
uses different realizations of the stochastic process. Thus, for h = 1 and
p = 1, we get

M̂SE(1) = Σ +
n

T
Σ =

T + n

T
Σ.
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Higher order models can be treated similarly using the companion form of
VAR(p). In this case:

M̂SE(1) = Σ +
np

T
Σ =

T + np

T
Σ. (14.8)

This is only an approximation as we applied asymptotic results to small
sample entities. The expression shows that the effect of the substitution
of the coefficients by their least-squares estimates vanishes as the sample
becomes large. However, in small sample the factor T+np

T
can be sizeable.

In the example treated in Section 14.4, the covariance matrix Σ, taking the
use of a constant into account and assuming 8 lags, has to be inflated by
T+np+1

T
= 196+4×8+1

196
= 1.168. Note also that the precision of the forecast,

given Σ, diminishes with the number of parameters.

14.3 Modeling of VAR models

The previous section treated the estimation of VAR models under the as-
sumption that the order of the VAR, p, is known. In most cases, this as-
sumption is unrealistic as the order p is unknown and must be retrieved from
the data. We can proceed analogously as in the univariate case (see Sec-
tion 5.1) and iteratively test the hypothesis that coefficients corresponding
to the highest lag, i.e. Φp = 0, are simultaneously equal to zero. Starting
from a maximal order pmax, we test the null hypothesis that Φpmax = 0 in the
corresponding VAR(pmax) model. If the hypothesis is not rejected, we reduce
the order by one to pmax − 1 and test anew the null hypothesis Φpmax−1 = 0
using the smaller VAR(pmax− 1) model. One continues in this way until the
null hypothesis is rejected. This gives, then, the appropriate order of the
VAR. The different tests can be carried out either as Wald-tests (F-tests) or
as likelihood-ratio tests (χ2-tests) with n2 degrees of freedom.

An alternative procedure to determine the order of the VAR relies on
some information criteria. As in the univariate case, the most popular ones
are the Akaike (AIC), the Schwarz or Bayesian (BIC) and the Hannan-Quinn
criterion (HQC). The corresponding formula are:

AIC(p): ln det Σ̃p +
2pn2

T
,

BIC(p): ln det Σ̃p +
pn2

T
lnT,

HQC(p): ln det Σ̃p +
2pn2

T
ln (lnT ),
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where Σ̃p denotes the degree of freedom adjusted estimate of the covariance
matrix Σ for a model of order p (see equation(13.5)). n2p is the number of
estimated coefficients. The estimated order is then given as the minimizer of
one of these criteria. In practice the Akaike’s criterion is the most popular
one although it has a tendency to deliver orders which are too high. The BIC
and the HQ-criterion on the other hand deliver the correct order on average,
but can lead to models which suffer from the omitted variable bias when
the estimated order is too low. Examples are discussed in Sections 14.4 and
15.4.5.

Following Lütkepohl (2006), Akaike’s information criterion can be ratio-
nalized as follows. Take as a measure of fit the determinant of the one period

approximate mean-squared errors M̂SE(1) from equation (14.8) and take as
an estimate of Σ the degrees of freedom corrected version in equation (13.5).
The resulting criterion is called according to Akaike (1969) the final predic-
tion error (FPE):

FPE(p) = det

(
T + np

T
× T

T − np
Σ̃

)
=

(
T + np

T − np

)n
det Σ̃. (14.9)

Taking logs and using the approximations T+np
T−np ≈ 1 + 2np

T
and log(1 + 2np

T
) ≈

2np
T

, we arrive at
AIC(p) ≈ logFPE(p).

14.4 Example: A Simple VAR Macroeconomic

Model for the U.S. Economy

In this section, we illustrate how to build and use VAR models for forecasting
key macroeconomic variables. For this purpose, we consider the following
four variables: GDP per capita ({Yt}), price level in terms of the consumer
price index (CPI) ({Pt}), real money stock M1 ({Mt}), and the three month
treasury bill rate ({Rt}). All variables are for the U.S. and are, with the
exception of the interest rate, in logged differences.3 The components of
Xt are with the exception of the interest rate stationary.4 Thus, we aim at
modeling Xt = (∆ log Yt,∆ logPt,∆ logMt, Rt)

′. The sample runs from the
first quarter 1959 to the first quarter 2012. We estimate our models, however,

3Thus, ∆ logPt equals the inflation rate.
4Although the unit root test indicate that Rt is integrated of order one, we do not

difference this variable. This specification will not affect the consistency of the estimates
nor the choice of the lag-length (Sims et al., 1990), but has the advantage that each
component of Xt is expressed in percentage points which facilitates the interpretation.
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Table 14.1: Information Criteria for the VAR Models of Different Orders

order AIC BIC HQ

0 -14.498 -14.429 -14.470
1 -17.956 -17.611 -17.817
2 -18.638 -18.016 -18.386
3 -18.741 -17.843 -18.377
4 -18.943 -17.768 -18.467
5 -19.081 -17.630 -18.493
6 -19.077 -17.349 -18.377
7 -19.076 -17.072 -18.264
8 -19.120 -16.839 -18.195
9 -18.988 -16.431 -17.952
10 -18.995 -16.162 -17.847
11 -18.900 -15.789 -17.639
12 -18.884 -15.497 -17.512

minimum in bold

only up to the fourth quarter 2008 and reserve the last thirteen quarters, i.e.
the period from the first quarter 2009 to first quarter of 2012, for an out-of-
sample evaluation of the forecast performance. This forecast assessment has
the advantage to account explicitly of the sampling variability in estimated
parameter models.

The first step in the modeling process is the determination of the lag-
length. Allowing for a maximum of twelve lags, the different information
criteria produce the values reported in Table 14.1. Unfortunately, the three
criteria deliver different orders: AIC suggests 8 lags, HQ 5 lags, and BIC 2
lags. In such a situation it is wise to keep all three models and to perform
additional diagnostic tests.5 One such test is to run a horse-race between the
three models in terms of their forecasting performance.

Forecasts are evaluated according to the root-mean-squared-error (RMSE)

5Such tests would include an analysis of the autocorrelation properties of the residuals
and tests of structural breaks.
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and the mean-absolute-error (MAE)6:

RMSE :

√√√√1

h

T+h∑
T+1

(X̂it −Xit)2 (14.10)

MAE :
1

h

T+h∑
T+1

|X̂it −Xit| (14.11)

where X̂it and Xit denote the forecast and the actual value of variable i in
period t. Forecasts are computed for a horizon h starting in period T . We
can gain further insights by decomposing the mean-squared-error additively
into three components:

1

h

T+h∑
T+1

(X̂it −Xit)
2 =

((
1

h

T+h∑
T+1

X̂it

)
−X i

)2

+ (σX̂i − σXi)
2 + 2(1− ρ)σX̂iσXi .

The first component measures how far the mean of the forecasts 1
h

∑T+h
T+1 X̂it

is away from the actual mean of the data X i. It therefore measures the
bias of the forecasts. The second one compares the standard deviation of the
forecast σX̂i to those of the data σXi . Finally, the last component is a measure
of the unsystematic forecast errors where ρ denotes the correlation between
the forecast and the data. Ideally, each of the three components should be
close to zero: there should be no bias, the variation of the forecasts should
correspond to those of the data, and the forecasts and the data should be
highly positively correlated. In order to avoid scaling problems, all three
components are usually expressed as a proportion of 1

h

∑T+h
T+1(X̂it −Xit)

2:

bias proportion:

((
1
h

∑T+h
T+1 X̂it

)
−X i

)2

1
h

∑T+h
T+1(X̂it −Xit)2

(14.12)

variance proportion:
(σX̂i − σXi)

2

1
h

∑T+h
T+1(X̂it −Xit)2

(14.13)

covariance proportion:
2(1− ρ)σX̂iσXi

1
h

∑T+h
T+1(X̂it −Xit)2

(14.14)

6Alternatively one could use the mean-absolute-percentage-error (MAPE). However, as
all variables are already in percentages, the MAE is to be preferred.
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We use the three models to produce dynamic or iterated forecasts PTXT+1,
PTXT+2, . . . ,PTXT+h. Thus, forecasts for h ≥ 2 are computed iteratively by
inserting for the lagged variables the forecasts obtained in the previous steps.
For details see Chapter 14. Alternatively, one may consider a recursive or
rolling out-of-sample strategy where the model is reestimated each time a
new observation becomes available. Thus, we would evaluate the one-period-
ahead forecasts PTXT+1,PT+1XT+2, . . . ,PT+h−1XT+h, the two-period-ahead
forecasts PTXT+2,PT+1XT+3, . . . ,PT+h−2XT+h, and so on. The difference
between the recursive and the rolling strategy is that in the first case all
observations are used for estimation whereas in the second case the sample
is rolled over so that its size is kept fixed at T .

Figure 14.1 displays dynamic or iterated forecasts for the four variables
expressed in log-levels, respectively in levels for the interest rate. Forecast
are evaluated according to the performance measures explained above. The
corresponding values are reported in Table 14.2. All models see a quick
recovery after the recession in 2008 and are thus much too optimistic. The
lowest RMSE for log Yt is 5.678 for the VAR(8) model. Thus, GDP per
capita is predicted to be on average almost 6 percent too high over the
forecast period. This overly optimistic forecast is reflected in a large bias
proportion which amounts to more than 95 percent. The situation looks
much better for the price level. All models see an increase in inflation starting
in 2009. Especially, the two higher order models fare much better. Their
RMSE is just over 1 percent. The bias proportion is practically zero for the
VAR(8) model. The forecast results of the real money stock are mixed. All
models predict a quick recovery. This took indeed place, but first at a more
moderate pace. Starting in mid-2010 the unconventional monetary policy
of quantitative easing, however, led to an unforeseen acceleration so that
the forecasts turned out to be systematically too low for the later period.
Interestingly, the smallest model fared significantly better than the other
two. Finally, the results for the interest rates are very diverse. Whereas the
VAR(2) model predicts a rise in the interest rate, the other models foresee
a decline. The VAR(8) model even predicts a very drastic fall. However, all
models miss the continuation of the low interest rate regime and forecasts
an increase starting already in 2009. This error can again be attributed to
the unforeseen low interest rate monetary policy which was implemented in
conjunction with the quantitative easing. This misjudgement resulted in a
relatively large bias proportion.

Up to now, we have just been concerned with point forecasts. Point
forecasts, however, describe only one possible outcome and do not reflect
the inherent uncertainty surrounding the prediction problem. It is, thus, a
question of scientific integrity to present in addition to the point forecasts also
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Figure 14.1: Forecast Comparison of Alternative Models
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Table 14.2: Forecast evaluation of alternative VAR models

VAR(2) VAR(5) VAR(8)

log Yt

RMSE 8.387 6.406 5.678
bias proportion 0.960 0.961 0.951
variance proportion 0.020 0.010 0.001
covariance proportion 0.020 0.029 0.048

MAE 8.217 6.279 5.536

logPt

RMSE 3.126 1.064 1.234
bias proportion 0.826 0.746 0.001
variance proportion 0.121 0.001 0.722
covariance proportion 0.053 0.253 0.278

MAE 2.853 0.934 0.928

logMt

RMSE 5.616 6.780 9.299
bias proportion 0.036 0.011 0.002
variance proportion 0.499 0.622 0.352
covariance proportion 0.466 0.367 0.646

MAE 4.895 5.315 7.762

Rt

RMSE 2.195 2.204 2.845
bias proportion 0.367 0.606 0.404
variance proportion 0.042 0.337 0.539
covariance proportion 0.022 0.057 0.057

MAE 2.125 1.772 2.299

RMSE and MAE for log Yt, logPt, and logMt are

multiplied by 100.
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Figure 14.2: Forecast of VAR(8) model and 80 percent confidence intervals
(red dotted lines)

confidence intervals. One straightforward way to construct such intervals is
by computing the matrix of mean-squared-errors MSE using equation (14.5).
The diagonal elements of this matrix can be interpreted as a measure of
the forecast error variances for each variable. Under the assumption that
the innovations {Zt} are Gaussian, such confidence intervals can be easily
computed. However, in practice this assumption is likely to be violated. This
problem can be circumvented by using the empirical distribution function of
the residuals to implement a bootstrap method similar to the computation
of the Value-at-Risk in Section 8.4. Figure 14.2 plots the forecasts of the
VAR(8) model together with a 80 percent confidence interval computed from
the bootstrap approach. It shows that, with the exception of the logged
price level, the actual realizations fall out of the confidence interval despite
the fact that the intervals are already relatively large. This documents the
uniqueness of the financial crisis and gives a hard time for any forecasting
model.

Instead of computing a confidence interval, one may estimate the prob-
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ability distribution of possible future outcomes. This provides a complete
description of the uncertainty related to the prediction problem (Christof-
fersen, 1998; Diebold et al., 1998; Tay and Wallis, 2000; Corradi and Swan-
son, 2006). Finally, one should be aware that the innovation uncertainty
is not the only source of uncertainty. As the parameters of the model are
themselves estimated, there is also a coefficient uncertainty. In addition, we
have to face the possibility that the model is misspecified.

The forecasting performance of the VAR models may seem disappointing
at first. However, this was only be a first attempt and further investigations
are usually necessary. These may include the search for structural breaks (See
Bai et al., 1998; Perron, 2006). Another reason for the poor forecasting may
be due to the over-parametrization of VAR models. The VAR(8) model, for
example, 32 lagged dependent variables plus a constant in each of the four
equations which leads to a total 132 parameters. This problem can be dealt
with by applying Bayesian shrinkage techniques. This approach, also known
as Bayesian VAR (BVAR), was particularly successful when using the so-
called Minnesota prior (See Doan et al., 1984; Litterman, 1986; Kunst and
Neusser, 1986; Banbura et al., 2010)

Besides these more fundamental issues, one may rely on more technical
remedies. One such remedy is the use of direct rather iterated forecasts.
This difference is best explained in the context of the VAR(1) model Xt =
ΦXt−1 + Zt, Zt ∼ WN(0,Σ). The iterated forecast for XT+h uses the OLS-

estimate Φ̂ to compute the forecast Φ̂hXT (see Chapter 14). Alternatively,
one may estimate instead of the VAR(1), the model Xt = ΥXt−h + Zt and

compute the direct forecast forXT+h as Υ̂XT . Although Υ̂ has larger variance
than Φ̂ if the VAR(1) is correctly specified, it is robust to misspecification
(see Bhansali, 1999; Schorfheide, 2005; Marcellino et al., 2006).

Another interesting and common device is intercept correction or residual
adjustment. Thereby the constant terms are adjusted in such a way that the
residuals of the most recent observation become zero. The model is thereby
set back on track. In this way the forecaster can guard himself against
possible structural breaks. Residual adjustment can also serve as a device
to incorporate anticipated events, like announced policies, which are not yet
incorporated into the model. See Clements and Hendry (1996, 2006) for
further details and additional forecasting devices.
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Chapter 15

Interpretation and
Identification of VAR Models

Although the estimation of VAR models poses no difficulties as outlined in
the previous chapter, the individual coefficients are almost impossible to in-
terpret. On the one hand, there are usually many coefficients, a VAR(4)
model with three variables, for example, already has twelve coefficients per
equation and thus 36 coefficients in total to interpret; on the other hand,
there is in general no unambiguous relation of the VAR coefficients to the
coefficients of a particular model. The last problem is known as the identi-
fication problem. To overcome this identification problem, many techniques
have been developed which should allow to give the estimated VAR model
an explicit economic interpretation.

15.1 Wiener-Granger Causality

As a first technique for the understanding of VAR processes, we analyze the
concept of causality which was introduced by Granger (1969). The concept
is also known as Wiener-Granger causality because Granger’s idea goes back
to the work of Wiener (1956). Take a multivariate time series {Xt} and
consider the forecast of X1,T+h, h ≥ 1, given XT , XT−1, . . . where {Xt} has
not only X1t as a component, but also another variable or group of variables
X2t. Xt may contain even further variables than X1,t and X2,t. The mean-
squared forecast error is denoted by MSE1(h). Consider now an alternative

forecast of X1,T+h given X̃T , X̃T−1, . . . where {X̃t} is obtained from {Xt} by
eliminating the component X2,t. The mean-squared error of this forecast is

denoted by M̃SE1(h). According to Granger, we can say that the second
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variable X2,t causes or is causal for X1,t if and only if

MSE(h)1 < M̃SE1(h) for some h ≥ 1.

This means that the information contained in {X2t} and its past improves
the forecast of {X1t} in the sense of the mean-squared forecast error. Thus
the concept of Wiener-Granger causality makes only sense for purely non-
deterministic processes and rest on two principles:1

• The future cannot cause the past. Only the past can have a causal
influence on the future.2

• A specific cause contains information not available otherwise.

The concept of Wiener-Granger causality played an important role in
the debate between monetarists and Keynesians over the issue whether the
money stock has an independent influence on real activity. It turned out that
this question can only be resolved within a specific context. Sims (1980a), for
example, showed that the relationship between the growth rate of the money
stock and changes in real activity depends on whether a short interest rate
is accounted for in the empirical analysis or not. Another problem of the
concept is that it is not unambiguously possible to infer a causal relationship
just from the chronology of two variables as demonstrated by Tobin (1970).
This and other conceptual issues (see Zellner (1979) and the discussion in
the next chapter) and econometric problems (Geweke, 1984) led to a decline
in the practical importance of this concept.

We propose two econometric implementations of the causality concept.
The first one is based on a VAR, the second one is non-parametric and uses
the cross-correlations. In addition, we propose an interpretation in terms
of the causal representation, respectively the Wold Decomposition Theorem
(see Chapter 14)

15.1.1 VAR Approach

If one restricts oneself to linear least-squares forecasts, the above definition
can be easily operationalized in the context of VAR models with only two

1Compare this to the concept of a causal representation developed in Sections 12.3 and
2.3.

2Sometimes also the concept of contemporaneous causality is considered. This concept
is, however, controversial and has therefore not gained much success in practice and will,
therefore, not be pursued.
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variables (see also Sims, 1972). Consider first a VAR(1) model. Then ac-
cording to the explanations in Chapter 14 the one-period forecast is:

PTXT+1 =

(
PTX1,T+1

PTX2,T+1

)
= ΦXT =

(
φ11 φ12

φ21 φ22

)(
X1,T

X2,T

)
and therefore

PTX1,T+1 = φ11X1T + φ12X2T .

If φ12 = 0 then the second variable does not contribute to the one-period fore-

cast of the first variable and can therefore be omitted: MSE1(1) = M̃SE1(1).
Note that

Φh =

(
φh11 0
∗ φh22

)
,

where ∗ is a placeholder for an arbitrary number. Thus the second variable
is not only irrelevant for the one-period forecast, but for any forecast horizon
h ≥ 1. Thus, the second variable is not causal for the first variable in the
sense of Wiener-Granger causality.

These arguments can be easily extended to VAR(p) models. According
to equation (14.4) we have that

PTX1,T+1 = φ
(1)
11 X1T + φ

(1)
12 X2T + . . .+ φ

(p)
11 X1,T−p+1 + φ

(p)
12 X2,T−p+1

where φ
(k)
ij denotes (i, j)-th element, i = 1, 2, of the matrix Φk, k = 1, . . . , p.

In order for the second variable to have no influence on the forecast of the
first one, we must have that φ

(1)
12 = φ

(2)
12 = . . . = φ

(p)
12 = 0. This implies that

all matrices Φk, k = 1, . . . , p, must be lower triangular, i.e. they must be

of the form

(
∗ 0
∗ ∗

)
. As the multiplication and addition of lower triangular

matrices is again a lower triangular matrix, the second variable is irrelevant
in forecasting the first one at any forecast horizon. This can be seen by
computing the corresponding forecast function recursively as in Chapter 14.

Based on this insight it is straightforward to test the null hypothesis that
the second variable does not cause the first one within the VAR(p) context:

H0: {X2t} does not cause {X1t}.

In terms of the VAR model this hypothesis can be stated as:

H0 : φ
(1)
12 = φ

(2)
12 = . . . = φ

(p)
12 = 0.
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The alternative hypothesis is that the null hypothesis is violated. As the
method of least-squares estimation leads on quite general conditions to asymp-
totically normal distributed coefficient estimates, it is straightforward to test
the above hypothesis by a Wald-test (F-test). In the context of a VAR(1)
model a simple t-test is also possible.

If more than two variables are involved the concept of Wiener-Granger
causality is no longer so easy to implement. Consider for expositional pur-
poses a VAR(1) model in three variables with coefficient matrix:

Φ =

φ11 φ12 0
φ21 φ22 φ23

φ31 φ32 φ33

 .

The one-period forecast function of the first variable then is

PTX1,T+1 = φ11X1T + φ12X2T .

Thus, the third variable X3T is irrelevant for the one-period forecast of the
first variable. However, as the third variable has an influence on the second
variable, φ23 6= 0, and because the second variable has an influence on the
first variable, φ12 6= 0, the third variable will provide indirectly useful infor-
mation for the forecast of the first variable for forecasting horizons h ≥ 2.
Consequently, the concept of causality cannot immediately be extended from
two to more than two variables.

It is, however, possible to merge variables one and two, or variables two
and three, into groups and discuss the hypothesis that the third variable does
not cause the first two variables, seen as a group; likewise that the second
and third variable, seen as a group, does not cause the first variable. The
corresponding null hypotheses then are:

H0 : φ23 = φ13 = 0 or H0 : φ12 = φ13 = 0.

Under these null hypotheses we get again lower (block-) triangular matrices:
φ11 φ12

... 0

φ21 φ22
... 0

. . . . . .
... . . .

φ31 φ32
... φ33

 or


φ11

... 0 0
. . . . . . . . . . . .

φ21
... φ22 φ23

φ31
... φ32 φ33

 .

Each of these hypotheses can again be checked by a Wald-test (F-test).
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15.1.2 Wiener-Granger Causality and Causal Repre-
sentation

We can get further insights into the concept of causality by considering a
bivariate VAR, Φ(L)Xt = Zt, with causal representation Xt = Ψ(L)Zt. Par-
titioning the matrices according to the two variables {X1t} and {X2t}, The-
orem 12.1 of Section 12.3 implies that(

Φ11(z) Φ12(z)
Φ21(z) Φ22(z)

)(
Ψ11(z) Ψ12(z)
Ψ21(z) Ψ22(z)

)
=

(
1 0
0 1

)
where the polynomials Φ12(z) and Φ21(z) have no constant terms. The hy-
pothesis that the second variable does not cause the first one is equivalent
in this framework to the hypothesis that Φ12(z) = 0. Multiplying out the
above expression leads to the condition

Φ11(z)Ψ12(z) = 0.

Because Φ11(z) involves a constant term, the above equation implies that
Ψ12(z) = 0. Thus the causal representation is lower triangular. This means
that the first variable is composed of the first shock, {Z1t} only whereas the
second variable involves both shocks {Z1t} and {Z2t}. The univariate causal
representation of {X1t} is therefore the same as the bivariate one.3 Finally,
note the similarity to the issue of the identification of shocks discussed in
subsequent sections.

15.1.3 Cross-correlation Approach

In the case of two variables we also examine the cross-correlations to test
for causality. This non-parametric test has the advantage that one does not
have to rely on an explicit VAR model. This advantage becomes particularly
relevant, if a VMA model must be approximated by a high order AR model.
Consider the cross-correlations

ρ12(h) = corr(X1t, X2,t−h).

If ρ12(h) 6= 0 for h > 0, we can say that the past values of the second variable
are useful for forecasting the first variable such that the second variable causes
the first one in the sense of Wiener and Granger. Another terminology is
that the second variable is a leading indicator for the first one. If in addition,

3As we are working with causal VAR’s, the above arguments also hold with respect to
the Wold Decomposition.
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ρ12(h) 6= 0, for h < 0, so that the past values of the first variable help to
forecast the second one, we have causality in both directions.

As the distribution of the cross-correlations of two independent variables
depends on the autocorrelation of each variable, see Theorem 11.4, Haugh
(1976) and Pierce and Haugh (1977) propose a test based on the filtered
time series. Analogously to the test for independence (see Section 11.2), we
proceed in two steps:

Step 1: Estimate in the first step a univariate AR(p) model for each of the
two time series {X1t} and {X2t}. Thereby chose p such that the corre-
sponding residuals {Ẑ1t} and {Ẑ2t} are white noise. Note that although
{Ẑ1t} and {Ẑ2t} are both not autocorrelated, the cross-correlations
ρZ1,Z2(h) may still be non-zero for arbitrary orders h.

Step 2: As {Ẑ1t} and {Ẑ2t} are the forecast errors based on forecasts which
rely only on the own past, the concept of causality carries over from
the original variables to the residuals. The null hypothesis that the
second variable does not cause the first variable in the sense of Wiener
and Granger can then be checked by the Haugh-Pierce statistic:

Haugh-Pierce statistic: T
L∑
h=1

ρ̂2
Z1,Z2

(h) ∼ χ2
L. (15.1)

Thereby ρ̂2
Z1,Z2

(h), h = 1, 2, . . ., denotes the squared estimated cross-

correlation coefficients between {Ẑ1t} and {Ẑ2t}. Under the null hy-
pothesis that the second variable does not cause the first one, this test
statistic is distributed as a χ2 distribution with L degrees of freedom.

15.2 Structural and Reduced Form

15.2.1 A Prototypical Example

The discussion in the previous section showed that the relation between VAR
models and economic models is ambiguous. In order to better understand
the quintessence of the problem, we first analyze a simple macroeconomic
example. Let {yt} and {mt} denote the output and the money supply of
an economy4 and suppose that the relation between the two variables is

4If one is working with actual data, the variables are usually expressed in log-differences
to achieve stationarity.
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represented by the following simultaneous equation system:

AD-curve: X1t = yt = a1mt + γ11yt−1 + γ12mt−1 + vyt

policy reaction curve: X2t = mt = a2yt + γ21yt−1 + γ22mt−1 + vmt

Note the contemporaneous dependence of yt on mt in the AD-curve and a
corresponding dependence of mt on yt in the policy reaction curve. These
equations are typically derived from economic reasoning and may characterize
a model explicitly derived from economic theory. In statistical terms the
simultaneous equation system is called the structural form. The error terms
{vyt} and {vmt} are interpreted as demand shocks and money supply shocks,
respectively. They are called structural shocks and are assumed to follow a
multivariate white noise process:

Vt =

(
vyt
vmt

)
∼WN (0,Ω) with Ω =

(
ω2
y 0

0 ω2
m

)
.

Note that the two structural shocks are assumed to be contemporaneously
uncorrelated which is reflected in the assumption that Ω is a diagonal matrix.
This assumption in the literature is uncontroversial. Otherwise, there would
remain some unexplained relationship between them. The structural shocks
can be interpreted as the statistical analog of an experiment in the natural
sciences. The experiment corresponds in this case to a shift of the AD-
curve due to, for example, a temporary non-anticipated change in government
expenditures or money supply. The goal of the analysis is then to trace the
reaction of the economy, in our case represented by the two variables {yt}
and {mt}, to these isolated and autonomous changes in aggregate demand
and money supply. The structural equations imply that the reaction is not
restricted to contemporaneous effects, but is spread out over time. We thus
represent this reaction by the impulse response function.

We can write the system more compactly in matrix notation:(
1 −a1

−a2 1

)(
yt
mt

)
=

(
γ11 γ12

γ21 γ22

)(
yt−1

mt−1

)
+

(
1 0
0 1

)(
vyt
vmt

)
or

AXt = ΓXt−1 +BVt

where A =

(
1 −a1

−a2 1

)
, Γ =

(
γ11 γ12

γ21 γ22

)
and B =

(
1 0
0 1

)
.
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Assuming that a1a2 6= 1, we can solve the above simultaneous equation
system for the two endogenous variables yt and mt to get the reduced form
of the model:

X1t = yt =
γ11 + a1γ21

1− a1a2

yt−1 +
γ12 + a1γ22

1− a1a2

mt−1 +
vyt

1− a1a2

+
a1vmt

1− a1a2

= φ11yt−1 + φ12mt−1 + Z1t

X2t = mt =
γ21 + a2γ11

1− a1a2

yt−1 +
γ22 + a2γ12

1− a1a2

mt−1 +
a2vyt

1− a1a2

+
vmt

1− a1a2

= φ21yt−1 + φ22mt−1 + Z2t.

Thus, the reduced form is a VAR(1) model with error term {Zt} = {(Z1t, Z2t)
′}.

The reduced form can also be expressed in matrix notation as:

Xt = A−1ΓXt−1 + A−1BVt

= ΦXt−1 + Zt

where

Zt ∼WN(0,Σ) with Σ = A−1BΩB′A′−1.

Whereas the structural form represents the inner economic relations between
the variables (economic model), the reduced form given by the VAR model
summarizes their outer directly observable characteristics. As there is no un-
ambiguous relation between the reduced and structural form, it is impossible
to infer the inner economic relationships from the observations alone. This is
known in statistics as the identification problem. Typically, a whole family of
structural models is compatible with a particular reduced form. The models
of the family are thus observationally equivalent to each other as they imply
the same distribution for {Xt}. The identification problem can be overcome
if one is willing to make additional a priori assumptions. The nature and
the type of these assumption and their interpretation is subject of the rest
of this chapter.

In our example, the parameters characterizing the structural and the
reduced form are

{a1, a2, γ11, γ12, γ21, γ22, ω
2
y, ω

2
m}

and

{φ11, φ12, φ21, φ22, σ
2
1, σ12, σ

2
2}.
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As there are eight parameters in the structural form, but only seven param-
eters in the reduced form, there is no one-to-one relation between structural
and reduced form. The VAR(1) model delivers estimates for the seven re-
duced form parameters, but there is no way to infer from these estimates the
parameters of the structural form. Thus, there is a fundamental identification
problem.

The simple counting of the number of parameters in each form tells us
that we need at least one additional restriction on the parameters of the
structural form. The simplest restriction is a zero restriction. Suppose that
a2 equals zero, i.e. that the central bank does not react immediately to cur-
rent output. This seems reasonable because national accounting figures are
usually released with some delay. With this assumption, we can infer the
structural parameters from reduced ones:

γ21 = φ21, γ22 = φ22,

νmt = Z2t ⇒ ω2
m = σ2

2, ⇒ a1 = σ12/σ
2
2, ⇒ ω2

y = σ2
1 − σ2

12/σ
2
2

γ11 = φ11 − (σ12/σ
2
2)φ21, γ12 = φ12 − (σ12/σ

2
2)φ22.

Remark 15.1. Note that, because Zt = A−1BVt, the reduced form distur-
bances Zt are a linear combination of the structural disturbances, in our case
the demand disturbance vyt and the money supply disturbance vmt. In each
period t the endogenous variables output yt and money supply mt are there-
fore hit simultaneously by both shocks. It is thus not possible without further
assumptions to assign the movements in Zt and consequently in Xt to corre-
sponding changes in the fundamental structural shocks vyt and vmt.

Remark 15.2. As Cooley and LeRoy (1985) already pointed out, the state-
ment “money supply is not causal in the sense of Wiener and Granger for
real economic activity”, which, in our example is equivalent to φ12 = 0, is
not equivalent to the statement “money supply does not influence real eco-
nomic activity“ because φ12 can be zero without a1 being zero. Thus, the
notion of causality is not very meaningful in inferring the inner (structural)
relationships between variables.

15.2.2 Identification: the General Case

We now present the general identification problem in the context of VAR.5

The starting point of the analysis consists of a linear model, derived ideally

5A thorough treatment of the identification problem in econometrics can be found in
Rothenberg (1971), and in the VAR context in Rubio-Ramı́rez et al. (2010).
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from economic theory, in its structural form:

AXt = Γ1Xt−1 + . . .+ ΓpXt−p +BVt (15.2)

where Vt are the structural disturbances. These disturbances usually have
an economic interpretation, for example as demand or supply shocks. A is a
n×n matrix which is normalized such that the diagonal consists of ones only.
The matrix B is also normalized such that its diagonal contains only ones.
The process of structural disturbances, {Vt}, is assumed to be a multivariate
white noise process with a diagonal covariance matrix Ω:

Vt ∼WN(0,Ω) with Ω = EVtV ′t =


ω2

1 0 . . . 0
0 ω2

2 . . . 0
...

...
. . .

...
0 0 . . . ω2

n

 .

The assumption that the structural disturbance are uncorrelated with each
other is not viewed as controversial as otherwise there would be unexplained
relationships between them. In the literature one encounters an alternative
completely equivalent normalization which leaves the coefficients in B un-
restricted but assumes the covariance matrix of Vt, Ω, to be equal to the
identity matrix In.

The reduced form is obtained by solving the equation system with re-
spect to Xt. Assuming that A is nonsingular, the premultiplication of equa-
tion (15.2) by A−1 leads to the reduced form which corresponds to a VAR(p)
model:

Xt = A−1Γ1Xt−1 + . . .+ A−1ΓpXt−p + A−1BVt (15.3)

= Φ1Xt−1 + . . .+ ΦpXt−p + Zt.

The relation between the structural disturbances Vt and the reduced form
disturbances Zt is in the form of a simultaneous equation system:

AZt = BVt. (15.4)

While the structural disturbances are not directly observed, the reduced form
disturbances are given as the residuals of the VAR and can thus be considered
as given. The relation between the lagged variables is simply

Γj = AΦj, j = 1, 2, . . . , p.

Consequently, once A and B have been identified, not only the coefficients of
the lagged variables in the structural form are identified, but also the impulse
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response functions (see Section 15.4.1). We can therefore concentrate our
analysis of the identification problem on equation (15.4).

With these preliminaries, it is now possible to state the identification
problem more precisely. Equation (15.4) shows that the structural form is
completely determined by the parameters (A,B,Ω). Taking the normaliza-
tion of A and B into account, these parameters can be viewed as points
in Rn(2n−1). These parameters determine the distribution of Zt = A−1BVt
which is completely characterized by the covariance matrix of Zt, Σ, as the
mean is equal to zero.6 Thus, the parameters of the reduced form, i.e. the
independent elements of Σ taking the symmetry into account, are points in
Rn(n+1)/2. The relation between structural and reduced form can therefore
be described by a function g : Rn(2n−1) → Rn(n+1)/2:

Σ = g(A,B,Ω) = A−1BΩB′A′−1. (15.5)

Ideally, one would want to find the inverse of this function and retrieve, in this
way, the structural parameters (A,B,Ω) from Σ. This is, however, in general
not possible because the dimension of the domain space of g, n(2n − 1), is
strictly greater, for n ≥ 2, than the dimension of its range space, n(n+ 1)/2.
This discrepancy between the dimensions of the domain and the range space
of g is known as the identification problem. To put it in another way, there
are only n(n+ 1)/2 (nonlinear) equations for n(2n− 1) unknowns.7

To overcome the identification problem, we have to bring in additional
information. A customary approach is to impose a priori assumptions on the
structural parameters. The Implicit Function Theorem tells us that we need

3n(n− 1)/2 = n(2n− 1)− n(n+ 1)/2 (15.6)

such restrictions, so-called identifying restrictions, to be able to invert the
function g. Note that this is only a necessary condition and that the identifi-
cation problem becomes more severe as the dimension of the VAR increases
because the number of restrictions grows at a rate proportional to n2.

This result can also be obtained by noting that the function g in equa-
tion (15.5) is invariant to the following transformation h:

h : (A,B,Ω) −→ (RA,RBΩ1/2QΩ−1/2, DΩD−1)

6As usual, we concentrate on the first two moments only.
7Note also that our discussion of the identification problem focuses on local identifi-

cation, i.e. the invertibility of g in an open neighborhood of Σ. See Rothenberg (1971)
and Rubio-Ramı́rez et al. (2010) for details on the distinction between local and global
identification.
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where R, Q and D are arbitrary invertible matrices such that R respects the
normalization of A and B, Q is an orthogonal matrix, and D is a diagonal
matrix. It can be verified that

(g ◦ h)(A,B,Ω) = g(A,B,Ω).

The dimensions of the matrices R, Q, and D are n2 − 2n, n(n − 1)/2, and
n, respectively. Summing up gives 3n(n− 1)/2 = n2 − 2n + n(n− 1)/2 + n
degrees of freedom as before.

The applied economics literature proposed several identification schemes:

(i) Short-run restrictions (among many others, Sims, 1980b; Blanchard,
1989; Blanchard and Watson, 1986; Christiano et al., 1999)

(ii) Long-run restrictions (Blanchard and Quah, 1989; Gaĺı, 1992)

(iii) Sign restrictions: this method restricts the set of possible impulse re-
sponse functions (see Section 15.4.1) and can be seen as complementary
to the other identification schemes (Faust, 1998; Uhlig, 2005; Fry and
Pagan, 2011; Kilian and Murphy, 2012).

(iv) Identification through heteroskedasticity (Rigobon, 2003)

(v) Restrictions derived from a dynamic stochastic general equilibrium
(DSGE) model. Typically, the identification issue is overcome by im-
posing a priori restrictions via a Bayesian approach (Negro and Schorfheide
(2004) among many others).

(vi) Identification using information on global versus idiosyncratic shocks
in the context of multi-country or multi-region VAR models (Canova
and Ciccarelli, 2008; Dees et al., 2007)

(vii) Instead of identifying all parameters, researchers may be interested in
identifying only one equation or a subset of equations. This case is
known as partial identification. The schemes presented above can be
extended in a straightforward manner to the partial identification case.

These schemes are not mutually exclusive, but can be combined with each
other. In the following we will only cover the identification through short-
and long-run restrictions, because these are by far the most popular ones.
The economic importance of these restrictions for the analysis of monetary
policy has been emphasized by Christiano et al. (1999).
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15.2.3 Identification: the Case n = 2

Before proceeding further, it is instructive to analyze the case n = 2 in more
detail.8 Assume for simplicity A = I2, then the equation system (15.5) can
be written explicitly as

σ2
1 = ω2

1 + (B)2
12ω

2
2

σ12 = (B)21ω
2
1 + (B)12ω

2
2

σ2
2 = (B)2

21ω
2
1 + ω2

2

with unknowns (B)12, (B)21, ω
2
1, and ω2

2. Note that the assumption of Σ being
positive definite implies that (B)12(B)21 6= 1. Thus, we can solve out ω2

1 and
ω2

2 and reduce the three equations to only one:(
(B)12 − b−1

21

) (
(B)21 − b−1

12

)
= r−2

12 − 1 (15.7)

where b21 and b12 denote the least-squares regression coefficients of Z2t on
Z1t, respectively of Z1t on Z2t, i.e. b21 = σ12/σ

2
1 and b12 = σ12/σ

2
2. r12 is

the correlation coefficient between Z2t and Z1t, i.e. r12 = σ12/(σ1σ2). Note
that imposing a zero restriction by setting (B)12, for example, equal to zero,
implies that (B)21 equals b21; and vice versa, setting (B)21 = 0, implies
(B)12 = b12. As a final remark, the right hand side of equation (15.7) is
always positive as the inverse of the squared correlation coefficient is bigger
than one. This implies both product terms must be of the same sign.

Equation (15.7) delineates all possible combinations of (B)12 and (B)21

which are compatible with a given covariance matrix Σ. Its graph represents
a rectangular hyperbola in the parameter space ((B)12, (B)21) with center
C = (b−1

21 , b
−1
12 ) and asymptotes (B)12 = b−1

21 and (B)21 = b−1
12 and is plotted

in Figure 15.1.The hyperbola consist of two disconnected branches with a
pole at the center C = (b−1

21 , b
−1
12 ). At this point, the relation between the

two parameters changes sign. The Figure also indicates the two possible zero
restrictions (B)12 = 0 and (B)21 = 0, called short-run restrictions. These two
restrictions are connected and its path completely falls within one quadrant.
Thus, along this path the sign of the parameters remain unchanged.

Suppose that instead of fixing a particular parameter, we only want to
restrict its sign. Assuming that (B)12 ≥ 0 implies that (B)21 must lie in one
of the two disconnected intervals (−∞, b21] and (b−1

12 ,+∞).9 Although not
very explicit, some economic consequences of this topological particularity
are discussed in Fry and Pagan (2011). Alternatively, assuming (B)12 ≤ 0

8The exposition is inspired by Leamer (1981).
9That these two intervals are disconnected follows from the fact that Σ is positive

definite.
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Figure 15.1: Identification in a two-dimensional structural VAR with σ12 > 0

implies (B)21 ∈ [b21, b
−1
12 ). Thus, (B)21 is unambiguously positive. Sign

restrictions for (B)21 can be discussed in the same way.

15.3 Identification via Short-run Restrictions

Short-run restrictions represent the most common identification scheme en-
countered in practice. They impose direct linear restrictions on the structural
parameters A and B and restrict in this way the contemporaneous effect of
the structural shocks on the variables of the system. The most common type
of such restrictions are zero restrictions which set certain coefficients a priori
to zero. These zero restrictions are either derived from an explicit economic
theory or are based on some ad hoc arguments. As explained above, it is
necessary to have at least 3n(n− 1)/2 restrictions at hand. If there are more
restrictions, we have an overidentified system. This is, however, rarely the
case in practice because the number of necessary restrictions grows at a rate
proportional to n2. The case of overidentification is, thus, not often encoun-
tered and as such is not treated.10 The way to find appropriate restrictions
in a relatively large system is documented in Section 15.4.5. If the number of

10The case of overidentification is, for example, treated in Bernanke (1986).
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restrictions equals 3n(n− 1)/2, we say that the system is exactly identified.
Given the necessary number of a priori restrictions on the coefficients A

and B, there are two ways to infer A, B, and Ω. The first one views the
relation (15.4) as a simultaneous equation system in Zt with error terms Vt
and to estimate the coefficients by instrumental variables as in Blanchard
and Watson (1986).11 The second way relies on the method of moments and
solves the nonlinear equation system (15.5) as in Bernanke (1986). In the
case of exact identification both methods are numerically equivalent.

In our example treated of Section 15.2.1, we had n = 2 so that three
restrictions were necessary (six parameters, but only three equations). These
three restrictions were obtained by setting B = I2 which gives two restrictions
(i.e. b12 = b21 = 0). The third restriction was to set the immediate reaction
of money supply to a demand shock to zero, i.e. to set a2 = 0. We then
showed that these three restrictions are also sufficient to solve the nonlinear
equation system (15.5).

Sims (1980b) proposed in his seminal article the VAR approach as an
adequate alternative to then popular structural simultaneous approach. In
particular, he suggested a simple recursive identification scheme. This scheme
takes A = In so that the equation system (15.5) simplifies to:

Σ = BΩB′.

Next we assume that B is a lower triangular matrix:

B =


1 0 . . . 0
∗ 1 . . . 0
...

...
. . .

...
∗ ∗ . . . 1


where ∗ is just a placeholder. The matrices B and Ω are uniquely determined
by the Cholesky decomposition of the matrix Σ. The Cholesky decomposition
factorizes a positive-definite matrix Σ uniquely into the product BΩB′ where
B is a lower triangular matrix with ones on the diagonal and a diagonal
matrix Ω with strictly positive diagonal entries (Meyer, 2000). As Zt = BVt,
Sims’ identification gives rise to the following interpretation. v1t is the only
structural shock which has an effect on X1t in period t. All other shocks have
no contemporaneous effect. Moreover, Z1t = v1t so that the residual from
the first equation is just equal to the first structural shock and that σ2

1 = ω2
1.

The second variable X2t is contemporaneously only affected by v1t and v2t,
and not by the remaining shocks v3t, . . . , vnt. In particular, Z2t = b21v1t + v2t

11A version of the instrumental variable (IV) approach is discussed in Section 15.5.2.



288 CHAPTER 15. INTERPRETATION OF VAR MODELS

so that b21 can be retrieved from the equation σ21 = b21ω
2
1. This identifies

the second structural shock v2t and ω2
2. Due to the triangular nature of

B, the system is recursive and all structural shocks and parameters can
be identified successively. The application of the Cholesky decomposition
as an identification scheme rests crucially on the ordering of the variables
(X1t, X2t, . . . , Xnt)

′ in the system.

Sims’ scheme, although easy to implement, becomes less plausible as the
number of variables in the system increases. For this reason the more general
scheme with A 6= In and B not necessarily lower triangular are more popular.
However, even for medium sized systems such as n = 5, 30 restrictions are
necessary which stresses the imagination even of brilliant economists as the
estimation of Blanchard’s model in Section 15.4.5 shows.

Focusing on the identification of the matrices A and B brings also an ad-
vantage in terms of estimation. As shown in Chapter 13, the OLS-estimator
of the VAR coefficient matrices Φ1, . . . ,Φp equals the GLS-estimator indepen-
dently of Σ. Thus, the estimation of the structural parameters can be broken
down into two steps. In the first step, the coefficient matrices Φ1, . . . ,Φp are
estimated using OLS. The residuals are then used to estimate Σ which leads
to an estimate of the covariance matrix (see equation (13.6)). In the second
step, the coefficients of A, B, and Ω are then estimated given the estimate
of Σ, Σ̂, by solving the nonlinear equation system (15.5) taking the specific

identification scheme into account. Thereby Σ is replaced by its estimate Σ̂.

As
√
T
(

vech(Σ̂)− vech(Σ)
)

converges in distribution to a normal distribu-

tion with mean zero, Â, B̂ and Ω̂ are also asymptotically normal because they
are obtained by a one-to-one mapping from Σ̂.12 The Continuous Mapping
Theorem further implies that Â, B̂ and Ω̂ converge to their true means and
that their asymptotic covariance matrix can be obtained by an application
of the delta-method (see Theorem E.1 in the Appendix E). Further details
can be found in Bernanke (1986), Blanchard and Watson (1986), Giannini
(1991), Hamilton (1994a), and Sims (1986).

15.4 Interpretation of VAR Models

15.4.1 Impulse Response Functions

The direct interpretation of VAR models is rather difficult because it is com-
posed of many coefficients so that it becomes difficult to understand the

12The vech operator transforms a symmetric n×n matrix Σ into a 1
2n(n+ 1) vector by

stacking the columns of Σ such that each element is listed only once.
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dynamic interactions between the variables. It is therefore advantageous to
simulate the dynamic effects of the different structural shocks by computing
the impulse response functions. They show the effect over time of the struc-
tural shocks on the variables at issue. These effects can often be related to
the underlying economic model and are thus at the heart of the VAR analy-
sis. The examples in Section 15.4.4 and 15.4.5 provide some illustrations of
this statement.

The impulse response functions are derived from the causal representa-
tion13 of the VAR process (see Section 12.3):

Xt = Zt + Ψ1Zt−1 + Ψ2Zt−2 + . . .

= A−1BVt + Ψ1A
−1BVt−1 + Ψ2A

−1BVt−2 + . . .

The effect of the j-th structural disturbance on the i-th variable after h
periods, denoted by

∂Xi,t+h
∂vjt

is thus given by the (i, j)-th element of the matrix

ΨhA
−1B:

∂Xi,t+h

∂vjt
=
[
ΨhA

−1B
]
i,j
.

Clearly, the impulse response functions depends on the identification scheme
chosen. There are n2 impulse response functions if the system consists of n
variables. Usually, the impulse response functions are represented graphically
as a plot against h.

15.4.2 Variance Decomposition

Another instrument for the interpretation of VAR models is the forecast error
variance decomposition (“FEVD”) or variance decomposition for short which
decomposes the total forecast error variance of a variable into the variances
of the structural shocks. It is again based on the causal representation of the
VAR(p) model. According to equation (14.3) in Chapter 14 the variance of
the forecast error or mean squared error (MSE) is given by:

MSE(h) = E(Xt+h − PtXt+h)(Xt+h − PtXt+h)
′

=
h−1∑
j=0

ΨjΣΨ′j =
h−1∑
j=0

ΨjA
−1BΩB′A′−1Ψ′j.

Given a specific identification scheme and estimates of the structural pa-
rameters, it is possible to attribute the MSE to the variance of the structural

13Sometimes the causal representation is called the MA(∞) representation.
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disturbances. Thereby it is customary to write the contribution of each dis-
turbance as a percentage of the total variance. For this purpose let us write
the MSE(h) explicitly as

MSE(h) =


m

(h)
11 ∗ . . . ∗
∗ m

(h)
22 . . . ∗

...
...

. . .
...

∗ ∗ . . . m
(h)
nn

 .

Our interest lies exclusively on the variances, m
(h)
ii , i = 1, . . . , n, so that we

represent the uninteresting covariance terms by the placeholder ∗. These
variances can be seen as a linear combination of the ω2

i ’s because the covari-
ance matrix of the structural disturbances Ω = diag (ω2

1, . . . , ω
2
n) is a diagonal

matrix:
m

(h)
ii = d

(h)
i1 ω

2
1 + . . .+ d

(h)
in ω

2
n

where the weights d
(h)
ij , i, j = 1, . . . , n and h = 1, 2, . . ., are strictly positive.

They can be computed as

d
(h)
ij =

(
h−1∑
k=0

[ΨkA
−1B]2ij

)

In order to arrive at the percentage value of the contribution of the j-th
disturbance to the MSE of the i-th variable at forecast horizon h, we divide
each summand in the above expression by the total sum:

100×
d

(h)
ij ω

2
j

m
(h)
ii

, i, j = 1, . . . , n, for h = 0, 1, 2, . . .

Usually, these numbers are either displayed graphically as a plot against h
or in table form (see the example in Section 15.4.5). These numbers show
which percentage of the forecast variance at horizon h can be attributed to
a particular structural shock and thus measures the contribution of each of
these shocks to the overall fluctuations of the variables in question.

15.4.3 Confidence Intervals

The impulse response functions and the variance decomposition are the most
important tools for the analysis and interpretation of VAR models. It is,
therefore, of importance not only to estimate these entities, but also to pro-
vide corresponding confidence intervals to underpin the interpretation from
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a statistical perspective. In the literature two approaches have been estab-
lished: an analytic and a bootstrap approach. The analytic approach relies
on the fact that the coefficient matrices Ψh, h = 1, 2, . . ., are continuously
differentiable functions of the estimated VAR coefficients: vec(Ψh) = Fh(β)
where β denotes as in Chapter 13 the vectorized form of the VAR coefficient
matrices Φ1, . . . ,Φp.

14 The relation between VAR coefficients and the causal
representation (MA(∞) representation) was established in Section 12.3. This
discussion shows that the functions Fh : Rpn2 −→ Rn2

are highly nonlinear.

In Chapter 13 it was shown that
√
T
(
β̂ − β

)
d−−−−→ N

(
0,Σ⊗ Γ−1

p

)
so that

we can apply the Continuous Mapping Theorem (see theorem E.1 or Serfling
(1980, 122-124)), sometimes also called the Delta method to get

√
T
(
Fh(β̂)− Fh(β)

)
d−−−−→ N

(
0,

(
∂Fh(β)

∂β′

)(
Σ⊗ Γ−1

p

)(∂Fh(β)

∂β′

)′)
where in practice the covariance matrix is estimated by replacing β and Σ
by their estimate. The computation of the gradient matrices ∂Fh(β)

∂β′
is rather

involved, especially when h becomes large. Details can be found in Lütkepohl
(1990, 2006) and Mittnik and Zadrozny (1993).

The use of this asymptotic approximation has two problems. First, the
complexity of the relationship between the Φi’s and the Ψh’s augments with
h so that the quality of the approximation diminishes with h for any given
sample size. This is true even when β̂ is exactly normally distributed. Second,
the distribution of β̂ is approximated poorly by the normal distribution. This
is particularly relevant when the roots of Φ(L) are near the unit circle. In
this case, the bias towards zero can become substantial (see the discussion in
Section 7.2). These two problems become especially relevant as h increases.
For these reasons the analytic approach has becomes less popular.

The bootstrap approach (Monte Carlo or Simulation approach), as advo-
cated by Runkle (1987), Kilian (1998) and Sims (1999), has become the most
favored approach. This is partly due to the development of powerful com-
puter algorithms, and the increased speed in computations. The so-called
naive bootstrap approach consists of several steps.15

First step: Using a random number generator new disturbances are created.
This can be done in two ways. The first one assumes a particular dis-
tribution for Vt: Vt ∼ N(0, Ω̂), for example. The realizations V1, . . . , VT

14Recall that the vec operator stacks the columns of a n × m matrix to get one nm
vector.

15The bootstrap is a resampling method. Efron and Tibshirani (1993) provide a general
introduction to the bootstrap.



292 CHAPTER 15. INTERPRETATION OF VAR MODELS

are then independent draws from this distribution. The second one,
takes random draws with replacement from the identified realizations
V̂1, . . . , V̂T .16 The second way has the advantage that non explicit dis-
tributional assumption is made which results in a better approximation
of the true distribution of V̂t .

Second step: Given the fixed starting values X−p+1, . . . , X0, the estimated

coefficients matrices Φ̂1, . . . , Φ̂p and the new disturbances drawn in step
one, a new realization of the time series for {Xt} is generated.

Third step: Estimate the VAR model, given the newly generated realiza-
tions for {Xt}, to obtain new estimates for the coefficient matrices.

Fourth step: Generate a new set of impulse response functions given the
new estimates, taking the identification scheme as fixed.

The steps one to four are repeated several times to generate a whole fam-
ily of impulse response functions which form the basis for the computation
of the confidence bands. In many applications, these confidence bands are
constructed in a naive fashion by connecting the confidence intervals for in-
dividual impulse responses at different horizons. This, however, ignores the
fact that the impulse responses at different horizons are correlated which
implies that the true coverage probability of the confidence band is differ-
ent from the presumed one. Thus, the joint probability distribution of the
impulse responses should serve as the basis of the computation of the confi-
dence bands. Recently, several alternatives have been proposed which take
this feature in account. Lütkepohl et al. (2013) provides a comparison of
several methods.

The number of repetitions should be at least 500. The method can be
refined somewhat if the bias towards zero of the estimates of the Φ’s is taken
into account. This bias can again be determined through simulation methods
(Kilian, 1998). A critical appraisal of the bootstrap can be found in Sims
(1999) where additional improvements are discussed. The bootstrap of the
variance decomposition works in similar way.

15.4.4 Example 1: Advertisement and Sales

In this example we will analyze the dynamic relationship between advertise-
ment expenditures and sales by a VAR approach. The data we will use are
the famous data from the Lydia E. Pinkham Medicine Company which cover

16The draws can also be done blockwise. This has the advantage that possible remaining
temporal dependences are taken in account.



15.4. INTERPRETATION OF VAR MODELS 293

yearly observations from 1907 to 1960. These data were among the first ones
which have been used to quantify the effect of advertisement expenditures
on sales. The data are taken from Berndt (1991, Chapter 8) where details
on the specificities of the data and a summary of the literature can be found.

We denote the two-dimensional logged time series of advertisement expen-
ditures and sales by {Xt} = {(ln(advertisementt), ln(salest))

′}. We consider
VAR models of order one to six. For each VAR(p), p = 1, 2, . . . , 6, we com-
pute the corresponding information criteria AIC and BIC (see Section 14.3).
Whereas AIC favors a model of order two, BIC proposes the more parsimo-
nious model of order one. To be on the safe side, we work with a VAR model
of order two whose estimates are reported below:

Xt =


0.145

(0.634)

0.762
(0.333)

+


0.451

(0.174)
0.642

(0.302)

-0.068
(0.091)

1.245
(0.159)

Xt−1

+


-0.189
(0.180)

0.009
(0.333)

-0.176
(0.095)

-0.125
(0.175)

Xt−2 + Zt,

where the estimated standard deviations of the coefficients are reported in
parenthesis. The estimate Σ̂ of the covariance matrix Σ is

Σ̂ =

(
0.038 0.011
0.011 0.010

)
.

The estimated VAR(2) model is taken to be the reduced form model.
The structural model contains two structural shocks: a shock to advertise-
ment expenditures, VAt, and a shock to sales, VSt. The disturbance vector
of the structural shock is thus {Vt} = {(VAt, VSt)′}. It is related to Zt via
relation (15.4), i.e. AZt = BVt. To identify the model we thus need 3 re-
strictions.17 We will first assume that A = I2 which gives two restrictions. A
plausible further assumption is that shocks to sales have no contemporaneous
effects on advertisement expenditures. This zero restriction seems justified
because advertisement campaigns have to be planed in advance. They can-
not be produced and carried out immediately. This argument then delivers

17Formula (15.6) for n = 2 gives 3 restrictions.
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the third restriction as it implies that B is a lower triangular. This lower
triangular matrix can be obtained from the Cholesky decomposition of Σ̂:

B̂ =

(
1 0

0.288 1

)
and Ω̂ =

(
0.038 0

0 0.007

)
.

The identifying assumptions then imply the impulse response functions
plotted in Figure 15.2.

The upper left figure shows the response of a sudden transitory increase
in advertisement expenditures by one percent (i.e. of a one-percent increase
of VAt) to itself. This shock is positively propagated to the future years,
but is statistically zero after four years. After four years the shock even
changes to negative, but statistically insignificant, expenditures. The same
shock produces an increase of sales by 0.3 percent in the current and next
year as shown in the lower left figure. The effect then deteriorates and
becomes even negative after three years. The right hand figures display the
reaction of a sudden transitory increase of sales by one percent. Again,
we see that the shock is positively propagated. Thereby the largest effect
is reached after two years and then declines monotonically. The reaction
of advertisement expenditures is initially equal to zero by construction as
it corresponds to the identifying assumption with regard to B. Then, the
effect starts to increase and reaches a maximum after three years and then
declines monotonically. After 15 years the effect is practically zero. The 95-
percent confidence intervals are rather large so that all effects are no longer
statistically significant after a few number of years.

15.4.5 Example 2: IS-LM Model with Phillips Curve

In this example we replicate the study of Blanchard (1989) which investigates
the US business cycle within a traditional IS-LM model with Phillips curve.18

The starting point of his analysis is the VAR(p) model:

Xt = Φ1Xt−1 + . . .+ ΦpXt−p + C Dt + Zt

18The results do not match exactly those of Blanchard (1989), but are qualitatively
similar.
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Figure 15.2: Impulse response functions for advertisement expenditures and
sales with 95-percent confidence intervals computed using the bootstrap pro-
cedure
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where {Xt} is a five-dimensional time series Xt = (Yt, Ut, Pt,Wt,Mt)
′. The

individual elements of Xt denote the following variables:

Yt . . . growth rate of real GDP

Ut . . . unemployment rate

Pt . . . inflation rate

Wt . . . growth rate of wages

Mt . . . growth rate of money stock.

The VAR has attached to it a disturbance term Zt = (Zyt, Zut, Zpt, Zwt, Zmt)
′.

Finally, {Dt} denotes the deterministic variables of the model such as a
constant, time trend or dummy variables. In the following, we assume that
all variables are stationary.

The business cycle is seen as the result of five structural shocks which
impinge on the economy:

Vdt . . . aggregate demand shock

Vst . . . aggregate supply shock

Vpt . . . price shock

Vwt . . . wage shock

Vmt . . . money shock.

We will use the IS-LM model to rationalize the restrictions so that we will
be able to identify the structural form from the estimated VAR model. The
disturbance of the structural and the reduced form models are related by the
simultaneous equation system:

AZt = BVt

where Vt = (Vyt, Vst, Vpt, Vwt, Vmt)
′ and where A and B are 5×5 matrices with

ones on the diagonal. Blanchard (1989) proposes the following specification:

(AD): Zyt = Vdt + b12Vst

(OL): Zut = −a21Zyt + Vst

(PS): Zpt = −a34Zwt − a31Zyt + b32Vst + Vpt

(WS): Zwt = −a43Zpt − a42Zut + b42Vst + Vwt

(MR): Zmt = −a51Zyt − a52Zut − a53Zpt − a54Zwt + Vmt.
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In matrix notation the above simultaneous equation system becomes:


1 0 0 0 0
a21 1 0 0 0
a31 0 1 a34 0
0 a42 a43 1 0
a51 a52 a53 a54 1



Zyt
Zut
Zpt
Zwt
Zmt

 =


1 b12 0 0 0
0 1 0 0 0
0 b32 1 0 0
0 b42 0 1 0
0 0 0 0 1



Vdt
Vst
Vpt
Vwt
Vmt

 .

The first equation is interpreted as an aggregate demand (AD) equation
where the disturbance term related to GDP growth, Zyt, depends on the
demand shock Vdt and the supply shock Vst. The second equation is related
to Okun’s law (OL) which relates the unemployment disturbance Zut to the
demand disturbance and the supply shock. Thereby an increase in GDP
growth reduces unemployment in the same period by a21 whereas a supply
shock increases it. The third and the fourth equation represent a price (PS)
and wage setting (WS) system where wages and prices interact simultane-
ously. Finally, the fifth equation (MR) is supposed to determine the money
shock (MR). No distinction is made between money supply and money de-
mand shocks. A detailed interpretation of these equations is found in the
original article by Blanchard (1989).

Given that the dimension of the system is five (i.e. n = 5), formula (15.6)
instructs us that we need 3 × (5 × 4)/2 = 30 restrictions. Counting the
number of zero restrictions implemented above, we see that we only have 28
zeros. Thus we lack two additional restrictions. We can reach the same con-
clusion by counting the number of coefficients and the number of equations.
The coefficients are a21, a31, a34, a42, a43, a51, a52, a53, a54, b12, b32, b42 and the
diagonal elements of Ω, the covariance matrix of Vt. We therefore have to
determine 17 unknown coefficients out of (5× 6)/2 = 15 equations. Thus we
find again that we are short of two restrictions. Blanchard discusses several
possibilities among which the restrictions b12 = 1.0 and a34 = 0.1 seem most
plausible.

The sample period runs through the second quarter in 1959 to the second
quarter in 2004 encompassing 181 observations. Following Blanchard, we
include a constant in combination with a linear time trend in the model.
Whereas BIC suggests a model of order one, AIC favors a model of order
two. As a model of order one seems rather restrictive, we stick to the VAR(2)
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model whose estimated coefficients are reported below:19

Φ̂1 =


0.07 −1.31 0.01 0.12 0.02
−0.02 1.30 0.03 −0.00 −0.00
−0.07 −1.47 0.56 0.07 0.03

0.07 0.50 0.44 0.07 0.06
−0.10 1.27 −0.07 0.04 0.49



Φ̂2 =


0.05 1.79 −0.41 −0.13 0.05
−0.02 −0.35 0.00 0.01 −0.00
−0.04 1.38 0.28 0.05 −0.00

0.07 −0.85 0.19 0.10 −0.04
−0.02 −0.77 −0.07 0.11 0.17



Ĉ =


2.18 −0.0101
0.29 0.0001
0.92 −0.0015
4.06 −0.0035
−0.98 −0.0025



Σ̂ =


9.94 −0.46 −0.34 0.79 0.29
−0.46 0.06 −0.02 −0.05 − 0.06
−0.34 −0.02 1.06 0.76 0.13

0.79 −0.05 0.76 5.58 0.76
0.29 −0.06 0.13 0.76 11.07

 .

The first column of Ĉ relates to the constants, whereas the second column
gives the coefficients of the time trend. From these estimates and given the
identifying restrictions established above, the equation Σ̂ = A−1BΩB′A′−1

19To save space, the estimated standard errors of the coefficients are not reported.
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uniquely determines the matrices A, B and Ω:

Â =


1 0 0 0 0

0.050 1 0 0 0
0.038 0 1 0.1 0

0 1.77 −0.24 1 0
0.033 1.10 0.01 −0.13 1



B̂ =


1 1 0 0 0
0 1 0 0 0
0 −1.01 1 0 0
0 1.55 0 1 0
0 0 0 0 1



Ω̂ =


9.838 0 0 0 0

0 0.037 0 0 0
0 0 0.899 0 0
0 0 0 5.162 0
0 0 0 0 10.849


In order to give better interpretation of the results we have plotted the

impulse response functions and their 95-percent confidence bands in Fig-
ures 15.3. The results show that a positive demand shock has only a positive
and statistically significant effect on GDP growth in the first three quarters,
after that the effect becomes even slightly negative and vanishes after sixteen
quarters. The positive demand shock reduces unemployment significantly for
almost fifteen quarters. The maximal effect is achieved after three to four
quarters. Although the initial effect is negative, the positive demand shock
also drives inflation up which then pushes up wage growth. The supply shock
also has a positive effect on GDP growth, but it takes more than four quarters
before the effect reaches its peak. In the short-run the positive supply shock
even reduces GDP growth. In contrast to the demand shock, the positive
supply shock increases unemployment in the short-run. The effect will only
reduce unemployment in the medium- to long-run. The effect on price and
wage inflation is negative.

Finally, we compute the forecast error variance decomposition according
to Section 15.4.2. The results are reported in Table 15.1. In the short-run, the
identifying restrictions play an important role as reflected by the plain zeros.
The demand shock accounts for almost all the variance of GDP growth in
the short-run. The value of 99.62 percent for forecast horizon of one quarter,
however, diminishes as h increases to 40 quarters, but still remains with a
value 86.13 very high. The supply shock on the contrary does not explain
much of the variation in GDP growth. Even for a horizon of 40 quarters,
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Figure 15.3: Impulse response functions for the IS-LM model with Phillips
curve with 95-percent confidence intervals computed using the bootstrap pro-
cedure (compare with Blanchard (1989))
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it contributes only 6.11 percent. The supply shock is, however, important
for the variation in the unemployment rate, especially in the short-run. It
explains more than 50 percent whereas demand shocks account for only 42.22
percent. Its contribution diminishes with the increase of the forecast horizon
giving room for price and wage shocks. The variance of the inflation rate is
explained in the short-run almost exclusively by price shocks. However, as the
the forecast horizon is increased supply and wage shocks become relatively
important. The money growth rate does not interact much with the other
variables. Its variation is almost exclusively explained by money shocks.

15.5 Identification via Long-Run Restrictions

15.5.1 A Prototypical Example

Besides short-run restrictions, essentially zero restrictions on the coefficients
of A and/or B, Blanchard and Quah (1989) proposed long-run restrictions
as an alternative option. These long-run restrictions have to be seen as
complementary to the short-run ones as they can be combined. Long-run
restrictions constrain the long-run effect of structural shocks. This technique
makes only sense if some integrated variables are involved, because in the
stationary case the effects of all shocks vanish eventually. To explain this, we
discuss the two-dimensional example given by Blanchard and Quah (1989).

They analyze a two-variable system consisting of logged real GDP de-
noted by {Yt} and the unemployment rate {Ut}. Logged GDP is typically
integrated of order one (see Section 7.3.4 for an analysis for Swiss GDP)
whereas Ut is considered to be stationary. Thus they apply the VAR ap-
proach to the stationary process {Xt} = {(∆Yt, Ut)′}. Assuming that {Xt}
is already demeaned and follows a causal VAR process, we have the following
representations:

Xt =

(
∆Yt
Ut

)
= Φ1Xt−1 + . . .+ ΦpXt−p + Zt

= Ψ(L)Zt = Zt + Ψ1Zt−1 + Ψ2Zt−2 + . . . .

For simplicity, we assume that A = I2, so that

Zt = BVt =

(
1 b12

b21 1

)(
vdt
vst

)
where Vt = (vdt, vst)

′ ∼WN(0,Ω) with Ω = diag(ω2
d, ω

2
s). Thereby {vdt} and

{vst} denote demand and supply shocks, respectively. The causal represen-
tation of {Xt} implies that the effect of a demand shock in period t on GDP
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Table 15.1: Forecast error variance decomposition (FEVD) in terms of de-
mand, supply, price, wage, and money shocks (percentages)

growth rate of real GDP
horizon demand supply price wage money

1 99.62 0.38 0 0 0
2 98.13 0.94 0.02 0.87 0.04
4 93.85 1.59 2.13 1.86 0.57
8 88.27 4.83 3.36 2.43 0.61
40 86.13 6.11 4.29 2.58 0.89

unemployment rate
horizon demand supply price wage money

1 42.22 57.78 0 0 0
2 52.03 47.57 0.04 0.01 0.00
4 64.74 33.17 1.80 0.13 0.16
8 66.05 21.32 10.01 1.99 0.63
40 39.09 16.81 31.92 10.73 0.89

inflation rate
horizon demand supply price wage money

1 0.86 4.18 89.80 5.15 0
2 0.63 13.12 77.24 8.56 0.45
4 0.72 16.79 68.15 13.36 0.97
8 1.79 19.34 60.69 16.07 2.11
40 2.83 20.48 55.84 17.12 3.74

growth rate of wages
horizon demand supply price wage money

1 1.18 0.10 0.97 97.75 0
2 1.40 0.10 4.30 93.50 0.69
4 2.18 2.75 9.78 84.49 0.80
8 3.80 6.74 13.40 74.72 1.33
40 5.11 8.44 14.19 70.14 2.13

growth rate of money stock
horizon demand supply price wage money

1 0.10 0.43 0.00 0.84 98.63
2 1.45 0.44 0.02 1.02 97.06
4 4.22 1.09 0.04 1.90 92.75
8 8.31 1.55 0.81 2.65 86.68
40 8.47 2.64 5.77 4.55 78.57
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growth in period t+ h is given by:

∂∆Yt+h
∂vdt

= [ΨhB]11

where [ΨhB]11 denotes the upper left hand element of the matrix ΨhB. Yt+h
can be written as Yt+h = ∆Yt+h + ∆Yt+h−1 + . . . + ∆Yt+1 + Yt so that the
effect of the demand shock on the level of logged GDP is given by:

∂Yt+h
∂vdt

=
h∑
j=0

[ΨjB]11 =

[
h∑
j=0

ΨjB

]
11

.

Blanchard and Quah (1989) propose, in accordance with conventional eco-
nomic theory, to restrict the long-run effect of the demand shock on the level
of logged GDP to zero:

lim
h→∞

∂Yt+h
∂vdt

=
∞∑
j=0

[ΨjB]11 = 0.

This implies that

∞∑
j=0

ΨjB =

(
∞∑
j=0

Ψj

)
B = Ψ(1)B =

(
0 ∗
∗ ∗

)
,

where ∗ is a placeholder. This restriction is sufficient to infer b21 from the
relation [Ψ(1)]11b11 + b21[Ψ(1)]12 = 0 and the normalization b11 = 1:

b21 = − [Ψ(1)]11

[Ψ(1)]12

= − [Φ(1)−1]11

[Φ(1)−1]12

.

The second part of the equation follows from the identity Φ(z)Ψ(z) = I2

which gives Ψ(1) = Φ(1)−1 for z = 1. The long-run effect of the supply shock
on Yt is left unrestricted and is therefore in general nonzero. Note that the
implied value of b21 depends on Φ(1), and thus on Φ1, . . . ,Φp. The results
are therefore, in contrast to short-run restrictions, much more sensitive to
correct specification of the VAR.

The relation Zt = BVt implies that

Σ = B

(
ω2
d 0

0 ω2
s

)
B′

or more explicitely

Σ =

(
σ2

1 σ12

σ12 σ2
2

)
=

(
1 b12

b21 1

)(
ω2
d 0

0 ω2
s

)(
1 b21

b12 1

)
.
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Taking b21 as already given from above, this equation system has three equa-
tions and three unknowns b12, ω

2
d, ω

2
s which is a necessary condition for a

solution to exist.

Analytic solution of the system

Because b21 is already determined from the long-run restriction, we rewrite
the equation system20 explicitly in terms of b21:

σ2
1 = ω2

d + b2
12ω

2
s

σ12 = b21ω
2
d + b12ω

2
s

σ2
2 = b2

21ω
2
d + ω2

s .

Using the last two equations, we can express ω2
d and ω2

s as functions of b12:

ω2
d =

σ12 − b12σ
2
2

b21 − b12b2
21

ω2
s =

σ2
2 − b21σ12

1− b12b21

.

These expressions are only valid if b21 6= 0 and b12b21 6= 1. The case b21 = 0 is
not interesting with regard to content. It would simplify the original equation
system strongly and would results in b12 = σ12/σ

2
2, ω2

d = (σ2
1σ

2
2 −σ2

12)/σ2
2 > 0

and ω2
s = σ2

2 > 0. The case b12b21 = 1 contradicts the assumption that Σ is
a positive-definite matrix and can therefore be disregarded.21

Inserting the solutions of ω2
d and ω2

s into the first equation, we obtain a
quadratic equation in b12:(

b21σ
2
2 − b2

21σ12

)
b2

12 +
(
b2

21σ
2
1 − σ2

2

)
b12 +

(
σ12 − b21σ

2
1

)
= 0.

The discriminant ∆ of this equation is:

∆ =
(
b2

21σ
2
1 − σ2

2

)2 − 4
(
b21σ

2
2 − b2

21σ12

) (
σ12 − b21σ

2
1

)
=
(
b2

21σ
2
1 + σ2

2

)2 − 4b21σ12

(
b2

21σ
2
1 + σ2

2

)
+ 4b2

21σ
2
12

=
(
b2

21σ
2
1 + σ2

2 − 2b21σ12

)2
> 0.

20This equation system is similar to the one analyzed in Section 15.2.3.
21If b12b21 = 1, det Σ = σ2

1σ
2
2 − σ2

12 = 0. This implies that Z1t and Z2t are perfectly
correlated, i.e. ρ2

Z1t,Z2t
= σ2

12/(σ
2
1σ

2
2) = 1.
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The positivity of the discriminant implies that the quadratic equation has
two real solutions b

(1)
12 and b

(2)
12 :

b
(1)
12 =

σ2
2 − b21σ12

b21σ2
2 − b2

21σ12

=
1

b21

,

b
(2)
12 =

σ12 − b21σ
2
1

σ2
2 − b21σ12

.

The first solution b
(1)
12 can be excluded because it violates the assumption

b12b21 6= 1 which stands in contradiction to the positive-definiteness of the
covariance matrix Σ. Inserting the second solution back into the solution for
ω2
d and ω2

s , we finally get:

ω2
d =

σ2
1σ

2
2 − σ2

12

b2
21σ

2
1 − 2b21σ12 + σ2

2

> 0

ω2
s =

(σ2
2 − b21σ12)

2

b2
21σ

2
1 − 2b21σ12 + σ2

2

> 0.

Because Σ is a symmetric positive-definite matrix, σ2
1σ

2
2 − σ2

12 and the de-
nominator b2

21σ
2
1 − 2b21σ12 + σ2

2 are strictly positive. Thus, both solutions
yield positive variances and we have found the unique admissible solution.

15.5.2 The General Approach

The general case of long-run restrictions has a structure similar to the case of
short-run restrictions. Take as a starting point again the structural VAR (15.2)
from Section 15.2.2:

AXt = Γ1Xt−1 + . . .+ ΓpXt−p +BVt, Vt ∼WN(0,Ω),

A(L)Xt = BVt

where {Xt} is stationary and causal with respect to {Vt}. As before the
matrix A is normalized to have ones on its diagonal and is assumed to be
invertible, Ω is a diagonal matrix with Ω = diag(ω2

1, . . . , ω
2
n), and B is a

matrix with ones on the diagonal. The matrix polynomial A(L) is defined as
A(L) = A− Γ1L− . . .− ΓpL

p. The reduced form is given by

Φ(L)Xt = Zt, Zt ∼WN(0,Σ)

where AZt = BVt and AΦj = Γj, j = 1, . . . , p, respectively AΦ(L) = A(L).
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The long-run variance of {Xt}, J , (see equation (11.1) in Chapter 11) can
be derived from the reduced as well as from the structural form, which gives
the following expressions:

J = Φ(1)−1Σ Φ(1)−1′ = Φ(1)−1A−1BΩB′A′−1Φ(1)−1′ = A(1)−1BΩB′A(1)−1′

= Ψ(1)Σ Ψ(1)′ = Ψ(1)A−1BΩB′A′−1Ψ(1)′

where Xt = Ψ(L)Zt denotes the causal representation of {Xt}. The long-run
variance J can be estimated by adapting the methods in Section 4.4 to the
multivariate case. Thus, the above equation system has a similar structure
as the system (15.5) which underlies the case of short-run restrictions. As
before, we get n(n + 1)/2 equations with 2n2 − n unknowns. The nonlinear
equation system is therefore undetermined for n ≥ 2. Therefore, 3n(n−1)/2
additional equations or restrictions are necessary to achieve identification.
Hence, conceptually we are in a similar situation as in the case of short-run
restrictions.22

In practice, it is customary to achieve identification through zero restric-
tions where some elements of Ψ(1)A−1B, respectively Φ(1)−1A−1B, are set
a priori to zero. Setting the ij-th element [Ψ(1)A−1B]ij = [Φ(1)−1A−1B]ij
equal to zero amounts to set the cumulative effect of the j-th structural dis-
turbance Vjt on the i-th variable equal to zero. If the i-th variable enters Xt

in first differences, as was the case for Yt in the previous example, this zero
restriction restrains the long-run effect on the level of that variable.

An interesting simplification arises if one assumes that A = In and that
Ψ(1)B = Φ(1)−1B is a lower triangular matrix. In this case, B and Ω can
be estimated from the Cholesky decomposition of the estimated long-run
variance Ĵ . Let Ĵ = L̂D̂L̂′ be the Cholesky decomposition where L̂ is lower
triangular matrix with ones on the diagonal and D̂ is a diagonal matrix with
strictly positive diagonal entries. As Ĵ = Φ̂(1)−1BΩ̂B′Φ̂(1)−1′, the matrix
of structural coefficients can then be estimated as B̂ = Φ̂(1)L̂Û−1. The
multiplication by the inverse of the diagonal matrix U = diag(Φ̂(1)L̂) is
necessary to guarantee that the normalization of B̂ (diagonal elements equal
to one) is respected. Ω is then estimated as Ω̂ = ÛD̂Û .

Instead of using a method of moments approach, it is possible to use an
instrumental variable (IV) approach. For this purpose we rewrite the reduced
form of Xt in the Dickey-Fuller form (see equations (7.1) and (16.3)):

∆Xt = −Φ(1)Xt−1 + Φ̃1∆Xt−1 + . . .+ Φ̃p−1∆Xt−p+1 + Zt,

where Φ̃j = −
∑p

i=j+1 Φi, j = 1, 2, . . . , p − 1. For the ease of exposition, we

22See Rubio-Ramı́rez et al. (2010) for a unified treatment of both type of restrictions.
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assume B = In so that AZt = Vt. Multiplying this equation by A yields:

A∆Xt = −AΦ(1)Xt−1 + AΦ̃1∆Xt−1 + . . .+ AΦ̃p−1∆Xt−p+1 + Vt. (15.8)

Consider for simplicity the case that AΦ(1) is a lower triangular matrix. This
implies that the structural shocks V2t, V3t, . . . , Vnt have no long-run impact
on the first variable X1t. It is, therefore, possible to estimate the coefficients
A12, A13, . . . , A1n by instrumental variables taking X2,t−1, X3,t−1, . . . , Xn,t−1

as instruments.
For n = 2 the Dickey-Fuller form of the equation system (15.8) is:(
1 A12

A21 1

)(
∆X̃1t

∆X̃2t

)
= −

(
[AΦ(1)]11 0
[AΦ(1)]21 [AΦ(1)]22

)(
X̃1,t−1

X̃2,t−1

)
+

(
V1t

V2t

)
,

respectively

∆X̃1t = −A12∆X̃2t − [AΦ(1)]11X̃1,t−1 + V1t

∆X̃2t = −A21∆X̃1t − [AΦ(1)]21X̃1,t−1 − [AΦ(1)]22X̃2,t−1 + V2t.

Thereby ∆X̃1t and ∆X̃2t denote the OLS residuals from a regression of ∆X1t,
respectively ∆X2t on (∆X1,t−1,∆X2,t−1, . . . ,∆X1,t−p+1,∆X2,t−p+1). X̃2,t−1 is
a valid instrument for ∆X̃2t because this variable does not appear in the first
equation. Thus, A12 can be consistently estimated by the IV-approach. For
the estimation of A21, we can use the residuals from the first equation as
instruments because V1t and V2t are assumed to be uncorrelated. From this
example, it is easy to see how this recursive method can be generalized to
more than two variables. Note also that the IV-approach can also be used in
the context of short-run restrictions.

The issue whether a technology shock leads to a reduction of hours worked
in the short-run, led to a vivid discussion on the usefulness of long-run re-
strictions for structural models (Gaĺı, 1999; Christiano et al., 2003, 2006;
Chari et al., 2008). From an econometric point of view, it turned out, on the
one hand, that the estimation of Φ(1) is critical for the method of moments
approach. The IV-approach, on the other hand, depends on the strength or
weakness of the instrument used (Pagan and Robertson, 1998; Gospodinov,
2010).

It is, of course, possible to combine both short- and long-run restrictions
simultaneously. An interesting application of both techniques was presented
by Gaĺı (1992). In doing so, one must be aware that both type of restrictions
are consistent with each other and that counting the number of restrictions
gives only a necessary condition.
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Example 3: Identifying Aggregate Demand and Supply Shocks

In this example, we follow Blanchard and Quah (1989) and investigate the
behavior of the growth rate of real GDP and the unemployment rate for
the US over the period from the first quarter 1979 to the second quarter
2004 (102 observations). The AIC and the BIC suggest models of order two

and one, respectively. Because some coefficients of Φ̂2 are significant at the
10 percent level, we prefer to use the VAR(2) model which results in the
following estimates:23

Φ̂1 =

(
0.070 −3.376
−0.026 1.284

)
Φ̂2 =

(
0.029 3.697
−0.022 −0.320

)
Σ̂ =

(
7.074 −0.382
−0.382 0.053

)
.

These results can be used to estimate Φ(1) = I2−Φ1−Φ2 and consequently
also Ψ(1) = Φ(1)−1:

Φ̂(1) =

(
0.901 −0.321
0.048 0.036

)
Ψ̂(1) = Φ̂(1)−1 =

(
0.755 6.718
−1.003 18.832

)
.

Assuming that Zt = BVt and following the argument in Section 15.5.1 that
the demand shock has no long -run impact on the level of real GDP, we can
retrieve an estimate for b21:

b̂21 = −[Ψ̂(1)]11/[Ψ̂(1)]12 = −0.112.

The solution of the quadratic equation for b12 are -8.894 and 43.285.
As the first solution results in a negative variance for ω2

2, we can disregard
this solution and stick to the second one. The second solution makes also
sense economically, because a positive supply shock leads to positive effects
on GDP. Setting b12 = 43.285 gives the following estimates for covariance
matrix of the structural shocks Ω:

Ω̂ =

(
ω̂2
d 0

0 ω̂2
s

)
=

(
4.023 0

0 0.0016

)
.

23The results for the constants are suppressed to save space.
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The big difference in the variance of both shocks clearly shows the greater
importance of demand shocks for business cycle movements.

Figure 15.4 shows the impulse response functions of the VAR(2) iden-
tified by the long-run restriction. Each figure displays the dynamic effect
of a demand and a supply shock on real GDP and the unemployment rate,
respectively, where the size of the initial shock corresponds to one standard
deviation. The result conforms well with standard economic reasoning. A
positive demand shock increases real GDP and lowers the unemployment
rate in the short-run. The effect is even amplified for some quarters before
it declines monotonically. After 30 quarters the effect of the demand has
practically vanished so that its long-run effect becomes zero as imposed by
the restriction. The supply shock has a similar short-run effect on real GDP,
but initially increases the unemployment rate. Only when the effect on GDP
becomes stronger after some quarters will the unemployment rate start to
decline. In the long-run, the supply shock has a positive effect on real GDP
but no effect on unemployment. Interestingly, only the short-run effects of
the demand shock are statistically significant at the 95-percent level.



310 CHAPTER 15. INTERPRETATION OF VAR MODELS

0
10

20
30

40
−

20246

pe
rio

d

ef
fe

ct
 o

f d
em

an
d 

sh
oc

k 
to

 G
D

P

0
10

20
30

40
−

4

−
202468

ef
fe

ct
 o

f s
up

pl
y 

sh
oc

k 
to

 G
D

P

pe
rio

d

0
10

20
30

40
−

1

−
0.

50

0.
5

pe
rio

d

ef
fe

ct
 o

f d
em

an
d 

sh
oc

k 
to

 th
e 

un
em

pl
oy

m
en

t r
at

e

0
10

20
30

40
−

0.
4

−
0.

20

0.
2

0.
4

ef
fe

ct
 o

f s
up

pl
y 

sh
oc

k 
to

 th
e 

un
em

pl
oy

m
en

t r
at

e

pe
rio

d

Figure 15.4: Impulse response functions of the Blanchard-Quah model (Blan-
chard and Quah, 1989) with 95-percent confidence intervals computed using
the bootstrap procedure



Chapter 16

Cointegration

As already mentioned in Chapter 7, many raw economic time series are non-
stationary and become stationary only after some transformation. The most
common of these transformations is the formation of differences, perhaps af-
ter having taken logs. In most cases first differences are sufficient to achieve
stationarity. The stationarized series can then be analyzed in the context of
VAR models as explained in the previous chapters. However, many economic
theories are formalized in terms of the original series so that we may want
to use the VAR methodology to infer also the behavior of the untransformed
series. Yet, by taking first differences we loose probably important informa-
tion on the levels. Thus, it seems worthwhile to develop an approach which
allows us to take the information on the levels into account and at the same
time take care of the nonstationary character of the variables. The concept
of cointegration tries to achieve this double requirement.

In the following we will focus our analysis on variables which are inte-
grated of order one, i.e. on time series which become stationary after hav-
ing taken first differences. However, as we have already mentioned in Sec-
tion 7.5.1, a regression between integrated variables may lead to spurious
correlations which make statistical inferences and interpretations of the es-
timated coefficients a delicate issue (see Section 7.5.3). A way out of this
dilemma is presented by the theory of cointegrated processes. Loosely speak-
ing, a multivariate process is cointegrated if there exists a linear combination
of the processes which is stationary although each process taken individually
may be integrated. In many cases, this linear combination can be directly
related to economic theory which has made the analysis of cointegrated pro-
cesses an important research topic. Although the bivariate case has already
been dealt with in Section 7.5.1, we will analyze the issue of cointegration
more in depth in this chapter.

The concept of cointegration goes back to the work of Engle and Granger

311
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(1987) which is itself based on the precursor study of Davidson et al. (1978).
In the meantime the literature has grown tremendously. Good introductions
can be found in Banerjee et al. (1993), Watson (1994) or Lütkepohl (2006).
For the more statistically inclined reader Johansen (1995) is a good reference.

16.1 A Theoretical Example

Before we present the general theory of cointegration within the VAR context,
it is instructive to introduce the concept in the well-known class of present
discounted value models. These models relate some variable Xt to present
discounted value of another variable Yt:

Xt = γ(1− β)
∞∑
j=0

βjPtYt+j + ut, 0 < β < 1,

where ut ∼ WN(0, σ2
u) designates a preference shock. Thereby, β denotes

the subjective discount factor and γ is some unspecified parameter. The
present discounted value model states that the variable Xt is proportional to
the sum of future Yt+j, j = 0, 1, 2, . . ., discounted by the factor β. We can
interpret Xt and Yt as the price and the dividend of a share, as the interest
rate on long- and short-term bonds, or as consumption and income. In order
to operationalize this model, we will assume that forecasts are computed as
linear mean-squared error forecasts. The corresponding forecast operator is
denoted by Pt. Furthermore, we will assume that the forecaster observes Yt
and its past Yt−1, Yt−2, . . . The goal of the analysis is the investigation of the
properties of the bivariate process {(Xt, Yt)

′}. The analysis of this important
class models presented below is based on Campbell and Shiller (1987).1

The model is closed by assuming some specific time series model for {Yt}.
In this example, we will assume that {Yt} is an integrated process of order
one (see Definition 7.1 in Section 7.1) such that {∆Yt} follows an AR(1)
process:

∆Yt = µ(1− φ) + φ∆Yt−1 + vt, |φ| < 1 and vt ∼WN(0, σ2
v).

This specification of the {Yt} process implies that Pt∆Yt+h = µ(1 − φh) +
φh∆Yt. Because PtYt+h = Pt∆Yt+h + . . . + Pt∆Yt+1 + Yt, h = 0, 1, 2, . . ., the
present discounted value model can be manipulated to give:

Xt = γ(1− β)
[
Yt + βPtYt+1 + β2PtYt+2 + . . .

]
+ ut

1A more recent interesting application of this model is given by the work of Beaudry
and Portier (2006).
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= γ(1− β)[ Yt

+ β Yt + β Pt∆Yt+1

+ β2Yt + β2Pt∆Yt+1 + β2Pt∆Yt+2

+ β3Yt + β3Pt∆Yt+1 + β3Pt∆Yt+2 + β3Pt∆Yt+3

+ . . .] + ut

= γ(1− β)

[
1

1− β
Yt +

β

1− β
Pt∆Yt+1 +

β2

1− β
Pt∆Yt+2 + . . .

]
+ ut

This expression shows that the integratedness of {Yt} is transferred to {Xt}.
Bringing Yt to the left we get the following expression:

St = Xt − γYt = γ
∞∑
j=1

βjPt∆Yt+j + ut.

The variable St is occasionally referred to as the spread. If γ is greater than
zero, expected increases in ∆Yt+j, j ≥ 1, have a positive impact on the
spread today. For γ = 1, St can denote the log of the price-dividend ratio
of a share, or minus the logged savings ratio as in the permanent income
model of Campbell (1987). If investors expect positive (negative) change in
the dividends tomorrow, they want to buy (sell) the share thereby increasing
(decreasing) its price already today. In the context of the permanent income
hypothesis expected positive income changes lead to a reduction in today’s
saving rate. If, on the contrary, households expect negative income changes
to occur in the future, they will save already today (“saving for the rainy
days”).

Inserting for Pt∆Yt+j, j = 0, 1, . . ., the corresponding forecast equation
Pt∆Yt+h = µ(1− φh) + φh∆Yt, we get:

St =
βγµ(1− φ)

(1− β)(1− βφ)
+

βγφ

1− βφ
∆Yt + ut.

The remarkable feature about this relation is that {St} is a stationary process
because both {∆Yt} and {ut} are stationary, despite the fact that {Yt} and
{Xt} are both an integrated processes of order one. The mean of St is:

ESt =
βγµ

1− β
.

From the relation between St and ∆Yt and the AR(1) representation of {∆Yt}
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we can deduce a VAR representation of the joint process {(St,∆Yt)′}:(
St

∆Yt

)
= µ(1− φ)

( βγ
(1−β)(1−βφ)

+ βγφ
1−βφ

1

)
+

(
0 βγφ2

1−βφ
0 φ

)(
St−1

∆Yt−1

)
+

(
ut + βγφ

1−βφvt
vt

)
.

Further algebraic transformation lead to a VAR representation of order two
for the level variables {(Xt, Yt)

′}:(
Xt

Yt

)
= c+ Φ1

(
Xt−1

Yt−1

)
+ Φ2

(
Xt−2

Yt−2

)
+ Zt

= µ(1− φ)

( γ
(1−β)(1−βφ)

1

)
+

(
0 γ + γφ

1−βφ
0 1 + φ

)(
Xt−1

Yt−1

)
+

(
0 −γφ

1−βφ
0 −φ

)(
Xt−2

Yt−2

)
+

(
1 γ

1−βφ
0 1

)(
ut
vt

)
Next we want to check whether this stochastic difference equation possesses
a stationary solution. For this purpose, we must locate the roots of the
equation det Φ(z) = det(I2 − Φ1z − Φ2z

2) = 0 (see Theorem 12.1). As

det Φ(z) = det

(
1

(
−γ − γφ

1−βφ

)
z + γφ

1−βφz
2

0 1− (1 + φ)z + φz2

)
= 1− (1 + φ)z + φz2,

the roots are z1 = 1/φ and z2 = 1. Thus, only the root z1 lies outside the
unit circle whereas the root z2 lies on the unit circle. The existence of a unit
root precludes the existence of a stationary solution. Note that we have just
one unit root, although each of the two processes taken by themselves are
integrated of order one.

The above VAR representation can be further transformed to yield a
representation of process in first differences {(∆Xt,∆Yt)

′}:(
∆Xt

∆Yt

)
= µ(1− φ)

( γ
(1−β)(1−βφ)

1

)
−
(

1 −γ
0 0

)(
Xt−1

Yt−1

)
+

(
0 γφ

1−βφ
0 φ

)(
∆Xt−1

∆Yt−1

)
+

(
1 γ

1−βφ
0 1

)(
ut
vt

)
.

This representation can be considered as a generalization of the Dickey-Fuller
regression in first difference form (see equation (7.1)). In the multivariate
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case, it is known as the vector error correction model (VECM) or vector error
correction representation. In this representation the matrix

Π = −Φ(1) =

(
−1 γ
0 0

)
is of special importance. This matrix is singular and of rank one. This
is not an implication which is special to this specification of the present
discounted value model, but arises generally as shown in Campbell (1987)
and Campbell and Shiller (1987). In the VECM representation all vari-
ables except (Xt−1, Yt−1)′ are stationary by construction. This implies that
−Π(Xt−1, Yt−1)′ must be stationary too, despite the fact that {(Xt, Yt)

′} is
not stationary as shown above. Multiplying −Π(Xt−1, Yt−1)′ out, one ob-
tains two linear combinations which define stationary processes. However,
as Π has only rank one, there is just one linearly independent combination.
The first one is Xt−1 − γYt−1 and equals St−1 which was already shown to
be stationary. The second one is degenerate because it yields zero. The
phenomenon is called cointegration.

Because Π has rank one, it can be written as the product of two vectors
α and β:

Π = αβ′ =

(
−1
0

)(
1
−γ

)′
.

Clearly, this decomposition of Π is not unique because α̃ = aα and β̃ = a−1β,
a 6= 0, would also qualify for such a decomposition as Π = α̃β̃′. The vector β
is called a cointegration vector. It has the property that {β′(Xt, Yt)

′} defines
a stationary process despite the fact that {(Xt, Yt)

′} is non-stationary. The
cointegration vector thus defines a linear combination of Xt and Yt which is
stationary. The matrix α, here only a vector, is called the loading matrix
and its elements the loading coefficients.

The VAR and the VECM representations are both well suited for esti-
mation. However, if we want to compute the impulse responses, we need a
causal representation. Such a causal representation does not exist due to the
unit root in the VAR process for {(Xt, Yt)

′} (see Theorem 12.1). To circum-
vent this problem we split the matrix Φ(z) into the product of two matrices
M(z) and V (z). M(z) is a diagonal matrix which encompasses all unit roots
on its diagonal. V (z) has all its roots outside the unit circle so that V −1(z)
exists for |z| < 1. In our example, we get:

Φ(z) = M(z)V (z)

=

(
1 0
0 1− z

)(
1
(
−γ − γφ

1−βφ

)
z + γφ

1−βφz
2

0 1− φz

)
.
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Multiplying Φ(z) with M̃(z) =

(
1− z 0

0 1

)
from the left, we find:

M̃(z)Φ(z) = M̃(z)M(z)V (z) = (1− z)I2V (z) = (1− z)V (z).

The application of this result to the VAR representation of {(Xt, Yt)} leads
to a causal representation of {(∆Xt,∆Yt)}:

Φ(L)

(
Xt

Yt

)
= M(L)V (L)

(
Xt

Yt

)
= c+ Zt

M̃(L)Φ(L)

(
Xt

Yt

)
= (1− L)V (L)

(
Xt

Yt

)
= µ(1− φ)

(
1− L 0

0 1

)( γ
(1−β)(1−βφ)

1

)
+

(
1− L 0

0 1

)
Zt

V (L)

(
∆Xt

∆Yt

)
=

(
0

µ(1− φ)

)
+

(
1− L 0

0 1

)
Zt(

∆Xt

∆Yt

)
= µ

(
γ
1

)
+ V −1(L)

(
1− L 0

0 1

)
Zt(

∆Xt

∆Yt

)
= µ

(
γ
1

)
+ Ψ(L)Zt.

The polynomial matrix Ψ(L) can be recovered by the method of undeter-
mined coefficients from the relation between V (L) and Ψ(L):

V (L)Ψ(L) =

(
1− L 0

0 1

)
In this exposition, we abstain from the explicit computation of V −1(L) and
Ψ(L). However, the following relation holds:

V (1) =

(
1 −γ
0 1− φ

)
=⇒ V −1(1) =

(
1 γ

1−φ
0 1

1−φ

)
.

Implying that

Ψ(1) = V −1(1)

(
0 0
0 1

)
= (1− φ)−1

(
0 γ
0 1

)
.

The cointegration vector β = (1,−γ)′ and loading matrix α = (−1, 0)′ there-
fore have the following properties:

β′Ψ(1) =
(
0 0

)
and Ψ(1)α =

(
0
0

)
.
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Like in the univariate case (see Theorem 7.1 in Section 7.1.4), we can also
construct the Beveridge-Nelson decomposition in the multivariate case. For
this purpose, we decompose Ψ(L) as follows:

Ψ(L) = Ψ(1) + (L− 1)Ψ̃(L)

with Ψ̃j =
∑∞

i=j+1 Ψi. This result can be used to derive the multivariate
Beveridge-Nelson decomposition (see Theorem 16.1 in Section 16.2.3):(

Xt

Yt

)
=

(
X0

Y0

)
+ µ

(
γ
1

)
t+ Ψ(1)

t∑
j=1

Zj + stationary process

=

(
X0

Y0

)
+ µ

(
γ
1

)
t+

1

1− φ

(
0 γ
0 1

)(
1 γ

1−βφ
0 1

) t∑
j=1

(
uj
vj

)
+ stationary process

=

(
X0

Y0

)
+ µ

(
γ
1

)
t+

1

1− φ

(
0 γ
0 1

) t∑
j=1

(
uj
vj

)
+ stationary process. (16.1)

The Beveridge-Nelson decomposition represents the integrated process {(Xt, Yt)
′}

as a sum of three components: a linear trend, a multivariate random walk
and a stationary process. Multiplying the Beveridge-Nelson decomposition
from the left by the cointegration vector β = (1,−γ)′, we see that both the
trend and the random walk component are eliminated and that only the
stationary component remains.

Because the first column of Ψ(1) consists of zeros, only the second struc-
tural shock, namely {vt}, will have a long-run (permanent) effect. The long-
run effect is γ/(1− φ) for the first variable, Xt, and 1/(1− φ) for the second
variable, Yt. The first structural shock (preference shock) {ut} has non long-
run effect, its impact is of a transitory nature only. This decomposition into
permanent and transitory shocks is not typical for this model, but can be
done in general as part of the so-called common trend representation (see
Section 16.2.4).

Finally, we will simulate the reaction of the system to a unit valued shock
in vt. Although this shock only has a temporary influence on ∆Yt, it will
have a permanent effect on the level Yt. Taking φ = 0.8, we get long-run
effect (persistence) of 1/(1 − φ) = 5 as explained in Section 7.1.3. The
present discounted value model then implies that this shock will also have
a permanent effect on Xt too. Setting γ = 1, this long-run effect is given
by γ(1− β)

∑∞
j=0 β

j(1− φ)−1 = γ/(1− φ) = 5. Because this long-run effect
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Figure 16.1: Impulse response functions of the present discounted value
model after a unit shock to Yt (γ = 1, β = 0.9, φ = 0.8)

is anticipated in period t, the period of the occurrence of the shock, Xt will
increase by more than one. The spread turns, therefore, into positive. The
error correction mechanism will then dampen the effect on future changes of
Xt so that the spread will return steadily to zero. The corresponding impulse
responses of both variables are displayed in Figure 16.1.

Figure 16.2 displays the trajectories of both variables after a stochastic
simulation where both shocks {ut} and {vt} are drawn from a standard nor-
mal distribution. One can clearly discern the non-stationary character of
both series. However, as it is typically for cointegrated series, they move
more or less in parallel to each other. This parallel movement is ensured by
the error correction mechanism. The difference between both series which
is equal to the spread under this parameter constellation is mean reverting
around zero.

16.2 Definition and Representation of Coin-

tegrated Processes

16.2.1 Definition

We now want to make the concepts introduced earlier more precise and give
a general definition of cointegrated processes and derive the different repre-
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Figure 16.2: Stochastic simulation of the present discounted value model
under standard normally distributed shocks (γ = 1, β = 0.9, φ = 0.8)

sentations we have seen in the previous section. Given an arbitrary regular
(purely non-deterministic) stationary process {Ut}t∈Z of dimension n, n ≥ 1,
with mean zero and some distribution for the starting random variable X0,
we can define recursively a process {Xt}, t = 0, 1, 2, . . . as follows:

Xt = µ+Xt−1 + Ut, t = 1, 2, . . .

Thereby, µ denotes an arbitrary constant vector of dimension n. If Ut ∼
WN(0,Σ), then {Xt} is a multivariate random walk with drift µ. In general,
however, {Ut} is autocorrelated and possesses a Wold representation Ut =
Ψ(L)Zt (see Section 14.1.1) such that

∆Xt = µ+ Ut = µ+ Ψ(L)Zt = µ+ Zt + Ψ1Zt−1 + Ψ2Zt−2 + . . . , (16.2)

where Zt ∼WN(0,Σ) and
∑∞

j=0 ‖Ψj‖2 <∞ with Ψ0 = In. We now introduce
the following definitions.

Definition 16.1. A regular stationary process {Ut} with mean zero is inte-
grated of order zero, I(0), if and only if it can be represented as

Ut = Ψ(L)Zt = Zt + Ψ1Zt−1 + Ψ2Zt−2 + . . .

such that Zt ∼WN(0,Σ),
∑∞

j=0 j‖Ψj‖ <∞, and Ψ(1) =
∑∞

j=0 Ψj 6= 0.
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Definition 16.2. A stochastic process {Xt} is integrated of order d, I(d),
d = 0, 1, 2, . . ., if and only if ∆d(Xt − E(Xt)) is integrated of order zero.

In the following we concentrate on I(1) processes. The definition of an
I(1) process implies that {Xt} equals Xt = X0 + µt +

∑t
j=1 Uj and is thus

non-stationary even if µ = 0. The condition Ψ(1) 6= 0 corresponds to the
one in the univariate case (compare Definition 7.1 in Section 7.1). On the
one hand, it precludes the case that a trend-stationary process is classified
as an integrated process. On the other hand, it implies that {Xt} is in fact
non-stationary. Indeed, if the condition is violated so that Ψ(1) = 0, we

could express Ψ(L) as (1−L)Ψ̃(L). Thus we could cancel 1−L on both sides
of equation (16.2) to obtain a stationary representation of {Xt}, given some
initial distribution for X0. This would then contradict our primal assumption
that {Xt} is non-stationary. The condition

∑∞
j=0 j‖Ψj‖ <∞ is stronger than∑∞

j=0 ‖Ψj‖2 <∞ which follows from the Wold’s Theorem. It guarantees the

existence of the Beveridge-Nelson decomposition (see Theorem 16.1 below).2

In particular, the condition is fulfilled if {Ut} is a causal ARMA process
which is the prototypical case.

Like in the univariate case, we can decompose an I(1) process additively
into several components.

Theorem 16.1 (Beveridge-Nelson decomposition). If {Xt} is an integrated
process of order one, it can be decomposed as

Xt = X0 + µt+ Ψ(1)
t∑

j=1

Zj + Vt,

where Vt = Ψ̃(L)Z0 − Ψ̃(L)Zt with Ψ̃j =
∑∞

i=j+1 Ψi, j = 0, 1, 2, . . . and {Vt}
stationary.

Proof. Following the proof of the univariate case (see Section 7.1.4):

Ψ(L) = Ψ(1) + (L− 1)Ψ̃(L)

2This condition could be relaxed and replaced by the condition
∑∞
j=0 j

2‖Ψj‖2 <∞. In
addition, this condition is an important assumption for the application of the law of large
numbers and for the derivation of the asymptotic distribution (Phillips and Solo, 1992).
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with Ψ̃j =
∑∞

i=j+1 Ψi. Thus,

Xt = X0 + µt+
t∑

j=1

Uj = X0 + µt+
t∑

j=1

Ψ(L)Zj

= X0 + µt+
t∑

j=1

(
Ψ(1) + (L− 1)Ψ̃(L)

)
Zj

= X0 + µt+ Ψ(1)
t∑

j=1

Zj +
t∑

j=1

(L− 1)Ψ̃(L)Zj

= X0 + µt+ Ψ(1)
t∑

j=1

Zj + Ψ̃(L)Z0 − Ψ̃(L)Zt.

The only point left is to show that Ψ̃(L)Z0− Ψ̃(L)Zt is stationary. Based on
Theorem 10.2, it is sufficient to show that the coefficient matrices are abso-
lutely summable. This can be derived by applying the triangular inequality
and the condition for integrated processes:

∞∑
j=0

‖Ψ̃j‖ =
∞∑
j=0

∥∥∥∥∥
∞∑

i=j+1

Ψi

∥∥∥∥∥ ≤
∞∑
j=0

∞∑
i=j+1

‖Ψi‖ =
∞∑
j=1

j‖Ψj‖ <∞.

The process {Xt} can therefore be viewed as the sum of a linear trend,
X0+µt, with stochastic intercept, a multivariate random walk, Ψ(1)

∑t
j=0 Zt,

and a stationary process {Vt}. Based on this representation, we can then
define the notion of cointegration (Engle and Granger, 1987).

Definition 16.3 (Cointegration). A multivariate stochastic process {Xt} is
called cointegrated if {Xt} is integrated of order one and if there exists a
vector β ∈ Rn, β 6= 0, such that {β′Xt}, is integrated of order zero, given
a corresponding distribution for the initial random variable X0. β is called
the cointegrating or cointegration vector. The cointegrating rank is the
maximal number, r, of linearly independent cointegrating vectors β1, . . . , βr.
These vectors span a linear space called the cointegration space.

The Beveridge-Nelson decomposition implies that β is a cointegrating
vector if and only if β′Ψ(1) = 0. In this case the random walk component∑t

j=1 Zj is annihilated and only the deterministic and the stationary com-

ponent remain.3 For some issues it is of interest whether the cointegration

3The distribution of X0 is thereby chosen such that β′X0 = β′Ψ̃(L)Z0.
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vector β also eliminates the trend component. This would be the case if
β′µ = 0.

The cointegration vectors are determined only up to some basis transfor-
mations. If β1, . . . , βr is a basis for the cointegration space then (β1, . . . , βr)R
is also a basis for the cointegration space for any nonsingular r× r matrix R
because ((β1, . . . , βr)R)′Ψ(1) = 0.

16.2.2 Vector Autoregressive (VAR) and Vector Error
Correction Models (VECM)

Although the Beveridge-Nelson decomposition is very useful from a theo-
retical point of view, in practice it is often more convenient to work with
alternative representations. Most empirical investigations of integrated pro-
cesses start from a VAR(p) model which has the big advantage that it can
be easily estimated:

Xt = c+ Φ1Xt−1 + . . .+ ΦpXt−p + Zt, Zt ∼WN(0,Σ)

where Φ(L) = In−Φ1L−. . .−ΦpL
p and c is an arbitrary constant. Subtracting

Xt−1 on both sides of the difference equation, the VAR model can be rewritten
as:

∆Xt = c+ ΠXt−1 + Γ1∆Xt−1 + . . .+ Γp−1∆Xt−p+1 + Zt (16.3)

where Π = −Φ(1) = −In + Φ1 + . . .Φp and Γi = −
∑p

j=i+1 Φj. We will make
the following assumptions:

(i) All roots of the polynomial det Φ(z) are outside the unit circle or equal
to one, i.e.

det Φ(z) = 0 =⇒
{
|z| > 1 or
z = 1,

(ii) The matrix Π is singular with rank r, 1 ≤ r < n.

(iii) Rank(Π) = Rank(Π2).

Assumption (i) makes sure that {Xt} is an integrated process with order of
integration d ≥ 1. Moreover, it precludes other roots on the unit circles than
one. The case of seasonal unit roots is treated in Hylleberg et al. (1990) and
Johansen and Schaumburg (1998).4 Assumption (ii) implies that there exists

4The seasonal unit roots are the roots of zs − 1 = 0 where s denotes the number of
seasons. These roots can be expressed as cos(2kπ/s) + ι sin(2kπ/s), k = 0, 1, . . . , s− 1.
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at least n − r unit roots and two n × r matrices α and β with full column
rank r such that

Π = αβ′.

The columns of β thereby represent the cointegration vectors whereas α
denotes the so-called loading matrix. The decomposition of Π in the product
of α and β′ is not unique. For every non-singular r × r matrix R we can
generate an alternative decomposition Π = αβ′ = (αR′−1)(βR)′. Finally,
assumption (iii) implies that the order of integration is exactly one and not
greater. The number of unit roots is therefore exactly n − r.5 This has the
implication that Φ(z) can be written as

Φ(z) = U(z)M(z)V (z)

where the roots of the matrix polynomials U(z) and V (z) are all outside the
unit circle and where M(z) equals

M(z) =

(
(1− z)In−r 0

0 Ir

)
.

This representation of Φ(z) is a special form of the Smith-McMillan factor-
ization of polynomial matrices (see Kailath (1980) and Yoo (1987)). This
factorization isolates the unit roots in one simple matrix so that the system
can be analyzed more easily.

These assumptions will allow us to derive from the VAR(p) model several
representations where each of them brings with it a particular interpretation.
Replacing Π by αβ′ in equation (16.3), we obtain the vector error correction
representation or vector error correction model (VECM):

∆Xt = c+ αβ′Xt−1 + Γ1∆Xt−1 + . . .+ Γp−1∆Xt−p+1 + Zt. (16.4)

Multiplying both sides of the equation by (α′α)−1α′ and solving for β′Xt−1,
we get:

β′Xt−1 = (α′α)−1α′

(
∆Xt − c−

p−1∑
j=1

Γj∆Xt−j − Zt

)
.

α has full column rank r so that α′α is a non-singular r × r matrix. As
the right hand side of the equation represents a stationary process, also
the left hand side must be stationary. This means that the r-dimensional
process {β′Xt−1} is stationary despite the fact that {Xt} is integrated and
has potentially a unit root with multiplicity n.

5For details see Johansen (1995), Neusser (2000) and Bauer and Wagner (2003).
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The term error correction was coined by Davidson et al. (1978). They
interpret the mean of β′Xt, µ

∗ = Eβ′Xt, as the long-run equilibrium or steady
state around which the system fluctuates. The deviation from equilibrium
(error) is therefore given by β′Xt−1 − µ∗. The coefficients of the loading
matrix α should then guarantee that deviations from the equilibrium are
corrected over time by appropriate changes (corrections) in Xt.

An illustration

To illustrate the concept of the error correction model, we consider the fol-
lowing simple system with α = (α1, α2)′, α1 6= α2, and β = (1,−1)′. For
simplicity, we assume that the long-run equilibrium µ∗ is zero. Ignoring
higher order lags, we consider the system:

∆X1t = α1(X1,t−1 −X2,t−1) + Z1t

∆X2t = α2(X1,t−1 −X2,t−1) + Z2t.

The autoregressive polynomial of this system is:

Φ(z) =

(
1− (1 + α1)z α1z
−α2z 1− (1− α2)z

)
.

The determinant of this polynomial is det Φ(z) = 1− (2 + α1 − α2)z + (1 +
α1 − α2)z2 with roots equal to z = 1 and z = 1/(1 + α1 − α2). This shows

that assumption (i) is fulfilled. As Π =

(
α1 −α1

α2 −α2

)
, the rank of Π equals

one which implies assumption (ii). Finally,

Π2 =

(
α2

1 − α1α2 −α2
1 + α1α2

−α2
2 + α1α2 α2

2 − α1α2

)
.

Thus, the rank of Π2 is also one because α1 6= α2. Hence, assumption (iii) is
also fulfilled.

We can gain an additional insight into the system by subtracting the
second equation from the first one to obtain:

X1t −X2t = (1 + α1 − α2)(X1,t−1 −X2,t−1) + Z1t − Z2t.

The process β′Xt = X1t−X2t is stationary and causal with respect to Z1t−Z2t

if and only if |1+α1−α2| < 1, or equivalently if and only if −2 < α1−α2 < 0.
Note the importance of the assumption that α1 6= α2. It prevents that
X1t − X2t becomes a random walk and thus a non-stationary (integrated)
process. A sufficient condition is that −1 < α1 < 0 and 0 < α2 < 1
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which imply that a positive (negative) error, i.e. X1,t−1 − X2,t−1 > 0(< 0),
is corrected by a negative (positive) change in X1t and a positive (negative)
change in X2t. Although the shocks Z1t and Z2t push X1t − X2t time and
again away from its long-run equilibrium, the error correction mechanism
ensures that the variables are adjusted in such a way that the system moves
back to its long-run equilibrium.

16.2.3 The Beveridge-Nelson Decomposition

We next want to derive from the VAR representation a causal representa-
tion or MA(∞) representation for {∆Xt}. In contrast to a normal causal
VAR model, the presence of unit roots precludes the simple application
of the method of undetermined coefficients, but requires an additional ef-
fort. Multiplying the VAR representation in equation (16.7), Φ(L)Xt =
U(L)M(L)V (L)Xt = c+ Zt, from the left by U−1(L) we obtain:

M(L)V (L)Xt = U−1(1)c+ U−1(L)Zt.

Multiplying this equation by M̃(L) =

(
In−r 0

0 (1− L)Ir

)
leads to:

V (L)∆Xt = M̃(1)U−1(1)c+ M̃(L)U−1(L)Zt

which finally leads to

∆Xt = V −1(1)M̃(1)U−1(1)c+ V −1(L)M̃(L)U−1(L)Zt

= µ+ Ψ(L)Zt.

This is the MA(∞) representation of {∆Xt} and corresponds to equation (16.2).
Because Π = −Φ(1) = −U(1)M(1)V (1), the following relation holds for

the partitioned matrices:

Φ(1) =

(
U11(1) U12(1)
U21(1) U22(1)

)(
0 0
0 Ir

)(
V11(1) V12(1)
V21(1) V22(1)

)
=

(
U12(1)
U22(1)

)(
V21(1) V22(1)

)
.

This implies that we can define α and β as

α = −
(
U12(1)
U22(1)

)
and β =

(
V21(1)′

V22(1)′

)
.

U(1) and V (1) are non-singular so that α and β have full column rank r.
Based on this derivation we can formulate the following lemma.



326 CHAPTER 16. COINTEGRATION

Lemma 16.1. The columns of the so-defined matrix β are the cointegration
vectors for the process {Xt}. The corresponding matrix of loading coefficients
is α which fulfills Ψ(1)α = 0.

Proof. We must show that β′Ψ(1) = 0 which is the defining property of coin-
tegration vectors. Denoting by (V (ij)(1))i,j=1,2 the appropriately partitioned
matrix of V (1)−1, we obtain:

β′Ψ(1) = β′
(
V (11)(1) V (12)(1)
V (21)(1) V (22)(1)

)(
In−r 0

0 0

)
U−1(1)

=
(
V21(1) V22(1)

)(V (11)(1) 0
V (21)(1) 0

)
U−1(1)

=
(
V21(1)V (11)(1) + V22(1)V (21)(1)

... 0

)
U−1(1) = 0n

where the last equality is a consequence of the property of the inverse matrix.
With the same arguments, we can show that Ψ(1)α = 0.

The equivalence between the VEC and the MA representation is known as
Granger’s representation theorem in the literature. Granger’s representation
theorem immediately implies the Beveridge-Nelson decomposition:

Xt = X0 + Ψ(1)c t+ Ψ(1)
t∑

j=1

Zj + Vt (16.5)

= X0 + V −1(1)M̃(1)U−1(1)c t+ V −1(1)M̃(1)U−1(1)
t∑

j=1

Zj + Vt (16.6)

where the stochastic process {Vt} is stationary and defined as Vt = Ψ̃(L)Z0−
Ψ̃(L)Zt with Ψ̃j =

∑∞
i=j+1 Ψi and Ψ(L) = V −1(L)M̃(L)U−1(L). As β′Ψ(1) =

β′V −1(1)M̃(1)U−1(1) = 0, β eliminates the stochastic trend (random walk) ,∑t
j=1 Zt, as well as the deterministic linear trend µt = V −1(1)M̃(1)U−1(1)ct.
An interesting special case is obtained when the constant c is a linear

combination of the columns of α, i.e. if there exists a vector g such that
c = αg. Under this circumstance, Ψ(1)c = Ψ(1)αg = 0 and the linear trend
vanishes and we have E∆Xt = 0. In this case, the data will exhibit no trend
although the VAR model contains a constant. A similar consideration can
be made if the VAR model is specified to contain a constant and a linear
time trend d t. The Beveridge-Nelson decomposition would then imply that
the data should follow a quadratic trend. However, in the special case that d
is a linear combination of the columns of α, the quadratic trend disappears
and only the linear remains because of the constant.
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16.2.4 Common Trend and Triangular Representation

The Ψ(1) in the Beveridge-Nelson decomposition is singular. This implies
that the multivariate random walk Ψ(1)

∑∞
j=1 Zj does not consist of n inde-

pendent univariate random walks. Instead only n − r independent random
walks make up the stochastic trend so that {Xt} is driven by n−r stochastic
trends. In order to emphasize this fact, we derive from the Beveridge-Nelson
decomposition the so-called common trend representation (Stock and Wat-
son, 1988b).

As Ψ(1) has rank n−r, there exists a n×r matrix γ such that Ψ(1)γ = 0.
Denote by γ⊥ the n× (n− r) matrix whose columns are orthogonal to γ, i.e.
γ′γ⊥ = 0. The Beveridge-Nelson decomposition can then be rewritten as:

Xt = X0 + Ψ(1)
(
γ⊥

... γ

)(
γ⊥

... γ

)−1

c t

+ Ψ(1)
(
γ⊥

... γ

)(
γ⊥

... γ

)−1
t∑

j=1

Zj + Vt

= X0 +
(

Ψ(1)γ⊥
... 0

)(
γ⊥

... γ

)−1

c t

+
(

Ψ(1)γ⊥
... 0

)(
γ⊥

... γ

)−1
t∑

j=1

Zj + Vt

= X0 +
(

Ψ(1)γ⊥
... 0

)
c̃ t+

(
Ψ(1)γ⊥

... 0

) t∑
j=1

Z̃j + Vt

where c̃ =
(
γ⊥

... γ

)−1

c and Z̃j =
(
γ⊥

... γ

)−1

Zj. Therefore, only the

first n − r elements of the vector c̃ are relevant for the deterministic linear
trend. The remaining elements are multiplied by zero and are thus irrelevant.
Similarly, for the multivariate random walk only the first n−r elements of the
process {Z̃t} are responsible for the stochastic trend. The remaining elements

of Z̃t are multiplied by zero and thus have no permanent, but only a transitory
influence. The above representation decomposes the shocks orthogonally into
permanent and transitory ones (Gonzalo and Ng, 2001). The previous lemma
shows that one can choose for γ the matrix of loading coefficients α.

Summarizing the first n−r elements of c̃ and Z̃t to c̃1 and Z̃1t, respectively,
we arrive at the common trend representation:

Xt = X0 +Bc̃1 t+B
t∑

j=1

Z̃1j + Vt

where the n× (n− r) matrix B is equal to Ψ(1)γ⊥.



328 CHAPTER 16. COINTEGRATION

Applying these results to our introductory example, we arrive at

B =
1

1− φ

(
γ
1

)
, c̃ = µ(1− φ), and Z̃1t = ut.

This again demonstrates that the trend, the linear as well as the stochastic
trend, are exclusively stemming from the the nonstationary variables {Yt}
(compare with equation (16.1)).

Finally, we want to present a triangular representation which is well suited
to deal with the nonparametric estimation approach advocated by Phillips
(1991) and Phillips and Hansen (1990). In this representation we normalize
the cointegration vector such β = (Ir,−b′)′. In addition, we partition the
vector Xt into X1t and X2t such that X1t contains the first r and X2t the last
n− r elements. Xt = (X ′1t, X2t)

′ can then be expressed as:

X1t = b′X2t + π1Dt + u1t

∆X2t = π2∆Dt + u2t

where Dt summarizes the deterministic components such as constant and lin-
ear time trend. {u1t} and {u2t} denote potentially autocorrelated stationary
time series.

16.3 Johansen’s Test for Cointegration

In Section 7.5.1 we have already discussed a regression based test for coin-
tegration among two variables. It was based on a unit root of the residuals
from a bivariate regression of one variable against the other. In this regres-
sion, it turned out to be irrelevant which of the two variables was chosen as
the regressor and which one as the regressand. This method can, in prin-
ciple, be extended to more than two variables. However, with more than
two variables, the choice of the regressand becomes more crucial as not all
variables may be part of the cointegrating relation. Moreover, more than
one independent cointegrating relation may exist. For these reasons, it is
advantageous to use a method which treats all variables symmetrically. The
cointegration test developed by Johansen fulfills this criterion because it is
based on a VAR which does not single out a particular variable. This test has
received wide recognition and is most often used in practice. The test serves
two purposes. First, we want to determine the number r of cointegrating
relationships. Second, we want to test properties of the cointegration vector
β and the loading matrix α.

The exposition of the Johansen test follows closely the work of Johansen
where the derivations and additional details can be found (Johansen, 1988,
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1991, 1995). We start with a VAR(p) model with constant c in VEC form
(see equation (16.3)):

∆Xt = c+ ΠXt−1 + Γ1∆Xt−1 + . . .+ Γp−1∆Xt−p+1 + Zt,

t = 1, 2, . . . , T (16.7)

where Zt ∼ IIDN(0,Σ) and given starting values X0 = x0, . . . , X−p+1 =
x−p+1. The problem can be simplified by regressing ∆Xt as well as Xt−1

against c,∆Xt−1, . . . ,∆Xt−p+1 and working with the residuals from these
regressions.6 This simplification results in a VAR model of order one. We
therefore start our analysis without loss of generality with a VAR(1) model
without constant term:

∆Xt = ΠXt−1 + Zt

where Zt ∼ IIDN(0,Σ).7

The phenomenon of cointegration manifests itself in the singularity of the
matrix Π. In particular, we want to determine the rank of Π which gives the
number of linearly independent cointegrating relationships. Denoting by r,
the rank of Π, 0 ≤ r ≤ n, , we can formulate a sequence of hypotheses:

H(r) : rank(Π) ≤ r, r = 0, 1, . . . , n.

Hypothesis H(r), thus, implies that there exists at most r linearly indepen-
dent cointegrating vectors. The sequence of hypotheses is nested in the sense
that H(r) implies H(r + 1):

H(0) ⊆ H(1) ⊆ . . . ⊆ H(n).

The hypothesis H(0) means that rank(Π) = 0. In this case, Π = 0 and
there are no cointegration vectors. {Xt} is thus driven by n independent
random walks and the VAR can be transformed into a VAR model for {∆Xt}
which in our simplified version just means that ∆Xt = Zt ∼ IIDN(0,Σ).
The hypothesis H(n) places no restriction on Π and includes in this way
the case that the level of {Xt} is already stationary. Of particular interest
are the hypotheses between these two extreme ones where non-degenerate
cointegrating vectors are possible. In the following, we not only want to
test for the number of linearly independent cointegrating vectors, r, but we
also want to test hypotheses about the structure of the cointegrating vectors
summarized in β.

6If the VAR model (16.7) contains further deterministic components besides the con-
stant, these components have to be accounted for in these regressions.

7This two-stage least-squares procedure is also known as partial regression and is part
of the Frisch-Waugh-Lowell Theorem (Davidson and MacKinnon, 1993, 19-24).
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Johansen’s test is conceived as a likelihood-ratio test. This means that we
must determine the likelihood function for a sample X1, X2, . . . , XT where T
denotes the sample size. For this purpose, we assume that {Zt} ∼ IIDN(0,Σ)
so that logged likelihood function of the parameters α, β, and Σ conditional
on the starting values is given by :

`(α, β,Σ) = −Tn
2

ln(2π) +
T

2
ln det(Σ−1)

− 1

2

T∑
t=1

(∆Xt − αβ′Xt−1)′Σ−1(∆Xt − αβ′Xt−1)

where Π = αβ′. For a fixed given β, α can be estimated by a regression of
∆Xt on β′Xt−1:

α̂ = α̂(β) = S01β(β′S11β)−1

where the moment matrices S00, S11, S01 and S10 are defined as:

S00 =
1

T

T∑
t=1

(∆Xt)(∆Xt)
′

S11 =
1

T

T∑
t=1

Xt−1X
′
t−1

S01 =
1

T

T∑
t=1

(∆Xt)X
′
t−1

S10 = S ′01.

The covariance matrix of the residuals then becomes:

Σ̂ = Σ̂(β) = S00 − S01β(β′S11β)−1β′S10.

Using these results, we can concentrate the log-likelihood function to obtain:

`(β) = `(α̂(β), β, Σ̂(β)) = −Tn
2

ln(2π)− T

2
ln det(Σ̂(β))− Tn

2

= −Tn
2

ln(2π)− Tn

2
− T

2
ln det

(
S00 − S01β(β′S11β)−1β′S10

)
. (16.8)
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The expression Tn
2

in the above equation is derived as follows:

1

2

T∑
t=1

(∆Xt − α̂β′Xt−1)′Σ̂−1(∆Xt − α̂β′Xt−1)

=
1

2
tr

(
T∑
t=1

(∆Xt − α̂β′Xt−1)(∆Xt − α̂β′Xt−1)′Σ̂−1

)
=

1

2
tr
(

(TS00 − T α̂β′S10 − TS01βα̂
′ + T α̂β′S11βα̂

′)Σ̂−1
)

=
T

2
tr

(S00 − α̂β′S10)︸ ︷︷ ︸
=Σ̂

Σ̂−1

 =
Tn

2
.

The log-likelihood function is thus maximized if

det(Σ̂(β)) = det
(
S00 − S01β(β′S11β)−1β′S10

)
= detS00

det
(
β′(S11 − S10S

−1
00 S01)β

)
det(β′S11β)

is minimized over β.8 The minimum is obtained by solving the following
generalized eigenvalue problem (Johansen, 1995):

det
(
λS11 − S10S

−1
00 S01

)
= 0.

This eigenvalue problem delivers n eigenvalues

1 ≥ λ̂1 ≥ λ̂2 ≥ . . . ≥ λ̂n ≥ 0

with corresponding n eigenvectors β̂1, . . . , β̂n. These eigenvectors are nor-
malized such that β̂′S11β̂ = In. Therefore we have that

argminβ det(Σ̂(β)) = (detS00)
n∏
i=1

λ̂i.

Remark 16.1. In the case of cointegration, Π is singular with rankΠ̂ =
r. To estimate r, it seems natural to investigate the number of nonzero

8Thereby we make use of the following equality for partitioned matrices:

det

(
A11 A12

A21 A22

)
= detA11 det(A22 −A21A

−1
11 A12) = detA22 det(A11 −A12A

−1
22 A21)

where A11 and A22 are invertible matrices (see for example Meyer, 2000, p. 475).
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eigenvalues of Π̂ = S01S
−1
11 . However, because eigenvalues may be complex,

it is advantageous not to investigate the eigenvalues of Π̂ but those of Π̂′Π̂
which are all real and positive due to the symmetry of Π̂′Π̂. These eigenvalues
are called the singular values of Π̂.9 Noting that

0 = det
(
λS11 − S10S

−1
00 S01

)
= detS11 det

(
λIn − S−1/2

11 S10S
−1
00 S01S

−1/2
11

)
= detS11 det

(
λIn − (S

−1/2
00 S01S

−1/2
11 )′(S

−1/2
00 S01S

−1/2
11 )

)
,

the generalized eigenvalue problem above therefore just determines the singu-
lar values of S

−1/2
00 S01S

−1/2
11 = S

−1/2
00 Π̂S

1/2
11 .

Remark 16.2. Based on the observation that, for n = 1, λ = S01S10

S11S00
equals

the squared empirical correlation coefficient between ∆Xt and Xt−1, we find
that the eigenvalues λj, j = 1, . . . , n, are nothing but the squared canonical
correlation coefficients (see Johansen, 1995; Reinsel, 1993). Thereby, the
largest eigenvalue, λ̂1, corresponds to the largest squared correlation coeffi-
cient that can be achieved between linear combinations of ∆X1 and Xt−1.
Thus β1 gives the linear combination of the integrated variable Xt−1 which
comes closest in the sense of correlation to the stationary variable {∆Xt}.
The second eigenvalue λ2 corresponds to the maximal squared correlation co-
efficient between linear combinations of ∆Xt and Xt−1 which are orthogonal
to the linear combination corresponding to λ1. The remaining squared canon-
ical correlation coefficients are obtained by iterating this procedure n times.

If the dimension of the cointegrating space is r then β̂ consists of those
eigenvectors which correspond to the r largest eigenvalues λ̂1, . . . , λ̂r. The
remaining eigenvalues λr+1, . . . , λn should be zero. Under the null hypothesis
H(r), the log-likelihood function (16.8) can be finally expressed as:

`(β̂r) = −Tn
2

lnπ − Tn

2
− T

2
ln detS00 −

T

2

r∑
i=1

ln(1− λi).

The expression for the optimized likelihood function can now be used to
construct the Johansen likelihood-ratio test. There are two versions of the
test depending on the alternative hypothesis:

trace test: H0 : H(r) against H(n),

max test: H0 : H(r) against H(r + 1).

9An appraisal of the singular values of a matrix can be found in Strang (1988) or Meyer
(2000).
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The corresponding likelihood ratio test statistics are therefore:

trace test: 2(`(β̂n)− `(β̂r)) = −T
n∑

j=r+1

ln(1− λ̂j) ≈ T

n∑
j=r+1

λ̂j,

max test: 2(`(β̂r+1)− `(β̂r)) = −T ln(1− λ̂r+1) ≈ T λ̂r+1.

In practice it is useful to adopt a sequential test strategy based on the trace
test. Given some significance level, we test in a first step the null hypothesis
H(0) against H(n). If, on the one hand, the test does not reject the null
hypothesis, we conclude that r = 0 and that there is no cointegrating relation.
If, on the other hand, the test rejects the null hypothesis, we conclude that
there is at least one cointegrating relation. We then test in a second step
the null hypothesis H(1) against H(n). If the test does not reject the null
hypothesis, we conclude that there exists one cointegrating relation, i.e. that
r = 1. If the test rejects the null hypothesis, we examine the next hypothesis
H(2), and so on. In this way we obtain a test sequence. If in this sequence, the
null hypothesis H(r) is not rejected, but H(r + 1) is, we conclude that exist
r linearly independent cointegrating relations as explained in the diagram
below.

H(0) against H(n)
rejection−−−−−−−→ H(1) against H(n)

rejection−−−−−−−→ H(2) against H(n) . . .y y y
r = 0 r = 1 r = 2

If in this sequence we do not reject H(r) for some r, it is useful to perform
the max test H(r) against H(r + 1) as a robustness check.

The asymptotic distributions of the test statistics are, like in the Dickey-
Fuller unit root test, nonstandard and depend on the specification of the
deterministic components. Based on the VAR model

∆Xt = c0 + c1t+ ΠXt−1 +

p−1∑
j=1

Γj∆Xt−j + Zt

with Π = αβ′, we can distinguish five different cases:10

Case I: The time series shows no trend and the cointegrating relation in-
volves no constant. This corresponds to

c0 = 0 and c1 = 0.

10It is instructive to compare theses cases to those of the unit root test (see Section 7.3.1).
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Case II: The time series shows no trend, but the cointegrating relations
involve some constants. This corresponds to

c0 = αγ0 and c1 = 0

with γ0 6= 0.

Case III: The time series shows a linear trend, but there are no constants
in the cointegrating relations. This corresponds to

c0 6= 0 and c1 = 0.

Case IV: The time series shows a linear trend and in the cointegrating
relations involve both constants and linear trends. This corresponds to

c0 6= 0 and c1 = αγ1

where γ1 6= 0.

Case V: The time series shows a quadratic trend and the cointegrating re-
lation involves both constants and linear trends. This corresponds to

c0 6= 0 and c1 6= 0.

The corresponding asymptotic distributions of the trace as well as the max
test statistic in these five cases are tabulated in Johansen (1995), MacKinnon
et al. (1999), and Osterwald-Lenum (1992).11 The finite sample properties of
theses tests can be quite poor. Thus, more recently, bootstrap methods have
been proven to provide a successful alternative in practice (Cavaliere et al.,
2012).

As mentioned previously, the cointegrating vectors are not unique, only
the cointegrating space is. This makes the cointegrating vectors often difficult
to interpret economically, despite some basis transformation. It is therefore
of interest to see whether the space spanned by the cointegrating vectors
summarized in the columns of β̂ can be viewed as a subspace spanned by
some hypothetical vectors H = (h1, . . . , hs), r ≤ s < n. If this hypothesis is
true, the cointegrating vectors should be linear combinations of the columns
of H so that the null hypothesis can be formulated as

H0 : β = Hϕ (16.9)

11The tables by MacKinnon et al. (1999) allow for the possibility of exogenous integrated
variables.
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for some s × r matrix ϕ. Under this null hypothesis, this amounts to solve
an analogous general eigenvalue problem:

det
(
ϕH ′S11H −H ′S10S

−1
00 S01H

)
= 0.

The solution of this problem is given by the eigenvalues 1 > λ̃1 ≥ λ̃2 ≥
. . . λ̃s > 0 with corresponding normalized eigenvectors. The likelihood ratio
test statistic for this hypothesis is then

T
r∑
j=1

ln
1− λ̃j
1− λ̂j

.

This test statistic is asymptotically distributed as a χ2 distribution with
r(n− s) degrees of freedom.

With similar arguments it is possible to construct a test of the null hy-
pothesis that the cointegrating space spanned by the columns of β̂ contains
some hypothetical vectors K = (h1, . . . , hs), 1 ≤ s ≤ r. The null hypothesis
can then be formulated as

H0 : Kϕ = β (16.10)

for some s× r matrix ϕ. Like in the previous case, this hypothesis can also
be tested by the corresponding likelihood ratio test statistic which is asymp-
totically distributed as a χ2 distribution with s(n − r) degrees of freedom.
Similarly, it is possible to test hypotheses on α and joint hypotheses on α
and β (see Johansen, 1995; Kunst and Neusser, 1990; Lütkepohl, 2006).

16.4 An Example

This example reproduces the study by Neusser (1991) with actualized data
for the United States over the period first quarter 1950 to fourth quarter
2005. The starting point is a VAR model which consists of four variables:
real gross domestic product (Y), real private consumption (C), real gross
investment (I), and the ex-post real interest rate (R). All variables, except
the real interest rate, are in logs. First, we identify a VAR model for these
variables where the order is determined by Akaike’s (AIC), Schwarz’ (BIC)
or Hannan-Quinn’ (HQ) information criteria. The AIC suggests seven lags
whereas the other criteria propose a VAR of order two. As the VAR(7)
consists of many statistically insignificant coefficients, we prefer the more



336 CHAPTER 16. COINTEGRATION

parsimonious VAR(2) model which produces the following estimates:

Xt =


Yt
Ct
It
Rt

 =



0.185
(0.047)

0.069
(0.043)

0.041
(0.117)

-0.329
(0.097)


+



0.951
(0.086)

0.254
(0.091)

0.088
(0.033)

0.042
(0.032)

0.157
(0.079)

0.746
(0.084)

0.065
(0.031)

-0.013
(0.030)

0.283
(0.216)

0.250
(0.229)

1.304
(0.084)

0.026
(0.081)

0.324
(0.178)

-0.536
(0.189)

-0.024
(0.069)

0.551
(0.067)


Xt−1

+



-0.132
(0.085)

-0.085
(0.093)

-0.089
(0.033)

-0.016
(0.031)

-0.213
(0.078)

0.305
(0.085)

-0.066
(0.031)

0.112
(0.029)

-0.517
(0.214)

0.040
(0.233)

-0.364
(0.084)

0.098
(0.079)

-0.042
(0.176)

0.296
(0.192)

0.005
(0.069)

0.163
(0.065)


Xt−2 + Zt

where the estimated standard errors of the corresponding coefficients are
reported in parenthesis. The estimate covariance matrix Σ, Σ̂, is

Σ̂ = 10−4


0.722 0.428 1.140 0.002
0.428 0.610 1.026 −0.092
1.140 1.026 4.473 −0.328
0.002 −0.092 −0.328 3.098

 .

The sequence of the hypotheses starts with H(0) which states that there
exists no cointegrating relation. The alternative hypothesis is always H(n)
which says that there are n cointegrating relations. According to Table 16.1
the value of the trace test statistic is 111.772 which is clearly larger than the
5 percent critical value of 47.856. Thus, the null hypothesis H(0) is rejected
and we consider next the hypothesis H(1). This hypothesis is again clearly
rejected so that we move on to the hypothesis H(2). Because H(3) is not
rejected, we conclude that there exists 3 cointegrating relations. To check
this result, we test the hypothesis H(2) against H(3) using the max test. As
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Table 16.1: Evaluation of the results of Johansen’s cointegration test

trace statistic max statistic

null hypothesis eigenvalue value of
test statistic

critical value value of
test statistic

critical value

H(0) : r = 0 0.190 111.772 47.856 47.194 27.584

H(1) : r ≤ 1 0.179 64.578 29.797 44.075 21.132

H(2) : r ≤ 2 0.081 20.503 15.495 18.983 14.265

H(3) : r ≤ 3 0.007 1.520 3.841 1.520 3.841

critical 5 percent values are taken from MacKinnon et al. (1999).

this test also rejects H(2), we can be pretty confident that there are three
cointegrating relations given as:

β̂ =


1.000 0.000 0.000
0.000 1.000 0.000
0.000 0.000 1.000

−258.948 −277.869 −337.481

 .

In this form, the cointegrating vectors are economically difficult to in-
terpret. We therefore ask whether they are compatible with the following
hypotheses:

βC =


1.0
−1.0

0.0
0.0

 , βI =


1.0
0.0
−1.0

0.0

 , βR =


0.0
0.0
0.0
1.0

 .

These hypotheses state that the log-difference (ratio) between consumption
and GDP, the log-difference (ratio) between investment and GDP, and the
real interest rate are stationary. They can be rationalized in the context of
the neoclassical growth model (see King et al., 1991; Neusser, 1991). Each of
them can be brought into the form of equation (16.10) where β is replaced
by its estimate β̂. The corresponding test statistics for each of the three
cointegrating relations is distributed as a χ2 distribution with one degree of
freedom,12 which gives a critical value of 3.84 at the 5 percent significance
level. The corresponding values for the test statistic are 12.69, 15.05 and 0.45,

12The degrees of freedom are computed according to the formula: s(n−r) = 1(4−3) = 1.
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respectively. This implies that we must reject the first two hypotheses βC
and βI . However, the conjecture that the real interest is stationary, cannot
be rejected. Finally, we can investigate the joint hypothesis β0 = (βC , βI , βR)
which can be represented in the form (16.9). In this case the value of the
test statistic is 41.20 which is clearly above the critical value of 7.81 inferred
from the χ2

3 distribution.13. Thus, we must reject this joint hypothesis.

13The degrees of freedom are computed according to the formula: r(n−s) = 3(4−3) = 3.



Chapter 17

State-Space Models and the
Kalman Filter

The state space representation is a flexible technique originally developed
in automatic control engineering to represent, model, and control dynamic
systems. Thereby we summarize the unobserved or partially observed state
of the system in period t by an m-dimensional vector Xt. The evolution of
the state is then described by a VAR of order one usually called the state
equation. A second equation describes the connection between the state and
the observations given by a n-dimensional vector Yt. Despite its simple struc-
ture, state space models encompass a large variety of model classes: VARMA,
repectively VARIMA models,1 unobserved-component models, factor mod-
els, structural time series models which decompose a given time series into
a trend, a seasonal, and a cyclical component, models with measurement
errors, etc.

From a technical point of view, the main advantage of state space mod-
eling is the unified treatment of estimation, forecasting, and smoothing. At
the center of the analysis stands the Kalman-filter named after its inven-
tor Rudolf Emil Kálmán (Kalman, 1960, 1963). He developed a projection
based algorithm which recursively produces a statistically optimal estimate
of the state. The versatility and the ease of implementation have made the
Kalman filter an increasingly popular tool also in the economically oriented
times series analysis. Here we present just an introduction to the subject and
refer to Anderson and Moore (1979), Brockwell and Davis (1991, Chapter
12), Brockwell and Davis (1996, Chapter 8), Hamilton (1994a, Chapter 13),
Hamilton (1994b), Hannan and Deistler (1988) or Harvey (1989), for further
details.

1VARIMA models stand for vector autoregressive integrated moving-average models.

339
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17.1 The State Space Representation

The state space representation or model consists of a state equation which
describes the dynamics of the system and an observation equation which
connects the observations to the state. The state may be unobservable or
partly observable and the relation between observations and state may be
subject to measurement errors. In the case of time invariant coefficients2 we
can set up these two equations as follows:

state equation: Xt+1 = FXt + Vt+1, t = 1, 2, . . . (17.1)

observation equation: Yt = A+GXt +Wt, t = 1, 2, . . . (17.2)

Thereby Xt denotes an m-dimensional vector which describes the state of
the system in period t. The evolution of the state is represented as a vector
autoregressive model of order one with coefficient matrix F and disturbances
Vt+1.3 As we assume that the state Xt is unobservable or at least partly
unobservable, we need a second equation which relates the state to the ob-
servations. In particular, we assume that there is a linear time-invariant
relation given by A and G of the n-dimensional vector of observations, Yt,
to the state Xt. This relation may be contaminated by measurement errors
Wt. The system is initialized in period t = 1.

We make the following simplifying assumption of the state space model
represented by equations (17.1) and (17.2).

(i) {Vt} ∼ WN(0, Q) where Q is a constant nonnegative definite m × m
matrix.

(ii) {Wt} ∼ WN(0, R) where R is a constant nonnegative definite n × n
matrix.

(iii) The two disturbances are uncorrelated with each other at all leads and
lags, i.e.:

E(WsV
′
t ) = 0, for all t and s.

(iv) Vt and Wt are multivariate normally distributed.

(v) X1 is uncorrelated with Vt as well as with Wt, t = 1, 2, . . .

2For the ease of exposition, we will present first the time-invariant case and analyze
the case of time-varying coefficients later.

3In control theory the state equation (17.1) is amended by an additional term HUt
which represents the effect of control variables Ut. These exogenous controls are used to
regulate the system.
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Remark 17.1. In a more general context, we can make both covariance
matrices Q and R time-varying and allow for contemporaneous correlations
between Vt and Wt (see example 17.4.1).

Remark 17.2. As both the state and the observation equation may include
identities, the covariance matrices need not be positive definite. They can be
non-negative definite.

Remark 17.3. Neither {Xt} nor {Yt} are assumed to be stationary.

Remark 17.4. The specification of the state equation and the normality
assumption imply that the sequence {X1, V1, V2, . . .} is independent so that
the conditional distribution Xt+1 given Xt, Xt−1, . . . , X1 equals the conditional
distribution of Xt+1 given Xt. Thus, the process {Xt} satisfies the Markov
property. As the dimension of the state vector Xt is arbitrary, it can be
expanded in such a way as to encompass every component Xt−1 for any t
(see, for example, the state space representation of a VAR(p) model with
p > 1). However, there remains the problem of the smallest dimension of the
state vector (see Section 17.3.2).

Remark 17.5. The state space representation is not unique. Defining, for
example, a new state vector X̃t by multiplying Xt with an invertible matrix P ,
i.e. X̃t = PXt, all properties of the system remain unchanged. Naturally, we
must redefine all the system matrices accordingly: F̃ = PFP−1, Q̃ = PQP ′,
G̃ = GP−1.

Given X1, we can iterate the state equation forward to arrive at:

Xt = F t−1X1 +
t−1∑
j=1

F j−1Vt+1−j, t = 1, 2, . . .

Yt = A+GF t−1X1 +
t−1∑
j=1

GF j−1Vt+1−j +Wt, t = 1, 2, . . .

The state equation is called stable or causal if all eigenvalues of F are inside
the unit circle which is equivalent that all roots of det(Im − Fz) = 0 are
outside the unit circle (see Section 12.3). In this case the state equation has
a unique stationary solution:

Xt =
∞∑
j=0

F j−1Vt+1−j. (17.3)
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The process {Yt} is therefore also stationary and we have:

Yt = A+
∞∑
j=0

GF j−1Vt+1−j +Wt. (17.4)

In the case of a stationary state space model, we may do without an initial-
ization period and take t ∈ Z.

In the case of a stable state equation, we can easily deduce the covariance
function for {Xt}, ΓX(h), h = 0, 1, 2, . . . According to Section 12.4 it holds
that:

ΓX(0) = FΓX(0)F ′ +Q,

ΓX(h) = F hΓX(0), h = 1, 2, . . .

where ΓX(0) is uniquely determined given the stability assumption. Similarly,
we can derive the covariance function for the observation vector, ΓY (h), h =
0, 1, 2, . . .:

ΓY (0) = GΓX(0)G′ +R,

ΓY (h) = GF hΓX(0)G′, h = 1, 2, . . .

17.1.1 Examples

The following examples should illustrate the versatility of the state space
model and demonstrate how many economically relevant models can be rep-
resented in this form.

VAR(p) process

Suppose that {Yt} follows a n-dimensional VAR(p) process given by Φ(L)Yt =
Zt, respectively by Yt = Φ1Yt−1+. . .+ΦpYt−p+Zt, with Zt ∼WN(0,Σ). Then
the companion form of the VAR(p) process (see Section 12.2) just represents
the state equation (17.1):

Xt+1 =


Yt+1

Yt
Yt−1

...
Yt−p+1

 =


Φ1 Φ2 . . . Φp−1 Φp

In 0 . . . 0 0
0 In . . . 0 0
...

...
. . .

...
...

0 0 . . . In 0




Yt
Yt−1

Yt−2
...

Yt−p

+


Zt+1

0
0
...
0


= FXt + Vt+1,
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with Vt+1 = (Z ′t+1, 0, 0, . . . , 0)′ and Q =

(
Σ 0
0 0

)
. The observation equation

is just an identity because all components of Xt are observable:

Yt = (In, 0, 0, . . . , 0)Xt = GXt.

Thus, G = (In, 0, 0, . . . , 0) and R = 0. Assuming that Xt is already mean
adjusted, A = 0.

ARMA(1,1) process

The representation of ARMA processes as a state space model is more in-
volved when moving-average terms are involved. Suppose that {Yt} is an
ARMA(1,1) process defined by the stochastic difference equation Yt = φYt−1+
Zt + θZt−1 with Zt ∼WN(0, σ2) and φθ 6= 0.

Let {Xt} be the AR(1) process defined by the stochastic difference equa-
tion Xt − φXt−1 = Zt and define the state vector Xt by Xt = (Xt, Xt−1)′,
then we can write the observation equation as:

Yt = (1, θ)Xt = GXt

with R = 0. The state equation is then

Xt+1 =

(
Xt+1

Xt

)
=

(
φ 0
1 0

)(
Xt

Xt−1

)
+

(
Zt+1

0

)
= FXt + Vt+1,

where Q =

(
σ2 0
0 0

)
. It is easy to verify that the so defined process {Yt}

satisfies the stochastic difference equation Yt = φYt−1 + Zt + θZt−1. Indeed
Yt − φYt−1 = (1, θ)Xt − φ(1, θ)Xt−1 = Xt + θXt−1 − φXt−1 − θφXt−2 =
(Xt − φXt−1) + θ(Xt−1 − φXt−2) = Zt + θZt−1.

If |φ| < 1, the state equation defines a causal process {Xt} so that the
unique stationary solution is given by equation (17.3). This implies a sta-
tionary solution for {Yt} too. It is thus easy to verify if this solution equals
the unique solution of the ARMA stochastic difference equation.

The state space representation of an ARMA model is not unique. An
alternative representation in the case of a causal system is given by:

Xt+1 = φXt + (φ+ θ)Zt = FXt + Vt+1

Yt = Xt + Zt = Xt +Wt.

Note that in this representation the dimension of the state vector is reduced
from two to one. Moreover, the two disturbances Vt+1 = (φ + θ)Zt and
Wt = Zt are perfectly correlated.
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ARMA(p,q) process

It is straightforward to extend the above representation to ARMA(p,q) mod-
els.4 Let {Yt} be defined by the following stochastic difference equation:

Φ(L)Yt = Θ(L)Zt with Zt ∼WN(0, σ2) and φpθq 6= 0.

Define r as r = max{p, q + 1} and set φj = 0 for j > p and θj = 0 for
j > q. Then, we can set up the following state space representation with
state vector Xt and observation equation

Yt = (1, θ1, . . . , θr−1)Xt

where the state vector equals Xt = (Xt, . . . , Xt−r+2, Xt−r+1)′ and where {Xt}
follows an AR(p) process Φ(L)Xt = Zt. The AR(p) process can be trans-
formed into companion form to arrive at the state equation:

Xt+1 =


φ1 φ2 . . . φr−1 φr
1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

Xt +


Zt
0
0
...
0

 .

Missing Observations

The state space approach is best suited to deal with missing observations.
However, in this situation the coefficient matrices are no longer constant, but
time-varying. Consider the following simple example of an AR(1) process for
which we have only observations for the periods t = 1, . . . , 100 and t =
102, . . . , 200, but not for period t = 101 which is missing. This situation can
be represented in state space form as follows:

Xt+1 = φXt + Zt

Yt = GtXt +Wt

Gt =

{
1, t = 1, . . . , 100, 102, . . . , 200;
0, t = 101.

Rt =

{
0, t = 1, . . . , 100, 102, . . . , 200;
c > 0, t = 101.

4See also exercise 17.2
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This means that Wt = 0 and that Yt = Xt for all t except for t = 101. For
the missing observation, we have G101 = Y101 = 0. The variance for this
observation is set to R101 = c > 0.

The same idea can be used to obtain quarterly data when only yearly data
are available. This problem typically arises in statistical offices which have
to produce, for example, quarterly GDP data from yearly observations incor-
porating quarterly information from indicator variables (see Section 17.4.1).
More detailed analysis for the case of missing data can be found in Harvey
and Pierce (1984) and Brockwell and Davis (1991, Chapter 12.3).

Structural Time Series Analysis

An important application of the state space representation in economics is
the decomposition of a given time series into several components: trend,
cycle, season and irregular component. This type of analysis is usually coined
structural time series analysis (See Harvey, 1989; Mills, 2003). Consider, for
example, the additive decomposition of a time series {Yt} into a trend Tt,
a seasonal component St, a cyclical component {Ct}, and an irregular or
cyclical component Wt:

Yt = Tt + St + Ct +Wt.

The above equation relates the observed time series to its unobserved com-
ponents and is called the basic structural model (BSM) (Harvey, 1989).

The state space representation is derived in several steps. Consider first
the case with no seasonal and no cyclical component. The trend is typically
viewed as a random walk with time-varying drift δt−1:

Tt = δt−1 + Tt−1 + εt, εt ∼WN(0, σ2
ε)

δt = δt−1 + ξt, ξt ∼WN(0, σ2
ξ ).

The second equation models the drift as a random walk. The two distur-
bances {εt} and {ξt} are assumed to be uncorrelated with each other and

with {Wt}. Defining the state vector X
(T )
t as X

(T )
t = (Tt, δt)

′, the state and
the observation equations become:

X
(T )
t+1 =

(
Tt+1

δt+1

)
=

(
1 1
0 1

)(
Tt
δt

)
+

(
εt+1

ξt+1

)
= F (T )X

(T )
t + V

(T )
t+1

Yt = (1, 0)X
(T )
t +Wt

with Wt ∼ WN(0, σ2
W ). This representation is called the local linear trend

(LLT) model and implies that {Yt} follows an ARIMA(0,2,2) process (see
exercise 17.5.1).
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In the special case of a constant drift equal to δ, σ2
ξ = 0 and we have

that ∆Yt = δ + εt + Wt −Wt−1. {∆Yt} therefore follows a MA(1) process
with ρ(1) = −σ2

W/(σ
2
ε + 2σ2

W ) = −(2 + κ)−1 where κ = σ2
ε/σ

2
W is called the

signal-to-noise ratio. Note that the first order autocorrelation is necessarily
negative. Thus, this model is not suited for time series with positive first
order autocorrelation in its first differences.

The seasonal component is characterized by St = St−d and
∑d

t=1 St = 0
where d denotes the frequency of the data.5 Given starting values S1, S0, S−1, . . . , S−d+3,
the following values can be computed recursively as:

St+1 = −St − . . .− St−d+2 + ηt+1, t = 1, 2, . . .

where a noise ηt ∼WN(0, σ2
η) is taken into account.6 The state vector related

to the seasonal component, X
(S)
t , is defined as X

(S)
t = (St, St−1, . . . , St−d+2)′

which gives the state equation

X
(S)
t+1 =


−1 −1 . . . −1 −1
1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

X
(S)
t +


ηt+1

0
...
0
0

 = F (S)X
(S)
t + V

(S)
t+1

with Q(S) = diag(σ2
η, 0, . . . , 0).

Combining the trend and the seasonal model to an overall model with

state vector Xt given by Xt =
(
X

(T )
t
′, X

(S)
t
′
)′

, we arrive at the state equation:

Xt+1 =

(
F (T ) 0

0 F (S)

)
Xt +

(
V

(T )
t+1

V
(S)
t+1

)
= FXt + Vt+1

with Q = diag(σ2
ε , σ

2
δ , σ

2
η, 0, . . . , 0). The observation equation then is:

Yt =
(
1 0 1 0 . . . 0

)
Xt +Wt

with R = σ2
W .

Finally, we can add a cyclical component {Ct} which is modeled as a
harmonic process (see section 6.2) with frequency λC , respectively periodicity
2π/λC :

Ct = A cosλCt+B sinλCt

5Four in the case of quarterly and twelve in the case of monthly observations.
6Alternative seasonal models can be found in Harvey (1989) and Hylleberg (1986).
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Figure 17.1: Spectral density of the cyclical component for different values
of λC and ρ

Following Harvey (1989, p.39), we let the parameters A and B evolve over
time by introducing the recursion

(
Ct+1

C∗t+1

)
= ρ

(
cosλC sinλC
− sinλC cosλC

)(
Ct
C∗t

)
+

(
V

(C)
1,t+1

V
(C)

2,t+1

)

where C0 = A and C∗0 = B and where {C∗t } is an auxiliary process. The

dampening factor ρ allows for additional flexibility in the specification. {V (C)
1,t }

and {V (C)
2,t } are two mutually uncorrelated white-noise processes. It is in-

structive to examine the spectral density (see section 6.1) of the cyclical
component in figure 17.1. It can be shown (see exercise 17.5.2) that {Ct}
follows an ARMA(2,1) process.

The cyclical component can be incorporated into the state space model
above by augmenting the state vector Xt+1 by the cyclical components Ct+1

and C∗t+1 and the error term Vt+1 by {V (C)
1,t+1} and {V (C)

2,t+1}. The observations
equation has to be amended accordingly. Section 17.4.2 presents an empirical
application of this approach.
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Dynamic Factor Models

Dynamic factor models are an interesting approach when it comes to mod-
eling simultaneously a large cross-section of times series. The concept was
introduced into macroeconomics by Sargent and Sims (1977) and was then
developed further and popularized by Quah and Sargent (1993), Reichlin
(2003) and Breitung and Eickmeier (2006), among others. The idea is to
view each time series Yit, i = 1, . . . , n, as the sum of a linear combination of
some joint unobserved factors ft = (f1t, . . . , frt)

′ and an idiosyncratic com-
ponent {Wit}, i = 1, . . . n. Dynamic factor models are particularly effective
when the number of factors r is small compared to the number of time series
n. In practice, several hundred time series are related to a handful factors.
In matrix notation we can write the observation equation for the dynamic
factor model as follows:

Yt = Λ0ft + Λ1ft−1 + . . .+ Λqft−q +Wt

where Λi, i = 0, 1, . . . , q, are n × r matrices. The state vector Xt equals
(f ′t , . . . , f

′
t−q)

′ if we assume that the idiosyncratic component is white noise,
i.e. Wt = (W1t, . . . ,Wnt)

′ ∼ WN(0, R). The observation equation can then
be written compactly as:

Yt = GXt +Wt

where G = (Λ0,Λ1, . . . ,Λq). Usually, we assume that R is a diagonal matrix.
The correlation between the different time series is captured exclusively by
the joint factors.

The state equation depends on the assumed dynamics of the factors.
One possibility is to model {ft} as a VAR(p) process with Φ(L)ft = et,
et ∼ WN(0,Σ), and p ≤ q + 1, so we can use the state space representation
of the VAR(p) process from above. For the case p = 2 and q = 2 we get:

Xt+1 =

ft+1

ft
ft−1

 =

Φ1 Φ2 0
Ir 0 0
0 Ir 0

 ft
ft−1

ft−2

+

et+1

0
0

 = FXt + Vt+1

and Q = diag(Σ, 0, 0). This scheme can be easily generalized to the case
p > q + 1 or to allow for autocorrelated idiosyncratic components, assuming
for example that they follow autoregressive processes.

Real Business Cycle Model (RBC Model)

State space models are becoming increasingly popular in macroeconomics,
especially in the context of dynamic stochastic general equilibrium (DSGE)
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models. These models can be seen as generalizations of the real business cycle
(RBC) models.7 In these models a representative consumer is supposed to
maximize the utility of his consumption stream over his infinite life time.
Thereby, the consumer has the choice to consume part of his income or to
invest his savings (part of his income which is not consumed) at the market
rate of interest. These savings can be used as a mean to finance investment
projects which increase the economy wide capital stock. The increased capital
stock then allows for increased production in the future. The production
process itself is subject to a random shocks called technology shocks.

The solution of this optimization problem is a nonlinear dynamic system
which determines the capital stock and consumption in every period. Its local
behavior can be investigated by linearizing the system around its steady
state. This equation can then be interpreted as the state equation of the
system. The parameters of this equation F and Q are related, typically in
a nonlinear way, to the parameters describing the utility and the production
function as well as the process of technology shocks. Thus, the state equation
summarizes the behavior of the theoretical model.

The parameters of the state equation can then be estimated by relating
the state vector, given by the capital stock and the state of the technology,
via the observation equation to some observable variables, like real GDP,
consumption, investment, or the interest rate. This then completes the state
space representation of the model which can be analyzed and estimated using
the tools presented in Section 17.3.8

17.2 Filtering and Smoothing

As we have seen, the state space model provides a very flexible framework
for a wide array of applications. We therefore want to develop a set of tools
to handle this kind of models in terms of interpretation and estimation. In
this section we will analyze the problem of inferring the unobserved state
from the data given the parameters of the model. In Section 17.3 we will
then investigate the estimation of the parameters by maximum likelihood.

In many cases the state of the system is not or only partially observable.
It is therefore of interest to infer from the data Y1, Y2, . . . , YT the state vector

7Prototypical models can be found in King et al. (1988) or Woodford (2003). Canova
(2007) and Dejong and Dave (2007) present a good introduction to the analysis of DSGE
models.

8See Sargent (2004) or Fernandez-Villaverde et al. (2007) for systematic treatment of
state space models in the context of macroeconomic models. In this literature the use of
Bayesian methods is widespread (see An and Schorfheide, 2007; Dejong and Dave, 2007).



350 CHAPTER 17. KALMAN FILTER

Xt. We can distinguish three types of problems depending on the information
used:

(i) estimation of Xt from Y1, . . . , Yt−1, known as the prediction problem;

(ii) estimation of Xt from Y1, . . . , Yt, known as the filtering problem;

(iii) estimation of Xt from Y1, . . . , YT , known as the smoothing problem.

For the ease of exposition, we will assume that the disturbances Vt and Wt are
normally distributed. The recursive nature of the state equation implies that
Xt = F t−1X1 +

∑t−2
j=0 F

jVt−j. Therefore, Xt is also normally distributed for
all t, if X1 is normally distributed. From the observation equation we can in-
fer also that Yt is normally distributed, because it is the sum of two normally
distributed random variables A + GXt and Wt. Thus, under these assump-
tions, the vector (X ′1, . . . , X

′
T , Y

′
1 , . . . , Y

′
T )′ is jointly normally distributed:

X1
...
XT

Y1
...
YT


∼ N

((
0
µY

)
,

(
ΓX ΓY X

ΓXY ΓY

))

where the covariance matrices ΓX ,ΓY X ,ΓXY and ΓY can be retrieved from
the model given the parameters.

For the understanding of the rest of this section, the following theorem is
essential (see standard textbooks, like Amemiya, 1994; Greene, 2008).

Theorem 17.1. Let Z be a n-dimensional normally distributed random vari-
able with Z ∼ N(µ,Σ). Consider the partitioned vector Z = (Z ′1, Z

′
2)′ where

Z1 and Z2 are of dimensions n1 ≥ 1 and n2 ≥ 1, n = n1 + n2, respectively.
The corresponding partitioning of the covariance matrix Σ is

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
where Σ11 = VZ1, Σ22 = VZ2, and Σ12 = Σ′21 = cov(Z1, Z2) = E(Z1 −
EZ1)′(Z2 − EZ2). Then the partitioned vectors Z1 and Z2 are normally dis-
tributed. Moreover, the conditional distribution of Z1 given Z2 is also normal
with mean and variance

E(Z1|Z2) = EZ1 + Σ12Σ−1
22 (Z2 − EZ2),

V(Z1|Z2) = Σ11 − Σ12Σ−1
22 Σ21.
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This formula can be directly applied to figure out the mean and the vari-
ance of the state vector given the observations. Setting Z1 = (X ′1, . . . , X

′
t)
′

and Z2 = (Y ′1 , . . . , Y
′
t−1)′, we get the predicted values; setting Z1 = (X ′1, . . . , X

′
t)
′

and Z2 = (Y ′1 , . . . , Y
′
t )
′, we get the filtered values; setting Z1 = (X ′1, . . . , X

′
t)
′

and Z2 = (Y ′1 , . . . , Y
′
T )′, we get the smoothed values.

AR(1) Process with Measurement Errors

We illustrate the above ideas by analyzing a univariate AR(1) process with
measurement errors:9

Xt+1 = φXt + vt+1, vt ∼ IIDN(0, σ2
v)

Yt = Xt + wt, wt ∼ IIDN(0, σ2
w).

For simplicity, we assume |φ| < 1. Suppose that we only have observations
Y1 and Y2 at our disposal. The joint distribution of (X1, X2, Y1, Y2)′ is nor-
mal. The covariances can be computed by applying the methods discussed
in Chapter 2:

X1

X2

Y1

Y2

 ∼ N




0
0
0
0

 ,
σ2
v

1− φ2


1 φ 1 φ
φ 1 φ 1

1 φ 1 + σ2
w(1−φ2)
σ2
v

φ

φ 1 φ 1 + σ2
w(1−φ2)
σ2
v




The smoothed values are obtained by applying the formula from Theo-
rem 17.1:

E
((

X1

X2

)∣∣∣∣Y1, Y2

)
=

1

(1 + σ2
w(1−φ2)
σ2
v

)2 − φ2

(
1 φ
φ 1

)(
1 + σ2

w(1−φ2)
σ2
v

−φ
−φ 1 + σ2

w(1−φ2)
σ2
v

)(
Y1

Y2

)
Note that for the last observation, Y2 in our case, the filtered and the
smoothed values are the same. For X1 the filtered value is

E(X1|Y1) =
1

1 + σ2
w(1−φ2)
σ2
v

Y1.

An intuition for this result can be obtained by considering some special
cases. For φ = 0, the observations are not correlated over time. The filtered

9Sargent (1989) provides an interesting application showing the implications of mea-
surement errors in macroeconomic models.
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value for X1 therefore corresponds to the smoothed one. This value lies
between zero, the unconditional mean of X1, and Y1 with the variance ratio
σ2
w/σ

2
v delivering the weights: the smaller the variance of the measurement

error the closer the filtered value is to Y1. This conclusion holds also in
general. If the variance of the measurement error is relatively large, the
observations do not deliver much information so that the filtered and the
smoothed values are close to the unconditional mean.

For large systems the method suggested by Theorem 17.1 may run into
numerical problems due to the inversion of the covariance matrix of Y , Σ22.
This matrix can become rather large as it is of dimension nT × nT . Fortu-
nately, there exist recursive solutions to this problem known as the Kalman
filter, and also the Kalman smoother.

17.2.1 The Kalman Filter

The Kalman filter circumvents the problem of inverting a large nT ×nT ma-
trix by making use of the Markov property of the system (see Remark 17.4).
The distribution of Xt given the observations up to period t can thereby be
computed recursively from the distribution of the state in period t− 1 given
the information available up to period t− 1. Starting from some initial dis-
tribution in period 0, we can in this way obtain in T steps the distribution of
all states. In each step only an n× n matrix must be inverted. To describe
the procedure in detail, we introduce the following notation:

E(Xt|Y1, . . . , Yh) = Xt|h

V(Xt|Y1, . . . , Yh) = Pt|h.

Suppose, we have already determined the distribution of Xt conditional
on the observations Y1, . . . , Yt. Because we are operating in a framework of
normally distributed random variables, the distribution is completely char-
acterized by its conditional mean Xt|t and variance Pt|t. The goal is to carry
forward these entities to obtain Xt+1|t+1 and Pt+1|t+1 having observed an ad-
ditional data point Yt+1. This problem can be decomposed into a forecasting
and an updating step.

Step 1: Forecasting step The state equation and the assumption about
the disturbance term Vt+1 imply:

Xt+1|t = FXt|t (17.5)

Pt+1|t = FPt|tF
′ +Q
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The observation equation then allows to compute a forecast of Yt+1 where
we assume for simplicity that A = 0:

Yt+1|t = GXt+1|t (17.6)

Step 2: Updating step In this step the additional information com-
ing from the additional observation Yt+1 is processed to update the condi-
tional distribution of the state vector. The joint conditional distribution of
(X ′t+1, Y

′
t+1)′ given Y1, . . . , Yt is(
Xt+1

Yt+1

)∣∣∣∣Y1, . . . , Yt ∼ N

((
Xt+1|t
Yt+1|t

)
,

(
Pt+1|t Pt+1|tG

′

GPt+1|t GPt+1|tG
′ +R

))
As all elements of the distribution are available from the forecasting step,
we can again apply Theorem 17.1 to get the distribution of the filtered state
vector at time t+ 1:

Xt+1|t+1 = Xt+1|t + Pt+1|tG
′(GPt+1|tG

′ +R)−1(Yt+1 − Yt+1|t) (17.7)

Pt+1|t+1 = Pt+1|t − Pt+1|tG
′(GPt+1|tG

′ +R)−1GPt+1|t (17.8)

where we replace Xt+1|t, Pt+1|t, and Yt+1|t by FXt|t, FPt|tF
′+Q, and GFXt|t,

respectively, which have been obtained from the forecasting step.
Starting from given values for X0|0 and P0|0, we can therefore iteratively

compute Xt|t and Pt|t for all t = 1, 2, . . . , T . Only the information from the
last period is necessary at each step. Inserting equation (17.7) into equa-
tion (17.5) we obtain as a forecasting equation:

Xt+1|t = FXt|t−1 + FPt|t−1G
′(GPt|t−1G

′ +R)−1(Yt −GXt|t−1)

where the matrix

Kt = FPt|t−1G
′(GPt|t−1G

′ +R)−1

is know as the (Kalman) gain matrix. It prescribes how the innovation Yt −
Yt|t−1 = Yt −GXt|t−1 leads to an update of the predicted state.

Initializing the algorithm It remains to determine how to initialize the
recursion. In particular, how to set the starting values for X0|0 and P0|0. If
Xt is stationary and causal with respect to Vt, the state equation has the
solution X0 =

∑∞
j=0 F

jVt−j. Thus,

X0|0 = E(X0) = 0

P0|0 = V(X0)
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where P0|0 solves the equation (see Section 12.4)

P0|0 = FP0|0F
′ +Q.

According to equation (12.4), the solution of the above matrix equation is:

vec(P0|0) = [I − F ⊗ F ]−1vec(Q).

If the process is not stationary, we can set X0|0 to zero and P0|0 to infinity.
In practice, a very large number is sufficient.

17.2.2 The Kalman Smoother

The Kalman filter determines the distribution of the state at time t given the
information available up to this time. In many instances, we want, however,
make an optimal forecast of the state given all the information available, i.e.
the whole sample. Thus, we want to determine Xt|T and Pt|T . The Kalman
filter determines the smoothed distribution for t = T , i.e. XT |T and PT |T . The
idea of the Kalman smoother is again to determine the smoothed distribution
in a recursive manner. For this purpose, we let the recursion run backwards.
Starting with the last observation in period t = T , we proceed back in time
by letting t take successively the values t = T − 1, T − 2, . . . until the first
observation in period t = 1.

Using again the linearity of the equations and the normality assumption,
we get: (

Xt

Xt+1

)∣∣∣∣Y1, Y2, . . . , Yt ∼ N

((
Xt|t
FXt|t

)
,

(
Pt|t Pt|tF

′

FPt|t Pt+1|t

))
This implies that

E(Xt|Y1, . . . , Yt, Xt+1) = Xt|t + Pt|tF
′P−1
t+1|t(Xt+1 −Xt+1|t).

The above mean is only conditional on all information available up to time t
and on the information at time t+ 1. The Markov property implies that this
mean also incorporates the information from the observations Yt+1, . . . , YT .
Thus, we have:

E(Xt|Y1, . . . , YT , Xt+1) = E(Xt|Y1, . . . , Yt, Xt+1)

= Xt|t + Pt|tF
′P−1
t+1|t(Xt+1 −Xt+1|t)
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Applying the law of iterated expectations or means (see, for example, Amemiya,
1994, p. 78), we can derive Xt|T :

Xt|T = E(Xt|Y1, . . . , YT ) = E(E(Xt|Y1, . . . , YT , Xt+1)|Y1, . . . , YT )

= E(Xt|t + Pt|tF
′P−1
t+1|t(Xt+1 −Xt+1|t)|Y1, . . . , YT )

= Xt|t + Pt|tF
′P−1
t+1|t(Xt+1|T −Xt+1|t). (17.9)

The algorithm can now be implemented as follows. In the first step
compute XT−1|T according to equation (17.9) as

XT−1|T = XT−1|T−1 + PT−1|T−1F
′P−1
T |T−1(XT |T −XT |T−1).

All entities on the right hand side can readily be computed by applying the
Kalman filter. Having found XT−1|T , we can again use equation (17.9) for
t = T − 2 to evaluate XT−2|T :

XT−2|T = XT−2|T−2 + PT−2|T−2F
′P−1
T−1|T−2(XT−1|T −XT−1|T−2).

Proceeding backward through the sample we can derive a complete sequence
of smoothed states XT |T , XT−1|T , XT−2|T , . . . , X1|T . These calculations are
based on the computations of Xt|t, Xt+1|t, Pt|t, and Pt+1|t which have already
been obtained from the Kalman filter. The smoothed covariance matrix Pt|T
is given as (see Hamilton, 1994a, Section 13.6 ):

Pt|T = Pt|t + Pt|tFP
−1
t+1|t(Pt+1|T − Pt+1|t)P

−1
t+1|tF

′Pt|t.

Thus, we can compute also the smoothed variance with the aid of the values
already determined by the Kalman filter.

AR(1) Process with Measurement Errors (continued)

We continue our illustrative example of an AR(1) process with measurement
errors and just two observations. First, we determine the filtered values for
the state vector with the aid of the Kalman filter. To initialize the process,
we have to assign a distribution to X0. For simplicity, we assume that |φ| < 1
so that it makes sense to assign the stationary distribution of the process as
the distribution for X0:

X0 ∼ N

(
0,

σ2
V

1− φ2

)
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Then we compute the forecasting step as the first step of the filter (see
equation (17.5)):

X1|0 = φX0|0 = 0

P1|0 = φ2 σ2
v

1− φ2
+ σ2

v =
σ2
v

1− φ2

Y1|0 = 0.

P1|0 was computed by the recursive formula from the previous section, but
is, of course, equal to the unconditional variance. For the updating step, we
get from equations (17.7) and (17.8):

X1|1 =

(
σ2
v

1− φ2

)(
σ2
v

1− φ2
+ σ2

w

)−1

Y1 =
1

1 + σ2
w(1−φ2)
σ2
v

Y1

P1|1 =

(
σ2
v

1− φ2

)
−
(

σ2
v

1− φ2

)2(
σ2
v

1− φ2
+ σ2

w

)−1

=
σ2
v

1− φ2

(
1− 1

1 + σ2
w(1−φ2)
σ2
v

)

These two results are then used to calculate the next iteration of the algo-
rithm. This will give the filtered values for t = 2 which would correspond to
the smoothed values because we just have two observations. The forecasting
step is:

X2|1 =
φ

1 + σ2
w(1−φ2)
σ2
v

Y1

P2|1 =
φ2σ2

v

1− φ2

(
1− 1

1 + σ2
w(1−φ2)
σ2
v

)
+ σ2

v

Next we perform the updating step to calculate X2|2 and P2|2. It is easy to
verify that this leads to the same results as in the first part of this example.

An interesting special case is obtained when we assume that φ = 1 so that
the state variable is a simple random walk. In this case the unconditional
variance of Xt and consequently also of Yt are no longer finite. As mentioned
previously, we can initialize the Kalman filter by X0|0 = 0 and P0|0 = ∞.
This implies:

Y1|0 = X1|0 = X0|0 = 0

P1|0 = P0|0 + σ2
V =∞.
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Inserting this result in the updating equations (17.7) and (17.8), we arrive
at:

X1|1 =
P1|0

P1|0 + σ2
W

(Y1 − Y1|0) =
P0|0 + σ2

V

P0|0 + σ2
V + σ2

W

Y1

P1|1 = P1|0 −
P 2

1|0

P1|0 + σ2
W

= (P0|0 + σ2
V )

(
1−

P1|0

P1|0 + σ2
W

)
=

(P0|0 + σ2
V )σ2

W

P0|0 + σ2
V + σ2

W

.

Letting P0|0 go to infinity, leads to:

X1|1 = Y1

P1|1 = σ2
W .

This shows that the filtered variance is finite for t = 1 although P1|0 was
infinite.

17.3 Estimation of State Space Models

Up to now we have assumed that the parameters of the system are known
and that only the state is unknown. In most economic applications, however,
also the parameters are unknown and have therefore to be estimated from
the data. One big advantage of the state space models is that they provide an
integrated approach to forecasting, smoothing and estimation. In particular,
the Kalman filter turns out to be an efficient and quick way to compute the
likelihood function. Thus, it seems natural to estimate the parameters of
state space models by the method of maximum likelihood.

17.3.1 The Likelihood Function

The joint unconditional density of the observations (Y ′1 , . . . , Y
′
T )′ can be fac-

torized into the product of conditional densities as follows:

f(Y1, . . . , YT ) = f(YT |Y1, . . . , YT−1)f(Y1, . . . , YT−1)

=
...

= f(YT |Y1, . . . , YT−1)f(YT−1|Y1, . . . , YT−2) . . . f(Y2|Y1)f(Y1)

Each conditional density is the density of a normal distribution and is there-
fore given by:

f(Yt|Y1, . . . , Yt−1) = (2π)−n/2(det ∆t)
−1/2 exp

[
−1

2
(Yt − Yt|t−1)′∆−1

t (Yt − Yt|t−1)

]
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where ∆t = GPt|t−1G
′ + R. The Gaussian likelihood function L is therefore

equal to:

L = (2π)−(Tn)/2

(
T∏
t=1

det(∆t)

)−1/2

exp

[
−1

2

T∑
t=1

(Yt − Yt|t−1)′∆−1
t (Yt − Yt|t−1)

]
.

Note that all the entities necessary to evaluate the likelihood function are
provided by the Kalman filter. Thus, the evaluation of the likelihood function
is a byproduct of the Kalman filter. The maximum likelihood estimator
(MLE) is then given by the maximizer of the likelihood function, or more
conveniently the log-likelihood function. Usually, there is no analytic solution
available so that one must resort to numerical methods. An estimation of
the asymptotic covariance matrix can be obtained by evaluating the Hessian
matrix at the optimum. Under the usual assumptions, the MLE is consistent
and delivers asymptotically normally distributed estimates (Greene, 2008;
Amemiya, 1994).

The direct maximization of the likelihood function is often not easy in
practice, especially for large systems with many parameters. The expectation-
maximization algorithm, EM algorithm for short, represents a valid, though
slower alternative. As the name indicates, it consists of two steps which
have to be carried out iteratively. Based on some starting values for the
parameters, the first step (expectation step) computes estimates, Xt|T , of
the unobserved state vector Xt using the Kalman smoother. In the second
step (maximization step), the likelihood function is maximized taking the
estimates of Xt, Xt|T , as additional observations. The treatment of Xt|T as
additional observations, allows to reduce the maximization step to a simple
multivariate regression. Indeed, by treating Xt|T as if they were known, the
state equation becomes a simple VAR(1) which can be readily estimated by
linear least-squares to obtain the parameters F and Q. The parameters A,
G and R are also easily retrieved from a regression of Yt on Xt|T . Based on
these new parameter estimates, we go back to step one and derive new esti-
mates for Xt|T which are then used in the maximization step. One can show
that this procedure maximizes the original likelihood function (see Dempster
et al., 1977; Wu, 1983). A more detailed analysis of the EM algorithm in the
time series context is provided by Brockwell and Davis (1996).10

10The analogue to the EM algorithm in the Bayesian context is given by the Gibbs
sampler. In contrast to the EM algorithm, we compute in the first step not the expected
value of the states, but we draw a state vector from the distribution of state vectors given
the parameters. In the second step, we do not maximize the likelihood function, but draw
a parameter from the distribution of parameters given the state vector drawn previously.
Going back and forth between these two steps, we get a Markov chain in the parameters
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Sometimes it is of interest not only to compute parameter estimates and
to derive from them estimates for the state vector via the Kalman filter or
smoother, but also to find confidence intervals for the estimated state vector
to take the uncertainty into account. If the parameters are known, the meth-
ods outlined previously showed how to obtain these confidence intervals. If,
however, the parameters have to be estimated, there is a double uncertainty:
the uncertainty from the filter and the uncertainty arising from the param-
eter estimates. One way to account for this additional uncertainty is by the
use of simulations. Thereby, we draw a given number of parameter vectors
from the asymptotic distribution and compute for each of these draws the
corresponding estimates for the state vector. The variation in these esti-
mates is then a measure of the uncertainty arising from the estimation of the
parameters (see Hamilton, 1994a, Section 13.7).

17.3.2 Identification

As emphasized in Remark 17.5 of Section 17.1, the state space representa-
tions are not unique. See, for example, the two alternative representations of
the ARMA(1,1) model in Section 17.1. This non-uniqueness of state space
models poses an identification problem because different specifications may
give rise to observationally equivalent models.11 This problem is especially
serious if all states are unobservable. In practice, the identification problem
gives rise to difficulties in the numerical maximization of the likelihood func-
tion. For example, one may obtain large differences for small variations in
the starting values; or one may encounter difficulties in the inversion of the
matrix of second derivatives.

The identification of state space models can be checked by transforming
them into VARMA models and by investigating the issue in this reparameter-
ized setting (Hannan and Deistler, 1988). Exercise 17.5.6 invites the reader
to apply this method to the AR(1) model with measurement errors. System
identification is a special field in systems theory and will not be pursued
further here. A systematic treatment can be found in the textbook by Ljung
(1999).

and the states whose stationary distribution is exactly the distribution of parameters and
states given the data. A detailed description of Bayesian methods and the Gibbs sampler
can be found in Geweke (2005). Kim and Nelson (1999) discuss this method in the context
of state space models.

11Remember that, in our context, two representations are equivalent if they generate
the same mean and covariance function for {Yt}.
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17.4 Examples

17.4.1 Estimating Quarterly GDP data from Yearly
Ones

The official data for quarterly GDP are released in Switzerland by the State
Secretariat for Economic Affairs (SECO). They estimate these data taking
the yearly values provided by the Federal Statistical Office (FSO) as given.
This division of tasks is not uncommon in many countries. One of the most
popular methods for disaggregation of yearly data into quarterly ones was
proposed by Chow and Lin (1971).12 It is a regression based method which
can take additional information in the form of indicator variables (i.e. vari-
ables which are measured at the higher frequency and correlated at the lower
frequency with the variable of interest) into account. This procedure is, how-
ever, rather rigid. The state space framework is much more flexible and ide-
ally suited to deal with missing observations. Applications of this framework
to the problem of disaggregation were provided by Bernanke et al. (1997:1)
and Cuche and Hess (2000), among others. We will illustrate this approach
below.

Starting point of the analysis are the yearly growth rates of GDP and
indicator variables which are recorded at the quarterly frequency and which
are correlated with GDP growth. In our application, we will consider the
growth of industrial production (IP ) and the index on consumer sentiment
(C) as indicators. Both variables are available on a quarterly basis from 1990
onward. For simplicity, we assume that the annualized quarterly growth rate
of GDP, {Qt}, follows an AR(1) process with mean µ:

Qt − µ = φ(Qt−1 − µ) + wt, wt ∼WN(0, σ2
w)

In addition, we assume that GDP is related to industrial production and
consumer sentiment by the following two equations:

IPt = αIP + βIPQt + vIP,t

Ct = αC + βCQt + vC,t

where the residuals vIP,t and vC,t are uncorrelated. Finally, we define the
relation between quarterly and yearly GDP growth as:

Jt =
1

4
Qt +

1

4
Qt−1 +

1

4
Qt−2 +

1

4
Qt−3, t = 4, 8, 12 . . .

12Similarly, one may envisage the disaggregation of yearly data into monthly ones or
other forms of disaggregation.
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We can now bring these equations into state space form. Thereby the
observation equation is given by

Yt = At +GtXt +Wt

with observation and state vectors

Yt =



 Jt
IPt
Ct

 , t = 4, 8, 12, . . .;

 0
IPt
Ct

 , t 6= 4, 8, 12, . . .

Xt =


Qt − µ
Qt−1 − µ
Qt−2 − µ
Qt−3 − µ
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and time-varying coefficient matrices

At =



 µ
αIP
αC

 , t = 4, 8, 12, . . .;

 0
αIP
αC

 , t 6= 4, 8, 12, . . .

Gt =



 1
4

1
4

1
4

1
4

βIP 0 0 0
βC 0 0 0

 , t = 4, 8, 12, . . .;

 0 0 0 0
βIP 0 0 0
βC 0 0 0

 , t 6= 4, 8, 12, . . .

Rt =



0 0 0
0 σ2

IP 0
0 0 σ2

C

 , t = 4, 8, 12, . . .;

1 0 0
0 σ2

IP 0
0 0 σ2

C

 , t 6= 4, 8, 12, . . .

The state equation becomes:

Xt+1 = FXt + Vt+1

where

F =


φ 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0



Q =


σ2
w 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


On my homepage http://www.neusser.ch/ you will find a MATLAB

code which maximizes the corresponding likelihood function numerically.
Figure 17.2 plots the different estimates of GDP growth and compares them
with the data released by SECO.
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Figure 17.2: Estimates of quarterly GDP growth rates for Switzerland

17.4.2 Structural Time Series Analysis

A customary practice in business cycle analysis is to decompose a time series
into several components. As an example, we estimate a structural time series
model which decomposes a times series additively into a local linear trend,
a business cycle component, a seasonal component, and an irregular compo-
nent. This is the specification studied as the basic structural model (BSM) in
subsection 17.1.1. We carry over the specification explained there to apply
it to quarterly real GDP of Switzerland. Figure 17.3 shows the smoothed
estimates of the various components. In the left upper panel the demeaned
logged original series (see figure 17.3(a)) is plotted. One clearly discern the
trend and the seasonal variations. The right upper panel shows the local lin-
ear trend (LLT). As one can see the trend is not a straight line, but exhibits
pronounced waves of low frequency. The business cycle component showed
in figure 17.3(c) is much more volatile. The large drop of about 2.5 percent
in 2008/09 corresponds to the financial markets. The lower right panel plots
the seasonal component (see figure 17.3(d)). From a visual inspections, one
can infer that the volatility of the seasonal component is much larger than
the cyclical component (compare the scale of the two components) so that
movements in GDP are dominated by seasonal fluctuations.13 Moreover, the

13The irregular component which is not shown has only very small variance.
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Figure 17.3: Components of the Basic Structural Model (BSM) for real GDP
of Switzerland

seasonal component changes its character over time.

17.5 Exercises

Exercise 17.5.1. Consider the basic structural time series model for {Yt}:

Yt = Tt +Wt, Wt ∼WN(0, σ2
W )

Tt = δt−1 + Tt−1 + εt, εt ∼WN(0, σ2
ε)

δt = δt−1 + ξt, ξt ∼WN(0, σ2
ξ )

where the error terms Wt, εt and ξt are all uncorrelated with other at all leads
and lags.

(i) Show that {Yt} follows an ARIMA(0,2,2) process.

(ii) Compute the autocorrelation function of {∆2Yt}.
Exercise 17.5.2. If the cyclical component of the basic structural model for
{Yt} is: (

Ct
C∗t

)
= ρ

(
cosλC sinλC
− sinλC cosλC

)(
Ct−1

C∗t−1

)
+

(
V

(C)
1,t

V
(C)

2,t

)
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where {V (C)
1,t } and {V (C)

2,t } are mutually uncorrelated white-noise processes.

(i) Show that {Ct} follows an ARMA(2,1) process with ACF given by
γh(h) = ρh cosλCh.

Exercise 17.5.3. Write the ARMA(p,q) process Yt = φ1Xt−1+. . .+φpXt−p+
Zt + θ1Zt−1 + . . . + θqZt−q as a state space model such that the state vector
Xt is given by:

Xt =



Yt
Yt−1

...
Yt−p
Zt−1

Zt−2
...

Zt−q


.

Exercise 17.5.4. Show that Xt und Yt have a unique stationary and causal
solution if all eigenvalues of F are absolutely strictly smaller than one. Use
the results from Section 12.3.

Exercise 17.5.5. Find the Kalman filter equations for the following system:

Xt = φXt−1 + wt

Yt = λXt + vt

where λ and φ are scalars and where(
vt
wt

)
∼ N

((
0
0

)
,

(
σ2
v σvw

σvw σ2
w

))
.

Exercise 17.5.6. Consider the state space model of an AR(1) process with
measurement error analyzed in Section 17.2 :

Xt+1 = φXt + vt+1, vt ∼ IIDN(0, σ2
v)

Yt = Xt + wt, wt ∼ IIDN(0, σ2
w).

For simplicity assume that |φ| < 1.

(i) Show that {Yt} is an ARMA(1,1) process given by Yt − φYt−1 = Zt +
θZt−1 with Zt ∼WN(0, σ2

Z).
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(ii) Show that the parameters of the state space, φ, σ2
v , σ

2
w and those of the

ARMA(1,1) model are related by the equation

θσ2
Z = −φσ2

w

1

1 + θ2
=

−φσ2
w

σ2
v + (1 + φ2)σ2

w

(iii) Why is there an identification problem?



Appendix A

Complex Numbers

The simple quadratic equation x2 + 1 = 0 has no solution in the field of real
numbers, R. Thus, it is necessary to envisage the larger field of complex
numbers C. A complex number z is an ordered pair (a, b) of real numbers
where ordered means that we regard (a, b) and (b, a) as distinct if a 6= b. Let
x = (a, b) and y = (c, d) be two complex numbers. Then we endow the set
of complex numbers with an addition and a multiplication in the following
way:

addition: x+ y = (a, b) + (c, d) = (a+ c, b+ d)

multiplication: xy = (a, b)(c, d) = (ac− bd, ad+ bc).

These two operations will turn C into a field where (0, 0) and (1, 0) play
the role of 0 and 1.1 The real numbers R are embedded into C because we
identify any a ∈ R with (a, 0) ∈ C.

The number ı = (0, 1) is of special interest. It solves the equation x2+1 =
0, i.e. ı2 = −1. The other solution being −ı = (0,−1). Thus any complex
number (a, b) may be written as (a, b) = a + ıb where a, b are arbitrary real
numbers.2

1Substraction and division can be defined accordingly:

subtraction: (a, b)− (c, d) = (a− c, b− d)

division: (a, b)/(c, d) =
(ac+ bd, bc− ad)

(c2 + d2)
, c2 + d2 6= 0.

2A more detailed introduction of complex numbers can be found in Rudin (1976) or
any other mathematics textbook.
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Figure A.1: Representation of a complex number

An element z in this field can be represented in two ways:

z = a+ ıb Cartesian coordinates

= reıθ = r(cos θ + ı sin θ) polar coordinates.

In the representation in Cartesian coordinates a = Re(z) = <(z) is called
the real part whereas b = Im(z) = =(z) is called the imaginary part of z.

A complex number z can be viewed as a point in the two-dimensional
Cartesian coordinate system with coordinates (a, b). This geometric inter-
pretation is represented in Figure A.1.

The absolute value or modulus of z, denoted by |z|, is given by r =√
a2 + b2. Thus, the absolute value is nothing but the distance of z viewed

as a point in the complex plane (the two-dimensional Cartesian coordinate
system) to the origin (see Figure A.1). θ denotes the angle to the positive real
axis (x-axis) measured in radians. It is denoted by θ = arg z. It holds that
tan θ = b

a
. Finally, the conjugate of z, denoted by z̄, is defined by z̄ = a− ıb.

Setting r = 1 and θ = π, gives the following famous formula:

eıπ + 1 = (cosπ + ı sin π) + 1 = −1 + 1 = 0.



369

This formula relates the most famous numbers in mathematics.
From the definition of complex numbers in polar coordinates, we imme-

diately derive the following implications:

cos θ =
eıθ + e−ıθ

2
=
a

r
,

sin θ =
eıθ − e−ıθ

2ı
=
b

r
.

Further implications are de Moivre’s formula and Pythagoras’ theorem (see
Figure A.1):

de Moivre’s formula
(
reıθ
)n

= rneınθ = rn(cosnθ + ı sinnθ)

Pythagoras’ theorem 1 = eıθe−ıθ = (cos θ + ı sin θ)(cos θ − ı sin θ)
= cos2 θ + sin2 θ

From Pythagoras’ theorem it follows that r2 = a2 + b2. The representation
in polar coordinates allows to derive many trigonometric formulas.

Consider the polynomial Φ(z) = φ0−φ1z−φ2z
2−. . .−φpzp of order p ≥ 1

with φ0 = 1.3 The fundamental theorem of algebra then states that every
polynomial of order p ≥ 1 has exactly p roots in the field of complex numbers.
Thus, the field of complex numbers is algebraically complete. Denote these
roots by λ1, . . . , λp, allowing that some roots may appear several times. The
polynomial can then be factorized as

Φ(z) =
(
1− λ−1

1 z
) (

1− λ−1
2 z
)
. . .
(
1− λ−1

p z
)
.

This expression is well-defined because the assumption of a nonzero constant
(φ0 = 1 6= 0) excludes the possibility of roots equal to zero. If we assume
that the coefficients φj, j = 0, . . . , p, are real numbers, the complex roots
appear in conjugate pairs. Thus if z = a+ ıb, b 6= 0, is a root then z̄ = a− ıb
is also a root.

3The notation with “−φjzj” instead of “φjz
j” was chosen to conform to the notation

of AR-models.
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Appendix B

Linear Difference Equations

Linear difference equations play an important role in time series analysis.
We therefore summarize the most important results.1 Consider the following
linear difference equation of order p with constant coefficients. This equation
is defined by the recursion:

Xt = φ1Xt−1 + . . .+ φpXt−p, φp 6= 0, t ∈ Z.

Thereby {Xt} represents a sequence of real numbers and φ1, . . . , φp are p
constant coefficients. The above difference equation is called homogeneous
because it involves no other variable than Xt. A solution to this equation is
a function F : Z → R such that its values F (t) or Ft reduce the difference
equation to an identity.

It is easy to see that if {X(1)
t } and {X(2)

t } are two solutions than {c1X
(1)
t +

c2X
(2)
t }, for any c1, c2 ∈ R, is also a solution. The set of solutions is therefore

a linear space (vector space).

Definition B.1. A set of solutions {{X(1)
t }, . . . , {X

(m)
t }}, m ≤ p, is called

linearly independent if

c1X
(1)
t + . . .+ cmX

(m)
t = 0, for t = 0, 1, . . . , p− 1

implies that c1 = . . . = cm = 0. Otherwise we call the set linearly dependent.

Given arbitrary starting values x0, . . . , xp−1 for X0, . . . , Xp−1, the differ-
ence equation determines all further through the recursion:

Xt = φ1Xt−1 + . . .+ φpXt−p t = p, p+ 1, . . . .

1For more detailed presentations see Agarwal Agarwal (2000), Elaydi Elaydi (2005) or
Neusser Neusser (2009).
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Similarly for Xt mit t = −1,−2, . . .. Suppose we have p linearly independent
solutions {{X(1)

t }, . . . , {X
(p)
t }} then there exists exactly p numbers c1, . . . , cp

such that the solution

Xt = c1X
(1)
t + c2X

(2)
t + . . .+ cpX

(p)
t

is compatible with arbitrary starting values x0, . . . , xp−1. These starting val-
ues then determine uniquely all values of the sequence {Xt}. Thus {Xt} is
the only solution compatible with starting values. The goal therefore consists
in finding p linearly independent solutions.

We guess that the solutions are of the form Xt = z−t where z may be a
complex number. If this guess is right then we must have for t = 0:

1− φ1z − . . .− φpzp = 0.

This equation is called the characteristic equation.2 Thus z must be a root of
the polynomial Φ(z) = 1− φ1z− . . .− φpzp. From the fundamental theorem
of algebra we know that there are exactly p roots in the field of complex
numbers. Denote these roots by z1, . . . , zp.

Suppose that these roots are different from each other. In this case
{{z−t1 }, . . . , {z−tp }} constitutes a set of p linearly independent solutions. To
show this it is sufficient to verify that the determinant of the matrix

W =


1 1 . . . 1
z−1

1 z−1
2 . . . z−1

p

z−2
1 z−2

2 . . . z−2
p

...
...

...

z−p+1
1 z−p+1

2 . . . z−p+1
p


is different from zero. This determinant is known as Vandermonde’s deter-
minant and is equal to detW =

∏
1≤i<j≤p(zi − zj). This determinant is

clearly different from zero because the roots are different from each other.
The general solution to the difference equation therefore is

Xt = c1z
−t
1 + . . .+ cpz

−t
p (B.1)

where the constants c1, . . . , cp are determined from the starting values (initial
conditions).

In the case where some roots of the characteristic polynomial are equal,
the general solution becomes more involved. Let z1, . . . , zr, r < p, be the

2Sometimes one can find zp−φ1z
p−1− . . .−φp = 0 as the characteristic equation. The

roots are of the two characteristic equations are then reciprocal to each other.



373

roots which are different from each other and denote their corresponding
multiplicities by m1, . . . ,mr. It holds that

∑r
j=1 = p. The general solution

is then given by

Xt =
r∑
j=1

(
cj0 + cj1t+ . . .+ cjmj−1

tmj−1
)
z−tj (B.2)

where the constants cji are again determined from the starting values (initial
conditions).
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Appendix C

Stochastic Convergence

This appendix presents the relevant concepts and theorems from probability
theory. The reader interested in more details should consult corresponding
textbooks, for example Billingsley (1986), Brockwell and Davis (1991), Hogg
and Craig (1995), or Kallenberg (2002) among many others.

In the following, all real random variables or random vectorsX are defined
with respect to some probability space (Ω,A,P). Thereby, Ω denotes an
arbitrary space with σ-field A and probability measure P. A random variable,
respectively random vector, X is then defined as a measurable function from
Ω to R, respectively Rn. The probability space Ω plays no role as it is
introduced just for the sake of mathematical rigor. The interest rather focuses
on the distributions induced by P ◦X−1.

We will make use of the following important inequalities.

Theorem C.1 (Cauchy-Bunyakovskii-Schwarz inequality). For any two ran-
dom variables X and Y ,

|E(XY )| ≤
√
EX2
√
EY 2.

The equality holds if and only if X = E(XY )
E(Y 2)

Y .

Theorem C.2 (Minkowski’s inequality). Let X and Y be two random vari-
ables with E|X|2 <∞ and E|Y |2 <∞, then(

E|X + Y |2
)1/2 ≤ (E|X|2)1/2 +

(
E|Y |2

)1/2
.

Theorem C.3 (Chebyschev’s inequality). If E|X|r <∞ for r ≥ 0 then for
every r ≥ 0 and any ε > 0

P[|X| ≥ ε] ≤ ε−rE|X|r.
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Theorem C.4 (Borel-Cantelli lemma). Let A1, A2, . . . ∈ A be an infinite
sequence of events in some probability space (Ω,A,P) such that

∑∞
k=1 P(Ak)

< ∞. Then, P{Ak i.o.} = 0. The event {Ak i.o.} is defined by {Ak i.o.} =
lim supk{Ak} =

⋂∞
k=1

⋃∞
j=k Aj where i.o. stands for infinitely often.

On several occasions it is necessary to evaluate the limit of a sequence
of random variables. In probability theory several concepts of convergence
are discussed: almost sure convergence, convergence in probability, conver-
gence in r-th mean (convergence in quadratic mean), convergence in distri-
bution. We only give definitions and the most important theorems leaving
an in-depth discussion to the relevant literature. Although not explicitly
mentioned, many of the theorem below also hold in an analogous way in a
multidimensional context.

Definition C.1 (Almost Sure Convergence). For random variables X and
{Xt} defined on the same probability space (Ω,A,P), we say that {Xt} con-
verges almost surely or with probability one to X if

P
{
ω ∈ Ω : lim

t→∞
Xt(ω) = X(ω)

}
= 1.

This fact is denoted by Xt
a.s.−−→ X or limXt = Xa.s.

Theorem C.5 (Kolmogorov’s Strong Law of Large Numbers (SLLN)). Let
X,X1, X2, . . . be identically and independently distributed random variables.
Then, the arithmetic average XT = 1

T

∑T
t=1Xt converges almost surely to

EX if and only if E|X| <∞.

Definition C.2 (Convergence in Probability). For random variables X and
{Xt} defined on the same probability space, we say that {Xt} converges in
probability to X if

lim
t→∞

P[|Xt −X| > ε] = 0 for all ε > 0.

This fact is denoted by Xt
p−→ X or plimXt = X.

Remark C.1. If X and {Xt} are real valued random vectors, we replace the
absolute value in the definition above by the Euclidean norm ‖.‖. This is,
however, equivalent to saying that every component Xit converges in proba-
bility to Xi, the i-th component of X.

Definition C.3 (Convergence in r-th mean). A sequence {Xt} of random
variables converges in r-th mean to a random variable X if

lim
t→∞

E(|Xt −X|r) = 0 for r > 0.
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We denote this fact by Xt
r−→ X. If r = 1 we say that the sequence converges

absolutely; and if r = 2 we say that the sequence converges in mean square
which is denoted by Xt

m.s.−−−→ X.

Remark C.2. In the case r = 2, the corresponding definition for random
vectors is

lim
t→∞

E(‖Xt −X‖2) = lim
t→∞

E(Xt −X)′(Xt −X) = 0.

Theorem C.6 (Riesz-Fisher). Let {Xt} be a sequence of random variables
such supt E|Xt|2 <∞. Then there exists a random variable X with E|X|2 <
∞ such that

Xt
m.s.−−−→ X if and only if E|Xt −Xs|2 → 0 for t, s→∞.

This version of the Riesz-Fisher theorem provides a condition, known as the
Cauchy criterion, which is often easier to verify when the limit is unknown.

Definition C.4 (Convergence in Distribution). A sequence {Xt} of random
vectors with corresponding distribution functions {FXt} converges in distri-
bution, if there exists an random vector X with distribution function FX such
that

lim
t→∞

FXt(x) = FX(x) for all x ∈ C

where C denotes the set of points for which FX(x) is continuous. We denote

this fact by Xt
d−→ X.

Note that, in contrast to the previously mentioned modes of convergence,
convergence in distribution does not require that all random vectors are de-
fined on the same probability space. The convergence in distribution states
that, for large enough t, the distribution of Xt can be approximated by the
distribution of X.

The following Theorem relates the four convergence concepts.

Theorem C.7. (i) If Xt
a.s.−−→ X then Xt

p−→ X.

(ii) If Xt
p−→ X then there exists a subsequence {Xtn} such that Xtn

a.s.−−→
X.

(iii) If Xt
r−→ X then Xt

p−→ X by Chebyschev’s inequality (Theorem C.3).

(iv) If Xt
p−→ X then Xt

d−→ X.

(v) If X is a fixed constant, then Xt
d−→ X implies Xt

p−→ X. Thus, the
two concepts are equivalent under this assumption.
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These facts can be summarized graphically:

Xtn
a.s.−−→ X

⇑

Xt
a.s.−−→ X =⇒ Xt

p−−→ X =⇒ Xt
d−−→ X

⇑
Xt

r−−→ X

A further useful theorem is:

Theorem C.8. If EXt −→ µ and VXt −→ 0 then Xt
m.s.−−−→ µ and conse-

quently Xt
p−→ µ.

Theorem C.9 (Continuous Mapping Theorem). For any continuous func-
tion f : Rn −→ Rm and random vectors {Xt} and X defined on some prob-
ability space, the following implications hold:

(i) Xt
a.s.−−→ X implies f(Xt)

a.s.−−→ f(X).

(ii) Xt
p−→ X implies f(Xt)

p−→ f(X).

(iii) Xt
d−→ X implies f(Xt)

d−→ f(X).

An important application of the Continuous Mapping Theorem is the so-
called Delta method which can be used to approximate the distribution of
f(Xt) (see Appendix E).

A further useful result is given by:

Theorem C.10 (Slutzky’s Lemma). Let {Xt} and {Yt} be two sequences of

random vectors such that Xt
d−→ X and Yt

d−→ c, c constant, then

(i) Xt + Yt
d−−−−→ X + c,

(ii) Y ′tXt
d−−−−→ c′X.

(iii) Xt/Yt
d−−−−→ X/c if c is a nonzero scalar.

Like the (cumulative) distribution function, the characteristic function
provides an alternative way to describe a random variable.

Definition C.5 (Characteristic function). The characteristic function of a
real random vector X, denoted by ϕX , is defined by

ϕX(s) = Eeıλ′X , λ ∈ Rn,

where ı is the imaginary unit.



379

If, for example, X ∼ N(µ, σ2), then ϕX(s) = exp(ısµ − 1
2
σ2s2). The

characteristic function uniquely determines the distribution of X. Thus, if
two random variables have the same characteristic function, they have the
same distribution. Moreover, convergence in distribution is equivalent to
convergence of the corresponding characteristic functions.

Theorem C.11 (Convergence of characteristic functions, Lévy). Let {Xt}
be a sequence of real random variables with corresponding characteristic func-
tions ϕXt then

Xt
d−−−−→ X if and only if lim

t→∞
ϕXt(λ) = ϕX(λ), for all λ ∈ Rn.

In many cases the limiting distribution is a normal distribution. In which
case one refers to the asymptotic normality.

Definition C.6 (Asymptotic Normality). A sequence of random variables
{Xt} with “means” µt and “variances” σ2

t > 0 is said to be asymptotically
normally distributed if

σ−1
t (Xt − µt)

d−−−−→ X ∼ N(0, 1).

Note that the definition does not require that µt = EXt nor that σ2
t =

V(Xt). Asymptotic normality is obtained if the Xt’s are identically and
independently distributed with constant mean and variance. In this case the
Central Limit Theorem (CLT) holds.

Theorem C.12 (Central Limit Theorem). Let {Xt} be a sequence of iden-
tically and independently distributed random variables with constant mean µ
and constant variance σ2 then

√
T
XT − µ

σ

d−−−−→ N(0, 1),

where XT = T−1
∑T

t=1Xt is the arithmetic average.

It is possible to relax the assumption of identically distributed variables
in various ways so that there exists a variety of CLT’s in the literature. For
our purpose it is especially important to relax the independence assumption.
A natural way to do this is by the notion of m-dependence.

Definition C.7 (m-Dependence). A strictly stationary random process {Xt}
is called m-dependent for some nonnegative integer m if and only if the two
sets of random variables {Xτ , τ ≤ t} and {Xτ , τ ≥ t+m+1} are independent.
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Note that for such processes Γ(j) = 0 for j > m. This type of depen-
dence allows to proof the following generalized Central Limit Theorem (see
Brockwell and Davis, 1991).

Theorem C.13 (CLT for m-dependent processes). Let {Xt} be a strictly
stationary mean zero m-dependent process with autocovariance function Γ(h)
such that Vm =

∑m
h=−m Γ(h) 6= 0 then

(i) limT→∞ TV(XT ) = Vm and

(ii)
√
TXT is asymptotically normal N(0,Vm).

Often it is difficult to derive the asymptotic distribution of {Xt} directly.
This situation can be handled by approximating the original process {Xt}
by a process {X(m)

t } which is easier to handle in terms of its asymptotic
distribution and where the precision of the approximation can be “tuned”
by the parameter m.

Theorem C.14 (Basis Approximation Theorem). Let {Xt} and {X(m)
t } be

two random vectors process such that

(i) X
(m)
t

d−−−−→ X(m) as t→∞ for each m = 1, 2, . . .,

(ii) X(m) d−−−−→ X as m→∞, and

(iii) limm→∞ lim supt→∞P[|Xt −X(m)
t | > ε] = 0 for every ε > 0.

Then
Xt

d−−−−→ X as t→∞.
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Beveridge-Nelson
Decomposition

The Beveridge-Nelson decomposition proves to be an indispensable tool through-
out this book. Based on the seminal paper by Phillips and Solo (1992), we
proof the following Theorem for matrix polynomials where ‖.‖ denotes the
matrix norm (see Definition 10.6 in Chapter 10). The univariate version is
then a special case with the absolute value replacing the norm.

Theorem D.1. Any a lag polynomial Ψ(L) =
∑∞

j=0 ΨjL
j where Ψj are n×n

matrices with Ψ0 = In can be represented by

Ψ(L) = Ψ(1)− (In − L)Ψ̃(L) (D.1)

where Ψ̃(L) =
∑∞

j=0 Ψ̃jL with Ψ̃j =
∑∞

i=j+1 Ψi. Moreover,

∞∑
j=1

j2‖Ψj‖2 <∞ implies
∞∑
j=0

‖Ψ̃j‖2 <∞ and ‖Ψ(1)‖ <∞.

Proof. The first part of the Theorem is obtained by the algebraic manipula-
tions below:

Ψ(L)−Ψ(1) = In + Ψ1L + Ψ2L2 + . . .

− In −Ψ1 −Ψ2 − . . .
= Ψ1(L− In) + Ψ2(L2 − In) + Ψ3(L3 − In) + . . .

= (L− In)Ψ1 + (L− In)Ψ2(L + In) + (L− In)Ψ3(L2 + L + In) + . . .

= −(In − L)((Ψ1 + Ψ2 + Ψ3 + . . .)︸ ︷︷ ︸
Ψ̃0

+

(Ψ2 + Ψ3 + . . .)︸ ︷︷ ︸
Ψ̃1

L + (Ψ3 + . . .)︸ ︷︷ ︸
Ψ̃2

L2 + . . .)

381
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Taking any δ ∈ (1/2, 1), the second part of the Theorem follows from

∞∑
j=0

‖Ψ̃j‖2 =
∞∑
j=0

∥∥∥∥∥
∞∑

i=j+1

Ψj

∥∥∥∥∥
2

≤
∞∑
j=0

(
∞∑

i=j+1

‖Ψj‖

)2

=
∞∑
j=0

(∑
i=j+1

iδ‖Ψj‖i−δ
)2

≤
∞∑
j=0

(
∞∑

i=j+1

i2δ‖Ψj‖2

)(
∞∑

i=j+1

i−2δ

)

≤ (2δ − 1)−1

∞∑
j=0

(
∞∑

i=j+1

i2δ‖Ψi‖2

)
j1−2δ

= (2δ − 1)−1

∞∑
i=0

(
i−1∑
j=0

j1−2δ

)
i2δ‖Ψi‖2

≤ [(2δ − 1)(2− 2δ)]−1

∞∑
j=0

j2δ‖Ψi‖2j2−2δ

= [(2δ − 1)(2− 2δ)]−1

∞∑
j=0

j2‖Ψi‖2 <∞.

The first inequality follows from the triangular inequality for the norm. The
second inequality is Hölder’s inequality (see, for example, Naylor and Sell,
1982, p. 548) with p = q = 2. The third and the fourth inequality follow from
the Lemma below. The last inequality, finally, follows from the assumption.
The last assertion follows from

‖Ψ(1)‖ ≤
∞∑
j=0

‖Ψj‖ = ‖In‖+
∞∑
j=1

j‖Ψj‖j−1

≤ ‖In‖+

(
∞∑
j=1

j2‖Ψj‖2

)2( ∞∑
j=1

j−2

)2

<∞.

The last inequality is again a consequence of Hölder’s inequality. The summa-
bility assumption then guarantees the convergence of the first term in the
product. Cauchy’s condensation test finally establishes the convergence of
the last term.

Lemma D.1. The following results are useful:

(i) For any b > 0,
∑∞

i=j+1 i
−1−b ≤ b−1j−b.
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(ii) For any c ∈ (0, 1),
∑i

j=1 j
c−1 ≤ c−1ic.

Proof. Let k be a number greater than j, then k−1−b ≤ j−1−b and

k−1−b ≤
∫ k

k−1

j−1−bdj = b−1(k − 1)−b − b−1k−b.

This implies that
∑∞

k=j+1 k
−1−b ≤ b−1j−b. This proves part (i) by changing

the summation index back from k to j. Similarly, kc−1 ≤ jc−1 and

kc−1 ≤
∫ k

k−1

jc−1dj = c−1kc − c−1(k − 1)c.

Therefore
∑i

k=1 k
c−1 ≤ c−1ic which proves part (ii) by changing the summa-

tion index back from k to j.

Remark D.1. An alternative common assumption is
∑∞

j=1 j‖Ψj‖ < ∞. It
is, however, easy to see that this assumption is more restrictive as it implies
the one assumed in the Theorem, but not vice versa. See Phillips and Solo
(1992) for more details.
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Appendix E

The Delta Method

It is often the case that it is possible to obtain an estimate β̂T of some param-
eter β, but that one is really interested in a function f of β. The Continuous
Mapping Theorem then suggests to estimate f(β) by f(β̂T ). But then the
question arises how the distribution of β̂T is related to the distribution of
f(β̂T ).

Expanding the function into a first order Taylor approximation allows to
derive the following theorem.

Theorem E.1. Let {β̂T} be a K-dimensional sequence of random variables

with the property
√
T (β̂T − β)

d−−−−→ N(0,Σ) then
√
T
(
f(β̂T )− f(β)

)
d−−−−→ N (0,∇f(β) Σ ∇f(β)′) ,

where f : RK −→ RJ is a continuously differentiable function with Jacobian
matrix (matrix of first order partial derivatives) ∇f(β) = ∂f(β)/∂β′.

Proof. See Serfling (Serfling, 1980, 122-124).

Remark E.1. In the one-dimensional case where
√
T (β̂T−β)

d−−−−→ N(0, σ2)
and f : R −→ R the above theorem becomes:

√
T
(
f(β̂T )− f(β)

)
d−−−−→ N

(
0, [f ′(β)]2σ2

)
where f ′(β) is the first derivative evaluated at β.

Remark E.2. The J ×K Jacobian matrix of first order partial derivatives
is defined as

∇f(β) = ∂f(β)/∂β′ =


∂f1(β)
∂β1

. . . ∂f1(β)
∂βK

...
. . .

...
∂fJ (β)
∂β1

. . . ∂fJ (β)
∂βK

 .
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Remark E.3. In most applications β is not known so that one evaluates the
Jacobian matrix at β̂T .

Example: univariate

Suppose we have obtained an estimate of β equal to β̂ = 0.6 together with
an estimate for its variance σ̂2

β̂
= 0.2. We can then approximate the variance

of f(β̂) = 1/β̂ = 1.667 by

V̂(f(β̂)) =

[
−1

β̂2

]2

σ̂2
β̂

= 1.543.

Example: multivariate

In the process of computing the impulse response function of a VAR(1) model

with Φ =

(
φ11 φ12

φ21 φ22

)
one has to calculate Ψ2 = Φ2. If we stack all coefficients

of Φ into a vector β = vec(Φ) = (φ11, φ21, φ12, φ22)′ then we get:

f(β) = vec Ψ2 = vec Φ2 =


ψ

(2)
11

ψ
(2)
21

ψ
(2)
12

ψ
(2)
22

 =


φ2

11 + φ12φ21

φ11φ21 + φ21φ22

φ11φ12 + φ12φ22

φ12φ21 + φ2
22

 ,

where Ψ2 =
[
ψ

(2)
ij

]
. The Jacobian matrix then becomes:

∇f(β) =


∂ψ

(2)
11

∂φ11

∂ψ
(2)
11

∂φ21

∂ψ
(2)
11

∂φ12

∂ψ
(2)
11

∂φ22
∂ψ

(2)
21

∂φ11

∂ψ
(2)
21

∂φ21

∂ψ
(2)
21

∂φ12

∂ψ
(2)
21

∂φ22
∂ψ

(2)
12

∂φ11

∂ψ
(2)
12

∂φ21

∂ψ
(2)
12

∂φ12

∂ψ
(2)
12

∂φ22
∂ψ

(2)
22

∂φ11

∂ψ
(2)
22

∂φ21

∂ψ
(2)
22

∂φ12

∂ψ
(2)
22

∂φ22

 =


2φ11 φ12 φ21 0
φ21 φ11 + φ22 0 φ21

φ12 0 φ11 + φ22 φ12

0 φ12 φ21 2φ22

 .

In Section 15.4.4 we obtained the following estimate for a VAR(1) model
for {Xt} = {(ln(At), ln(St))

′}:

Xt = ĉ+ Φ̂Xt−1 + Ẑt =

(
−0.141

0.499

)
+

(
0.316 0.640
−0.202 1.117

)
Xt−1 + Ẑt.

The estimated covariance matrix of vec Φ̂, V̂(vec Φ̂), was:

V̂(β̂) = V̂(vec Φ̂) =


0.0206 0.0069 −0.0201 −0.0067
0.0069 0.0068 −0.0067 −0.0066
−0.0201 −0.0067 0.0257 0.0086
−0.0067 −0.0066 0.0086 0.0085

 .
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We can then approximate the variance of f(β̂) = vec(Φ2) by

V̂(f(vec Φ̂)) = V̂(vec Φ̂2) = ∇f(vec Φ)|Φ=Φ̂ V̂(vec Φ̂)∇f(vec Φ)|′
Φ=Φ̂

.

This leads :

V̂(f(vec Φ̂)) =


0.0245 0.0121 −0.0245 −0.0119
0.0121 0.0145 −0.0122 −0.0144
−0.0245 −0.0122 0.0382 0.0181
−0.0119 −0.0144 0.0181 0.0213


.
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J. Gaĺı. How well does the IS-LM model fit postwar U.S. data? Quarterly
Journal of Economics, 107(2):709–738, 1992.
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Bandwidth, 86
Bartlett’s formula, 78
Basic structural model, 345, 363

cylical component, 346

409
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local linear trend model, 345
seasonal component, 346

Bayesian VAR, 271
Beveridge-Nelson decomposition, 146,

381
Bias proportion, 266
Bias, small sample, 98, 247

correction, 98, 247
BIC, see Information criterion, 108,

see Information criterion, 263
Borel-Cantelli lemma, 376
Box-Pierce statistic, 80
BSM, see Basic structural model

Canonical correlation coefficients, 332
Cauchy-Bunyakovskii-Schwarz inequal-

ity, 375
Causal representation, 33
Causality, see also Wiener-Granger causal-

ity, 341
Wiener-Granger causality, 273

Central Limit Theorem
m-dependence, 379

Characteristic function, 378
Chebyschev’s inequality, 375
Cointegration, 172

Beveridge-Nelson decomposition,
320, 326

bivariate, 172
common trend representation, 327
definition, 321
Granger’s representation theorem,

326
order of integration, 319
shocks, permanent and transitory,

327
Smith-McMillan factorization, 323
test

Johansen test, 328
regression test, 173

triangular representation, 328

VAR model, 322
assumptions, 322

VECM, 323
vector error correction, 323

Companion form, 234
Convergence

Almost sure convergence, 376
Convergence in r-th mean, 376
Convergence in distribution, 377
Convergence in probability, 376

Correlation function, 216
estimator, 223
multivariate, 216

Covariance function
estimator, 222
properties, 217

covariance function, 216
Covariance proportion, 266
Covariance, long-run, 223
Cross-correlation, 217

distribution, asymptotic, 224
Cyclical component, 135, 346

Dickey-Fuller distribution, 150
Durbin-Levinson algorithm, 66
Dynamic factor model, 348

EM algorithm, 358
Ergodicity, 8, 73
Estimation

ARMA model, 101
order, 106

Estimator
maximum likelihood estimator, 101,

102
method of moments

GARCH(1,1) model, 200
moment estimator, 95
OLS estimator, 97

process, integrated, 150
Yule-Walker estimator, 94
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Example
AD-curve and Money Supply, 279
advertisement and sales, 292
ARMA processes, 35
consumption expenditure and ad-

vertisement, 227
demand and supply shocks, 308
estimation of long-run variance,

88
estimation of quarterly GDP data,

360
GDP and consumer sentiment in-

dex, 227
growth model, neoclassical, 337
inflation and short-term interest

rate, 173
IS-LM model with Phillips curve,

294
modeling real GDP of Switzerland,

110
present discounted value model,

312
Swiss Market Index, 201
term structure of interest rate, 176
unit root test, 161

Expectation, adaptive, 62
Exponential smoothing, 60

Factor model, dynamic, see Dynamic
factor model

FEVD, see also Forecast error vari-
ance decomposition

Filter
gain function, 133
Gibbs phenomenon, 135
high-pass, 135
Hodrick-Prescott filter, 135
HP-filter, 135
Kuznets filter, 133
low-pass, 134
phase function, 133

TRAMO-SEATS, 138
transfer function, 132
X-11 filter, 138
X-12-Filter, 138

Filter, time invariant, 130
Filtering problem, 350
Final form, see Autoregressive final

form
Forecast error variance decomposition,

289
Forecast evaluation

Bias proportion, 266
Covariance proportion, 266
Mean-absolute-error, 266
Out-of-sample strategy, 267
Root-mean-squared-error, 266
Uncertainty, 267
Variance proportion, 266

Forecast function, 47
AR(p) process, 51
ARMA(1,1) process, 56
forecast error, 49
infinite past, 55
linear, 47
MA(q) process, 52
variance of forecast error, 50

Forecast, direct, 271
Forecast, iterated, 260, 267, 271
Fourier frequencies, 126
Fourier transform, discrete, 126
FPE, see Information criterion, 264
Frequency domain, 117

Gain function, 133
Gauss Markov theorem, 98
Growth component, 135

HAC variance, see also variance, het-
eroskedastic and autocorrela-
tion consistent

Harmonic process, 57, 123
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Hodrick-Prescott filter, 135
HQC, see Information criterion, 108,

see Information criterion, 263

Identification
Kalman filter, 359

Identification problem, 280
Impulse response function, 33, 38
Information criterion, 108, 263

AIC, 108, 263
BIC, 108, 263
Final prediction error, 264
FPE, 264
Hannan-Quinn, 263
HQC, 108
Schwarz, 108, 263

Innovations, 59
Integrated GARCH, 194
Integrated process, 109
Integrated regressors

rules of thumb, 175
Integration, order of, 142
Intercept correction, 271
Invertibility, 38

Johansen test
distribution, asymptotic, 334
hypothesis tests over β, 334
max test, 332
trace test, 332

Kalman filter, 352
application

basic structural model, 363
estimation of quarterly GDP data,

360
AR(1) process, 351, 355
assumptions, 340
causal, 341
EM algorithm, 358
filtering problem, 350
forecasting step, 352

gain matrix, 353
identification, 359
initialization, 353
likelihood function, 357
Markov property, 341
measurement errors, 355
observation equation, 340
prediction problem, 350
smoother, 354
smoothing problem, 350
stable, 341
state equation, 340
stationarity, 341
updating step, 353

Kalman smoother, 354
Kernel function, 85

bandwidth, 86
optimal, 87
rule of thumb, 87

Bartlett, 85
boxcar, 85
Daniell, 85
lag truncation parameter, 86

optimal, 87
quadratic spectral, 85
Tukey-Hanning, 85

Lag operator, 26
calculation rules, 26
definition, 26
polynomial, 27

Lag polynomial, 27
Lag truncation parameter, 86
Lag window, 126
Leading indicator, 227, 277
Least-squares estimator, 97, 103
Likelihood function, 101, 357

ARMA process, 101
Kalman filter, 357

Ljung-Box statistic, 80
Loading matrix
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definition, 323
Local linear trend model, 345
Long-run identification, 305

instrumental variables, 306

m-dependence, 379
MA process, 15, 27

autocorrelation function, 28
autocovariance function, 20, 28

MAE, 266
Matrix norm, 219

absolute summability, 220
quadratic summability, 220
submultiplicativity, 220

Maximum likelihood estimator, 102,
197

ARMA(p,q) model, 101
asymptotic distribution, 104

AR process, 105
ARMA(1,1) process, 105
MA process, 105

GARCH(p,q) model, 199
Maximum likelihood method, 101
Mean, 71, 221

asymptotic distribution, 73, 75
distribution, asymptotic, 222
estimation, 71, 221
estimator, 222

Mean reverting, 141
Mean squared error matrix

estimated coefficients, 263
known coefficients, 260

Measurement errors, 351
Memory, short, 28
Missing observations, 344
Model, 9

Normal distribution, multivariate
conditional, 350

Normal equation, 48

Observation equation, 340

Observationally equivalent, 280
OLS estimator, 97

distribution, asymptotic, 98
Order of integration, 142
Ordinary-least-squares estimator, 97
Oscillation length, 119
Overfitting, 106

PACF, see also Autocorrelation func-
tion, partial

Partial autocorrelation function
computation, 66
estimation, 82

Period length, 119
Periodogramm, 126
Persistence, 146
Phase function, 133
Portmanteau test, 80
PP-test, 158
Prediction problem, 350
Predictor, see also Forecast function
Present discounted value model, 312

Beveridge-Nelson decomposition,
317

cointegration, 315
spread, 313
VAR representation, 314
vector error correction model, 315

Prewhitening, 88
Process, ARIMA, 142
Process, stochastic, 7, 215

ARMA process, 25
branching process, 10
deterministic, 57
difference-stationary, 142
finite memory, 17
finite-range dependence, 17
Gaussian process, 13
harmonic process, 57
integrated, 109, 142, 319
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Beveridge-Nelson decomposition,
146

forecast, long-run, 143
impulse response function, 146
OLS estimator, 150
persistence, 146
variance of forecast error, 145

linear, 219
memory, 14
moving-average process, 15
multivariate, 215
purely non-deterministic, 59
random walk, 18
random walk with drift, 18
regular, 59
spectral representation, 124
trend-stationary, 142

forecast, long-run, 143
impulse response function, 145
variance of forecast error, 144

white noise, 14

Random walk, 9, 18
autocorrelation function, 152
autocovariance function, 152

Random walk with drift, 18
Real business cycle model, 349
Realization, 8
Restrictions

long-run, 301
short-run, 286
sign restrictions, 285

RMSE, 266

Seasonal component, 346
Shock

permanent, 38
transitory, 37

Shocks, structural, 279
Short range dependence, see also Mem-

ory, short

Signal-to-noise ratio, 346
Singular values, 332
Smoothing, 354
Smoothing problem, 350
Smoothing, exponential, 60
Spectral average estimator, discrete,

127
Spectral decomposition, 117
Spectral density, 118, 123

ARMA process, 128
autocovariance function, 119
estimator, direct, 126
estimator, indirect, 125
Fourier coefficients, 119
spectral density, rational, 129
variance, long-run, 126

Spectral distribution function, 123
Spectral representation, 123, 124
Spectral weighting function, 127
Spectrum estimation, 117
Spurious correlation, 170
Spurious regression, 170
State equation, 340
State space, 8
State space representation, 234, 340

ARMA processes, 344
ARMA(1,1), 343
missing observations, 344
stationarity, 341
VAR process, 342

Stationarity, 11
multivariate, 216
strict, 13
weak, 11

Stationarity, strict
multivariate, 217

Strong Law of Large Numbers, 376
Structural break, 164
Structural change, 19
Structural time series analysis, 149
Structural time series model, 345, 363
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basic structural model, 345
Strutural breaks, 271
Summability

absolute, 220
quadratic, 220

Summability Condition, 381
Superconsistency, 151
Swiss Market Index (SMI), 201

Test
autocorrelation, squared residuals,

196
cointegration

regression test, 173
Dickey-Fuller regression, 155
Dickey-Fuller test, 154, 156

augmented, 157
correction, autoregressive, 157

heteroskedasticity, 196
Engle’s Lagrange-multiplier test,

197
Independence, 224
Johansen test, 328

correlation coefficients, canoni-
cal, 332

distribution, asymptotic, 334
eigenvalue problem, 331
hypotheses, 329
hypothesis tests over β, 334
likelihood function, 332
max test, 332
singular values, 332
trace test, 332

Kwiatkowski-Phillips-Schmidt-Shin-
test, 168

Phillips-Perron test, 154, 158
stationarity, 168
uncorrelatedness, 224
unit root test

structural break, 164
testing strategy, 159

unit-root test, 154
white noise

Box-Pierce statistic, 80
Ljung-Box statistic, 80
Portmanteau test, 80

Time, 7
Time domain, 117
Time series model, 9
Times series analysis, structural, 149
Trajectory, 8
Transfer function, 132
Transfer function form, 239

Underfitting, 106

Value-at-Risk, 206
VaR, see Value-at-Risk
VAR process

Bayesian VAR, 271
correlation function, 237
covariance function, 237
estimation

order of VAR, 263
Yule-Walker estimator, 254

forecast function, 257
mean squared error, 259, 260

form, reduced, 280, 282
form, structural, 279, 282
identification

long-run identification, 301, 305
short-run identification, 286
sign restrictions, 285
zero restrictions, 286

identification problem, 280, 283
Cholesky decomposition, 287

impulse response function, 289
bootstrap, 291
confidence intervals, 291
delta method, 291

state space representation, 342
Strutural breaks, 271
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VAR(1) process, 232
stationarity, 232

variance decomposition, 289
confidence intervals, 291

Variance proportion, 266
Variance, heteroskedastic and auto-

correlation consistent, 76
Variance, long-run, 76, 223

estimation, 83, 88
prewhitening, 88

multivariate, 223
spectral density, 126

VARMA process, 231
causal representation, 235
condition for causal representation,

235
VECM, see also Cointegration
Vector autoregressive moving-average

process, see also VARMA pro-
cess

Vector autoregressive process, see also
VAR process

Volatility
ARCH(p) model, 185
ARCH-in-mean model, 189
EGARCH model, 189
Forecasting, 195
GARCH(1,1) model, 190
GARCH(p,q) model, 187

ARMA process, 187
heavy-tail property, 187

GARCH(p,q) model, asymmetric,
188

heavy-tail property, 184
IGARCH, 194
models, 185
TARCH(p,q) model, 188

Weighting function, 85
White noise, 14

multivariate, 218

univariate, 14
Wiener-Granger causality, 273

test
F-test, 276
Haugh-Pierce test, 278

Wold Decomposition Theorem, 57
multivariate, 261
univariate, 57

Yule-Walker equations
multivariate, 238
univariate, 94

Yule-Walker estimator, 94
AR(1) process, 95
asymptotic distribution, 95
MA process, 96


